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Abstract

Low-degree lower bounds are an established method to claim average-case hardness for algorithms. When
the null hypothesis is simple, an explicit orthonormal basis suffices to start the derivation. When it is not,
advanced proof methods rely on a complex matrix inversion via recursive relations. In this work, we present a
new proof technique to find low-degree lower bounds for any type of null distribution. It relies on finding
an “almost orthonormal” basis. Specifically, we exploit symmetries in the distributions and the graphical
structure to adjust orthogonal polynomials for simple null hypotheses. With the right fixes, correlations decay
fast enough to reproduce the classical proof. We present the steps for a motivating example: the planted
sub-matrix model. The observation is a binary matrix such that the entries are more likely to be positive if
they belong to a latent clique of vertices of random size. After establishing a low-degree lower bound for
this model, we argue that our method works for many others. The progression is adaptive, with sections for
readers not familiar with low-degree polynomials and average-case hardness in general.
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1 INTRODUCTION

The question of proving negative results for problems in statistics is long-standing, and dual to positive
results. Older literature focused mainly on finding impossibility / feasibility theorems for important problems
without constraining the space of functions considered. This line of work of information-theoretic lower and
upper bounds flourished (Arias-Castro and Verzelen 2014; B. Clarke, ]J. Clarke, and Yu [2014; Commenges
2015; Duchi [2024; Ebrahimi, Soofi, and Soyer |2010; Kullback 1978; Verzelen and Arias-Castro 2015). Often, the
claims argue that the optimal function to solve a given problem is already well-known in statistics, e.g. the
maximum-likelihood estimator or the likelihood ratio (Kunisky, Wein, and Afonso S. Bandeira [2019).

This work pertains attacking the same problems but from the point of view of what algorithms cannot
achieve. While there are known cases in which the best possible function from information theory coincides
with an algorithm (Mondelli and Montanari 2018)), there are others where we have a so-called statistical-
to-computational gap (Afonso S. Bandeira, Perry, and Wein 2018; Kunisky, Wein, and Afonso S. Bandeira
2019; Zdeborova and Krzakala 2016). The phenomenon is widely present and hints at the existence of
scenarios in which even the best algorithm cannot cover all instances where the signal (information) rises above
the noise (randomness). Gaps arise in many fields and subfields. Notably, problems spanning hypothesis
testing (Kunisky 2020), estimation (Even, Giraud, and Verzelen [2024, [2025a}b; Schramm and Wein |2022} Sohn
and Wein [2025)), refutation (Kothari et al. |2023), and optimization (Huang and Sellke |2025; Wein [2020) share
this phenomenology.

The low-degree method is a technique to tackle algorithmic lower bounds and find such gaps. It arose as

the “key step” in another procedure: the method of sum-of-squares (Barak, Hopkins, et al. 2016; Hopkins et al.
2017). Later, it matured into a separate field, with independent motivations (Kunisky, Wein, and Afonso S.
Bandeira [2019). Let us mention briefly some of its features.
On the positive side, its flexibility made it widely applicable, with plenty of recent works using it in different
flavours. Without being exhaustive we mention (Arpino and Venkataramanan [2023; Ding et al. 2023; Even,
Giraud, and Verzelen |2024}, |2025a; Kothari et al. 2023} Rush et al. [2022)) and reroute the reader to the review of
Wein (2025a) for a comprehensive summary. Notably, these span hypothesis testing, estimation, refutation,
and optimization as above (Wein |2025alb).

Apart from using it as a workhorse for proofs, other objectives of current research on the method are:

* to refine the construction (Buhai et al. |2025; Kothari et al. [2023; Kunisky |2020);

* to find ways to use it when a certain class of orthogonal polynomials is not explicit (Kunisky [2020}
Schramm and Wein [2022; Sohn and Wein |2025).

Concerning the former, the main negative aspect is that the low-degree method relies on conjectured inclusions
of class of functions and algorithms, so it is subject to adjustments. See in particular (Hopkins et al. 2017, hyp.
2.1.5) (Wein [2025a), hyp. 3.1), the counterexample of Buhai et al. (2025) and the new formalism of Kunisky
(2024a)b). The positive argument is that it appears to work well under proper assumptions.

We are interested in the latter. Let us clarify it further. For a bottom-up justification of the following definitions
we reroute non-familiar readers to appendix |C] It is a friendly summary of the transition from information-
theoretic lower bounds to computational bounds aimed at explaining what is a statistical-to-computational
gap and why we would be interested in it.

Suppose we observe a random matrix Y € {—1,1}"*" which depends on a latent (i.e. unobserved) random
structure X, and we want to extract from Y knowledge about X. To model it, we say Y is sampled from an
unknown distribution Py depending on a latent parameter 8 € @ < RX which influences the strength/size of
the latent random variables (see the discussion in appendix|C). From now onwards, we term Y the observation,
and X the signal with structure 0. In principle, @ is a huge space, so we can say very little about the latent
structure of Y if we only know Y ~ P for some 0 € ©. A common situation in statistics is that expert
knowledge makes our life a lot easier. In practice we restrict the possible values 0 can take.

Let us then take a very favourable case where we know that Y was sampled from either of two distributions.
From {0 € ®} we move to a pair (6, 0') € © x ©. We define two major types of problem when this simplification
happens:

Problem 1.1 (Detection). Let @"°!5¢ — ® be the subspace of parameters such that Y ~ Pnoise has no structure for
all "¢ & @€ informally termed “pure noise”. Suppose 0" € @™, § ¢ @. Let HYO® be the hypothesis that



Y ~ Ppnoise. Let Hy be the hypothesis that Y ~ Py is sampled from any other distribution. Study the behavior for given
0 € O of the hypothesis test between distributions:

HO® 2 Y ~ Pyroise,  Hi 1 Y ~ P (1.2)

Namely, understand when we can distinguish between a pure noise matrix and a matrix with structure. We implicitly
assume that all pure noise distributions in ®"°'¢ are indistinguishable in the sense that they induce the same distribution
on Y. The particular 6™°'¢ does not influence this problem.

Problem 1.3 (Complex detection). Let Py, Py be distributions of Y. Study the behavior for given (0,0') € @*2
with 0; # 9} for only one index j € [K] of the hypothesis test between distributions:

HO 'Y ~ 7)9, Hl :Y ~ PGI. (14)
Namely, understand when we can distinguish two structured distributions, since the other cases collapse to problem

In the even more favourable scenario, we know 6, and just need to infer information about the latent
structure. This corresponds to an additional simplification to Y ~ Py, which leaves us with only one question:

Problem 1.5 (Estimation, or recovery). Assume Y ~ Py for some 6 € ©. Study for given 0 the behavior of an
estimator of the latent signal X in Y.

Problems [1.1] - [1.3| are hypotheses tests. In particular, problem [1.3is an example of “complex” testing.
The common approach is to build a test function t(-) and threshold it properly. For problem [1.5|we want an
estimator. There are many ways to write uniform bounds for success/failure of classes of functions for these
problems (see appendix|C).

In this document, we focus on impossibility results for complex testing between distributions with
algorithms taking a maximum time to compute, i.e. problem with the constraint that we allow test
functions to take a maximum computation time. Namely, we seek regions of ® were no procedure up to some
computational time can solve with small error probability problem We focus on a toy model (eqn. [1.6) to
present clearly the proof technique. Later in subsection we discuss a large class of models with respective
assumptions that enjoy an analogous result.

We apply the low-degree method, a technique to show, at least conjecturally, that computational time-
constrained algorithms cannot solve problems |1.1] - [1.3| - [1.5 in prescribed regions of ®. In section |2, we
explain why it boils down to upper bounding a quantity termed advantage (definition [1.10), which depends
on the hypotheses Hy, H;, thus implicitly on the parameters (6, 8). The dependency on the distributions
considered is natural, and led earlier works (see the review of Wein (2025a))) to decompose quantities inside
the expectations according in the Hilbert space of the null distribution (eqn. [1.13). Usually, this is easy for
problem [1.1} but way harder for complex testing and estimation, i.e. problem or problem [1.5 when we take
the “null” to be the only distribution Py. In practice, the main problem in these last two cases is the presence
of a latent structure.

We overcome this issue with a new proof technique.

DOCUMENT STRUCTURE In the remaining part of this section we present our contribution (subsec. and
discuss related work in subsection We then present the low-degree method for non-experts (sec. [2), and
define the objects pertinent to it. In particular, this section is intended for readers that are not familiar with the
subject. Our main results and assumptions are in section [3} We also discuss a specific representation of the
object we bound (subsec. [3.1I), and our two main ideas in subsections - One crucial notion we will
introduce is that of skeleton graphs: in section |4l we clarify the construction and speak at large of it. From
the skeletons, we reach a formulation of an “almost orthonormal” basis in section |5} In simple words, it is a
basis satisfying a key property we present in definition Section [6| concludes with the proof of the main
theorem: an upper bound on the performance of polynomials at varying degree. As a bonus, subsection
briefly sketches in which sense the proof technique extends to many more models almost directly.

Appendix [A|reports the proofs of the lemmas of sections 2| - 3} Appendix [Blshows a matching lower bound of
our negative result. It clarifies an argument we make in section 3} in particular remarks|[3.5]- Appendix[Cis
an introduction to information-theoretic and algorithmic lower bounds in average-case hardness. In particular,
we formalize the notion of statistical-to-computational gap.

NOTATION Most of the symbols are standard. We use the shorthand [n] := {1,...,n}. To denote in-
equalities/equalities up to constants we write 2, <, ~ and Slogr Rlogr log for relations that hold up to



poly-logarithmic factors in the sample size n. The letters c,C,c.,c’,C.,C" always mean constants. Since
Hg"iSQ,HO,Hl,H are hypotheses of distributions depending on 6, when we write Ey [-], Py we mean the
expectation (resp. probability) with respect to the distribution considered.

The only difference we make is between what is random and what is not, what is scalar, what is vectorial and
what is matricial. For example, a,b, ¢, x,y,z, &, B, is a scalar, while a,b, ¢,X,y, z, &, 3,y is a random scalar. Sim-
ilarly, a,b,c,x,y,z,«, B, is a vector; a,b,c,x,y, z, &, B, is a random vector. Again, A,B,C,X,Y,Z, A, ¥,©
is a matrix; A,B,C,X,Y,Z, A, ¥, ® is a random matrix. An expectation such as Ey [xyz] = { xyzdP [x] is such
that y is deterministic, and we integrate out against x which is deterministic once it is expressed inside an
integral, keeping z random throughout.

We denote graphs G = (V,E) via edges and vertices in a certain abstract space. Graphs in the space of the
observation are always labelled through a given injection 7r from the abstract space to the observation space.
The graph notation is independent of the rest, and we use A for sets of pairs related to graph theory objects.
All the other objects are explicit, and graphs are never random in this work.

1.1 Contribution

In this document we propose a new method to prove low-degree lower bounds. We consider as toy
example an instance of the planted sub-matrix model:

{1 with probability HZXij

Y e {—1,1}"*", such that forall i,j € [n]  Y;; = 1 - Xij = xixj,  (1.6)

—1 with probability —

where x € {0,4/A}" is a binary vector such that:
i k
X; Hd-/ABer (n) , Ae[0,1], ke N. (1.7)

In words: there is a signal x that acts on the observation as X = xx | and increases the probability of Yij=1

when x; = x; = VA. The matrix X = xx' is the latent signal with structure . It is a shift of the classical
Erd6s-Rényi random graph with a planted clique of random size. There are many ways to study versions
of this model with the low-degree method and related approaches (Alon, Krivelevich, and Sudakov (1998}
Brennan and Bresler [2020; Gamarnik, Moore, and Zdeborova 2022, Hopkins et al. |2017; Kothari et al. |[2023).
For given (k,A) =: 0 € ® := N x [0, 1] the planted sub-matrix model is a distribution Py. We can study

problems[1.1]- [1.3]-[1.5]in the language of statistics.

Definition 1.8 (Pure noise parameters of planted sub-matrix). For the model of equation [1.6|we define the subspace
of pure noise parameters @€ := {(k, A) | kA = 0}. Notice that for all "¢ € @"°'¢ it holds that X is a null matrix
almost surely and Y ; i Rad(1/2) for all i, j € [n]. All pure noise parameters induce the same distribution on Y and the
definition is in accordance with problem

Remark 1.9 (Problems|[1.1]-[1.3]- [1.5|for the planted sub-matrix model). The “pure noise” scenario of definition
is such that Y i Rad(1)2) for all i, j € [n] for all "¢ € @™, [ accordance with definition and problem
all observations Y ~ H(6"°'®) are indistinguishable, in the sense that they induce the same distribution and there is no
difference in doing hypothesis test with one or another.

The complex test of problem [1.3|is of two major types:
o we perturb the signal strength 0 = (k,A) to @' = (k, A + 1) for some A > 0,57 > 0;
o we perturb the signal size 0 = (k,A) to 0 = (k + {,A) for some k >0, > 0.

The case where n changes between the two distributions is easy to detect as we observe an n-dimensional matrix, so it is
trivial.

Estimation in problem (1.5|boils down to estimating for a given error measure the support of the clique, i.e. the sites j such
that x; = VA where Y ~ H(8) for some 6 € ©\@"e,

As we said, we focus on complex hypothesis testing, the immediate example being testing between two
non-zero values of A or k above. We call this complex testing because we want to distinguish distributions
both having signal (see problem[1.3). We defined problems [1.1]- [1.5|because non-triviality of complex testing



depends on them (see remark and our technique extends to these two, albeit being superfluous for
detection.

While the model is quite standard and we recover known results, the importance of the work is the expla-
nation in a controlled setting of the proof technique, which applies in far more instances (see subsec. [6.IV).
Due to its direct nature, we hope that this method will spark finer results and more explicit derivations of
low-degree lower bounds.

The main quantity in low-degree lower bounds is the advantage. We define it below.

Definition 1.10 (Advantage). Let Hy, Hy be hypotheses of two probability distributions. We define the advantage as:

En, [f(Y)]
Adv (Hp, Hy) := sup — (1.11)
(<p)y(Ho, Hy
F{=11}"*"-R 4 /]EHO [ Z(Y)]

fudeg(f)<D
where the supremum is taken over polynomials.

Remark 1.12. The adaptation for our three problems is immediate; the distributions are parameterized, and the advantage
depends on the pammeters implicitly.

For detection (prob. |1.1) we take Pynoise the distribution of HYOse, for some "¢ and Py the distributions of Hy for
some 0 € ©.

For complex testing (prob. [1.3), we consider Py the distribution of Hy and Py the distribution of Hy for a pair
(0,0') € @2,

In our paper, all hypotheses correspond to a distribution so it is unambiguous.

In the case of estimation (prob.[1.5), at a given 6 € ©, there is an analog notion of advantage where we take integrals with
respect to Py at the numerator and denominator (see (Schramm and Wein 2022 Sohn and Wein |2025)).

We seek an upper bound on this quantity because it quantifies how polynomials of degree up to D are
able to make the mean under one distribution large with respect to the fluctuations under another. For the
special case of estimation it is a matter of making the mean large with respect to fluctuations under the same
distribution, like in the second moment method. For a full derivation in complex testing and detection see
section
A function that makes the objective of the advantage large is said to separate (in the weak or strong sense, see
definitions -[2.12). Therefore, if we show that no polynomial can separate, we claim the problem is hard to
study up to polynomials of some degree, and extrapolate conjecturally that it is the same for algorithms taking
a time that depends on D (see sec. [2). In particular, polynomial-time algorithms correspond in the low-degree
formalism to D ~j,¢ logn.

The simplest way to upper bound the advantage is to upper bound the numerator and lower bound the
denominator. The former is easy (it is linear), so let us focus on the latter. Interpreting integrals under Hy as
a Hilbert space with associated inner product (f, g)yy, := En, [fg] the advantage turns into an optimization
problem over the coefficients of the expansion:

]EHl [Z]Gbasm “]1*[]( /])]
\/szebasm En, [‘X ajlp(Y Z)l[J(Y,])] ’

(1.13)

Adv(<p)(Ho, Hy) = = sup

for (¥(Y;]))jebasis @ basis of polynomials of degree less than D. For simple null hypotheses such as in Hpoise
from problem |1.1]| there are known nice orthonormal bases. When this happens, the denominator is just |«|,
and the expression greatly simplifies. Much of the recent work on low-degree polynomials aims to overcome
the issues of generic distributions in Hy. The simplest example of null hypothesis that is not trivial is when
Hp = Ho(0) is a distribution with A # 0 and k # 0 as in problem it has itself a signal, and we want to
distinguish it from Hy which has larger signal. We call it a complex testing problem (see prob. [1.3).

THIS WORK We will build an almost orthonormal basis of polynomials for complex testing. We define this
property as:

Definition 1.14 (Almost orthonormal basis). A basis ((-; ))jepasis for a Hilbert space induced by a distribution Q
is almost orthonormal when it satisfies the following inequalities up to constants:

ladly <[> Eq [wiap (Y (Y /)] = gy gy < Il (1.15)
ij



In particular, for complex testing (problem we have Q = Py the distribution of Hy = Hy(0), and are interested in
cases 0 ¢ @NO1sE,

For estimation (problem we seek an almost orthonormal basis with respect to the distribution Q = Pg which is at the
numerator and denominator of the advantage (def. [1.10).

Once we have an almost orthonormal basis the technique to bound the advantage degrades to models
where the distribution of the null hypothesis Hy admits an explicit orthonormal basis. The key steps in
building it rely on the symmetry and conditional independence of the problem. If it exists, the main theorem
(thm. follows smoothly as the simplification is very deep.

111 Related work

There are two axes of similarity with literature: (i) finding computational lower bounds for non-trivial null

hypotheses, and (ii) exploiting the invariance of the distribution we consider in problems [1.1|-
Concerning the former, to the best of our knowledge, the oldest work deriving algorithmic lower bounds with
the low-degree method under non-simple null hypotheses is (Kunisky [2020). In particular, Kunisky (2020) is
able to go beyond the assumption of a Gaussian null hypothesis by leveraging results on exponential families
of random variables. These enjoy explicit orthonormal bases. Later, the work of Schramm and Wein (2022)
unveiled an implicit way to upper bound the advantage (def. with a recursive construction. The positive
aspect of the technique is that it is very general. The price to pay is that the method is rather complex. Many
works followed their paradigm (see the discussion in (Wein 2025a)). A sharpening of (Schramm and Wein
2022) also recently appeared as a preprint (Sohn and Wein |2025). However, the improved precision is again
traded-off with a complex derivation. A peculiar aspect of this technique is the appearance of cumulants in the
inequalities (see (Schramm and Wein [2022, thm. 2.2, rem. 2.3)), which have no clear justification. Properties of
such cumulants are crucial for obtaining the bounds (Even, Giraud, and Verzelen |2024) |2025alb).
Invariance in statistics has instead a long history. The seminal books of Lehmann (1970) and Lehmann and
Casella (1998) study situations in which invariant distributions enjoy nice properties, especially for hypothesis
testing. The conjugation of these ideas with the low-degree method already started, with works largely
overlapping with physics ideas (Kunisky, Moore, and Wein |2024; Montanari and Wein [2022} Semerjian 2024).
The fact that physics comes up simultaneously with symmetry is not a surprise, and motivates us to discuss
alternatives to the low-degree method.

OTHER CONNECTIONS While the low-degree method originated from the computer science/statistics
community, many formalisms arose in other fields. The idea is always the same; one seeks to restrict the class
of functions to a class of computable functions believed to include algorithms, or suggest their uselessness
in proper regimes. Among these, we find (non-exhaustively): the sum-of-squares hierarchy of relaxations
itself (Barak and Steurer |2014), proofs of average-case reductions (Brennan and Bresler [2020), techniques to
show that Markov chain Monte Carlo algorithms fail (Arous, Wein, and Zadik [2020; Jerrum [1992), the statistical
query approach (Feldman [2017; Reyzin |2020; Steinhardt 2016} Szorényi [2009), and plenty of methods from
statistical physics (Afonso S Bandeira and Alaoui 2022 Barbier 2024; Barbier et al. 2024; Gamarnik, Moore,
and Zdeborova 2022 Gamarnik and Zadik |2019; Zdeborova and Krzakala 2016). We comment some below.
In nice cases, predictions match across methods. In general, the low-degree pathway is the widest (Wein
2025alb). Motivated by these facts, an exciting task that arose is classifying or showing equivalence between
any of them.
This ambitious direction has reached strong but narrow results. In certain classes of models, the low-degree
method may be “equivalent” in some proper sense to: the best known algorithm from statistical physics
(termed AMDP, for approximate message passing) (Montanari and Wein 2022), an established method (termed
Franz-Parisi, after the authors) to prove geometric impediments in the complexity landscape (Afonso S
Bandeira and Alaoui 2022} Chen et al. 2025), or other types of so-called “free energy barrier” results such as
the overlap-gap property (Barbier et al. |2024; Gamarnik, Moore, and Zdeborova 2022; Gamarnik and Zadik
2019, [2022; R and Kizildag 2025). Notably, there are also plenty of connections within fields that do not include
the low-degree method under proper assumptions. For a very comprehensive overview, we reroute the reader
to the presentation of Wein (2025b) and the review of Wein (2025a).
For further arguments, we suggest consulting (Kunisky, Wein, and Afonso S. Bandeira |2019; Wein 2025a) and
the references therein. It is also useful to compare with the complementary physics side of the literature, well
exposed in (Afonso S. Bandeira, Perry, and Wein 2018; Zdeborova and Krzakala [2016).



2 LOW-DEGREE METHOD (FOR UNFAMILIAR READERS)

In this section we review the low-degree method for hypothesis testing (e.g. probs. |1.1|- with an eye
towards readers that are not experts of the literature. Coming back to the beginning of section [1} it is one of
the most used computational models to fix the issue of older unconstrained bounds. We postpone the broader
context of these unconstrained bounds and how these are linked to algorithmic bounds to appendix

The low-degree method is a restriction to the computational class of polynomials of low degree. Follow-
ing Wein (2025a, hyp. 3.1), it means that we roughly believe/conjecture the following inclusions:

“Degree O(1) polynomials < polynomial-time algorithms < degree O(log n) polynomials”.

In full generality, if we wish to extend the analogy we believe in the inclusions of Hopkins et al. (2017, hyp.
2.1.5) and Wein (2025a, hyp. 3.2):

“exp {D/logC n}- time algorithms< degree D polynomials < 7n°(P)-time algorithms”,

for some large C and D = D(n) increasing with n. While these have to be taken with care, we can in principle
study the behavior of the best performance over type I and type Il errors for functions of a given degree, and
then come back later to the subtleties. In general, it makes sense to say that if polynomials of a very large
degree cannot solve a problem, then no algorithm up to some runtime can. Similarly, if a polynomial of low
degree can solve a problem, we expect to write down an algorithm that computes the polynomial and solves it.
For larger justifications and issues, we reroute the reader to subsection [1.I]| where we provide robust references.

Remark 2.1. We state our definitions in the context of our planted sub-matrix model for problems - but
they are fairly more general and adapt to any sequence of hypotheses ((Hé"),Hgn)))neN with associated distributions
((Po(ny: Po'(n)))neN of random variables taking values in some N-dimensional space where N = Ny. For our little
model, we have N = (4) if we observe only half of the matrix Y and ignore the diagonal, or N = n? if we observe all of it,
and Y lives in a hypercube. For tensors, we would have N = nP and Y tensorial in some field for example.

Remark 2.2. We state our definitions asymptotically for simplicity. One could adapt the whole explanation to a non-
asymptotic setting for the restricted computational class. The ways in which this is feasible or not are problem-dependent.

We formulate two notions of success for a test as in other works (Kunisky, Wein, and Afonso S. Bandeira
2019; Wein 2025a). The analogues in information theory and the algorithmic counterpart are in the appendix

(equations (- 40 -

Definition 2.3 (Strong detection). For a hypothesis test (Ho, Hy) between distributions with given parameters
sequences 0 = 0(n), 0 = 0'(n), we say a test t : {—1,1}"*" > {0, 1} performs strong detection if:

P, [t(Y) = 1] + Py, [t(Y) =0] =0 (1), as n — . (2.4)
In words: the function performs asymptotically no errors.

Definition 2.5 (Weak detection).  For a hypothesis test (Ho, Hy) between distributions with given parameters
sequences 0 = 0(n), 0 = 0'(n), we say a test t : {—1,1}"*" — {0, 1} performs weak detection if:

Py, [t(Y) = 1] + Py, [t(Y) = 0] <1-Q(1), asn — oo. (2.6)
In words: the function beats random guessing by a non-negligible margin.

In particular, these two are different notions of a positive result, and we can adapt them to degree D
polynomials by adding proper constraints.

Example 2.7. Consider the following criterions that are a study of type I and type I errors restricted to thresholding
polynomials:

fi1 1}171r>1<€1,_,{0 e inf {]PHO []]'f( Y)>E = 1] + ]PH] []]'f(Y)Zé = 0]} >1-0(1), VO e ®(<D)imp' (2.8)

fdeg(f)<D

e 11}lnl‘>l<fn'_>{0 ' inf {]PHO []lf( Y)=¢ = 1] +]PH1 []lf(Y)2§ = 0]} =0 (1), Vo ¢ ®(<D)imp/ (2.9)

f:deg(f)<D

where in words we mean that we take the best ¢ thresholding each f attaining minimal type I and type II errors. We say
that:
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e if we are in the first scenario, then there is no weakly or strongly detecting degree D test, but there might be higher
degree computable tests;

* if we are in the second scenario, we know there is a degree D test that performs strong detection, hence also weak
detection. Moreover, since there are degree-D tests, the same happens if we remove the constraint.

In particular, we hope that the region of impossibility of polynomials roughly coincides with the region of impossibility
of algorithms with some runtime D', i.e. that O(<D)imp ¥ O(<D/algimp- FOr D ~1og logn we expect that we capture
polynomial time algorithms. In any case, we are interested in both the weak and strong sense of having low type I plus
type II error.

It turns out that showing this directly is not nice. The quickest simplification is using a looser criterion,
that of separability. There are two versions of it. The former is the strong version:

Definition 2.10 (Strong separation). A function f : {—1,1}**" — R strongly separates a hypothesis test (Ho, Hy)
between parametric distributions for given parameter sequences 6 = 8(n), 8’ = 0'(n) if:

max {Vary, [f], Vary, [f]} = o (|En, [f] — En, [f]]) - (2.11)
The latter relaxes the vanishing requirement to just boundedness.

Definition 2.12 (Weak separation). A function f : {—1,1}"*" — R weakly separates a hypothesis test (Hy, Hy)
between parametric distributions for given parameter sequences 6 = 0(n), 0’ = 0'(n) if:

max {Varg, [f], Vary, [f]} = O (|En, [f] — Ex, [f]]) - (2.13)
To clear matters our, we argue that separability is a sufficient condition for detection.

Lemma 2.14. If there exists a weakly (strongly) separating function then there exists a weakly (strongly) detecting test.
Such test thresholds the separating function.

Proof. Follows by an application of Chebyshev’s inequality. O

Having found a sufficient condition, we just work towards a nicer formulation for establishing bounds. We
want to compare quantities, so it is natural to consider their ratio:

’EHO [f]- En, [f]‘
max { Vary, [f], Vargy, [f]}

To simplify, we recenter the null to have Ey, [f] = 0 at no loss, and lower bound the maximum in the
denominator In doing these, we get to a larger quantity: Eu, [f]/, /By, [f2]. It is some L?-looking criterion
to compare the variance in the null and the first moment in the alternative. For a given test, if it is large
in some proper sense we know we are either weakly or strongly separating distributions in the sense of
definitions - Moreover, by lemma we have the detection analogues and conclude that the
problem is solvable in the asymptotic regimes. With this machinery, we can show the positive result that in a
given region there is a function (possibly a polynomial of some degree) that attains low type I and type II
error jointly.

(2.15)

EXTRAPOLATION To prove negative results we just “flip the sock”. If we show that no polynomial up
to some degree performs strong (weak) detection, then we are drawn to believe that there are no strongly
(weakly) detecting tests. We get to the workhorse of papers in the low-degree method: the advantage of
definition We rewrite it below in the form of problem [1.3|for convenience.

Adv < p)(Ho, Hy) = sup Ey, [f(Y)]

{—1,1}"*"R 4 /E 2y '
f{deg&)@ \/En, [F2(Y)]

We are interested in three behaviors of the advantage, depending on 8 = 6(n) and D = D(n):

(2.16)

1. when it is unbounded, and so there exists a strongly separating function;

' By lower bounding the maximum we lose something, and might recover suboptimal results. In these cases, a certain “conditional”
low-degree method solves the issue (see the discussion at the end of (Kunisky, Wein, and Afonso S. Bandeira |2019} sec. 1.2)).
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2. when it is bounded but not vanishing, O (1), in which case there is no strongly separating function, but
there is a weakly separating function;

3. when itis 1+ 0(1), case in which there is not even a weakly separating function.

Using definitions [2.3|- we will take case #1 as evidence of easiness of the problem in the strong and weak
sense, case #2 as evidence of hardness in the strong sense, and easiness in the weak sense, case #3 as evidence
of hardness in both senses.

Eventually, the best-case scenario of the low-degree method is a combination of the following steps, largely
dependent on the conjectured inclusions at the beginning of this section:

1. showing that for all given 6 € ©<p)imp the advantage is vanishing (or bounded);
2. showing that for all 6 ¢ ©\O <p)im the advantage is bounded but not vanishing (or diverging);

3. in a finer way, showing that for all 6 ¢ ©\O < p)imp there exists an algorithm attaining strong (or weak)
detection when D =~ logn;

4. even better, showing that for all 6 ¢ ©\O(<p)imp there exists an algorithm that takes exp {D/log" n} time
to perform strong (or weak) detection at varying D.

INTUITION To tackle steps #2, #3, #4 we take inspiration from step #1, where we prove an upper bound on
the advantage. Informally, the hardest object to bound at given D should hint at the best-performing degree D
polynomial. When D =4, log 1, this gives an indication of the best-performing poly-time algorithm, which is
expected to be robust to a slight perturbation from ©(p)im, to its complement, and hence to “start working”
just outside the impossible phase. Therefore, we need to attack step #1.

USUAL TECHNIQUE To upper bound the advantage the trick is to rely on the statistical structure. We already
mentioned it is a L?-looking criterion, and while this analogy has a clear formalization (see e.g. (Kunisky,
Wein, and Afonso S. Bandeira [2019))), we do not need it in its entirety. If we have an orthonormal basis, the
representation of equation greatly simplifies:

En, [Zjebasis D‘jlp(Y; ])]

Adv(<p)(Ho, Hy) = sup ] = sup Z aiEp, [9(Y;1)], (2.17)
f:{;l,l(};X”;R 2 w:|af,=1 jebasis
eg(f)<

and the complicated fraction became a linear sum. Upper bounding terms to get a bounded sum is then a
problem-dependent task.

While the existence of an orthonormal basis is not an issue in separable spaces, its tractability or it be-
ing explicit is not a guarantee. For pure noise null hypotheses as in problem [1.1] it is (see lem. [2.23):

Definition 2.18 (Canonical monomials). Let G = (V, E) be a graph over V = {v, ..., v} vertices. Denote 11, the
set of injective mappings that label the graph. Define:
P:G xIL xR"™" 5 R
(G=(V,EL Ty, Y) = [ Yai,p) (219)

(i,j)eE

We term “canonical basis” of polynomials of degree less than D the set (1, (PGJT)(H,G),(SD))'

Here, the (7, G) pairs cover all non-empty labelled graphs with less than D edges and no isolated vertices.
We show it is an orthonormal basis for distributions allowed in HJ%'¢ of problem |1.1|in lemma @

Remark 2.20. We add the constant function f(Y) = 1 because it is needed and not present in the monomials. Morally,
it corresponds to the empty graph G = &.

Remark 2.21. We use the notion of labelled graph 1t(G) for later purposes. One can just think of an element of this basis
as a product over edges (i, j). When we sum over G, rt, we morally sum over labelled graphs in the entries of the matrix.

Remark 2.22. In our specific model the underlying graph is simple (no double edges), and has no self-loops, i.e. no Yj;
terms in the basis.
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Lemma 2.23. Under the distributions allowed in H5'¢ from problem|1.1|the canonical basis (1, (Pg,x) . €Ty, ) ceo
(<D)

is an orthonormal basis of polynomials of degree less than D from {—1,1}"*" to R.
Proof. See appendix O

Contrarily, for structured null hypotheses, such as those in problem or for estimationf| which is
problem finding an orthonormal basis is a hard task. As we mentioned in subsection this impediment
was the main motivation behind the work of Schramm and Wein (2022). There, the authors and the works that
followed rely on a careful lower bound on the denominator to get to an upper bound on the advantage as in
equation The resulting terms in the sum are recursively defined, and the technology is very involved.
Our proposal summarized in subsection [1.I| is more explicit and direct. In the next section, we present its
consequence.

3 MAIN RESULT

The main result is a bound on the advantage (def. in problem [1.3|for the planted sub-matrix model
of equation As we said, it supports the claim that polynomials up to some degree fail at solving the
hypothesis test. It also works for problem [1.1} but it is superfluous (see remark [3.6). The main ideas behind an
adaptation to a larger class of models are in subsection
In particular, to obtain results about the denominator of the advantage (def. , which is independent of Hj,
we only need to work on the first three parameters (n,k, A) and the degree D.

Assumption 3.1. The degree is such that D > 2. Moreover:

max {fl, y%,)\} < D78, (3-2)

for some large universal constant cs; > 0. For the sake of this document, we do not optimize it.
Thanks to assumption [3.1} we will simplify greatly the denominator of the advantage (def. [1.10).

Proposition 3.3 (Preliminary version of proposition |5.82). Suppose we want to study problem (1.3|for the planted
sub-matrix model of equation If the 6 of Hy satisfies assumption |3.1|there exists a basis for the distribution in Hy
that is almost orthonormal in the sense of definition

Remark 3.4 (Important comment on almost orthonormality). We want an upper bound on the advantage (def.[1.10).

Therefore, almost orthonormality may look redundant, as we only need the upper bound in definition i.e. that for

some basis |e [p9T] 2 |la|l, for all & vectors of coefficients of the decomposition. While this is true to obtain an upper
0

bound, there is no guarantee that it will be tight. Definition [1.14)ensures that the representation through the almost
orthonormal basis and that through the existing orthonormal basis differ by a multiplicative constant.

Remark 3.5 (Interpretation). There are three conditions, each with a precise meaning. Recall that we want to prove a
negative result for algorithms.

o We require K/n to be small because otherwise we saturate the information-theoretic bound in the sense of appendix [Cy
in regimes where the signal is as large as the observation the problem has no statistical-to-computational gap.

* We need Ak/\/u to be small because if it is not then a line-sum statistic can solve problem Actually, it can
estimate (i.e. problem the latent locations {j € [n] | x; = 1} which is a harder task in the sense of definition
We justify this in the next remark and show it in appendix

e We postulate the condition on A to make the first two results at the right scale.

Remark 3.6 (Interesting regimes). Complex testing (prob. is a generalization of detection (prob. where
the null distribution can have a signal. Therefore, to prove a negative result about complex testing we need detection
to be in an easy regime. In addition to this, we can claim that complex testing is easier (in the sense of definition
than estimation of the position of the signal (prob.|[1.5), as we can trivially use an estimator for the signal to solve the
hypothesis testing question. This suggests that complex testing is in between detection and estimation. The practical

2 One can prove hardness of estimation by bounding an analog of the advantage on only one distribution: it has signal in the denominator
and numerator. See (Schramm and Wein [2022; Sohn and Wein |2025).
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implication is that if we want complex testing to be an “interesting” problem of its own then we need detection to strictly
dominate estimation (again, in the sense of def.[C.8). In terms of the signal conditions of the assumption, this results in
an added condition that k Z1og /1. This region of parameters is said to have a detection-recovery gap

If we do not consider the case when k Z1og /1, then we still have a hardness result for complex testing, but we already
know that detection, which is an easier problem (in the sense of definition is hard, so we are proving a superfluous
result.

To upper bound the full expression, we add an assumption on Hj.

Assumption 3.7 (Perturbation). The perturbations for complex testing (problem satisfy the following conditions,
where cg; is the same constant of assumption

o if we test a perturbation on the strength of the signal A against A + 1, then 7 < /D and yk*/n < D=8,
o if we test a perturbation on the size of the signal k against k + { then { < k2D and {\/Mn < D78,

The conditions on the cs; constant may vary across the types of perturbations here. Morally, cs is always a constant but
it might be different when we test on A or on k.

The main result is a fine control on the advantage.

Theorem 3.8. Suppose we want to study problem |1.3| for the planted sub-matrix model of equation Recall
the definition of advantage (def. and the fact that Hy, Hy are hypotheses of distributions, so that the notation
Adv(Ho, Hy) is unambigu

Let assamptzons .and hold for (8,0") € ®*2 parameterizing the distribution in Hy and Hy respectively. Then for

all D > .

Adv(<py(Ho, H1) <1+ D (3.9)
Remark 3.10 (Interpretation). In both cases of complex testing (prob. [1.3) we take the 1 or { perturbation to be
smaller by at least a D factor than the actual signal, i.e. § < A/D and { < k/2D. Had we not assumed this, the intuition is
that we would have degraded to a detection task (prob.[1.1). For sufficiently large perturbations the null hypothesis “looks
like pure noise” even if it has signal from the perspective of the alternative.
If the other assumption does not hold, then there is a matching algorithm, as we said in remark|3.5|for the other conditions

of assumption We sketch the arqument in appendix

3.1 Discussion

COMPARISON WITH LITERATURE Our model in equation [1.6|is closely related to planted clique, which
is one of the pillars of average-case hardness. The detection problem (prob. was amply studied in
literature (Brennan and Bresler [2020; Hopkins et al. 2017; Kunisky, Wein, and Afonso S. Bandeira [2019; Wein
2025a), as well as the estimation problem (prob. (Alon, Krivelevich, and Sudakov [1998; Schramm and Wein
2022; Sohn and Wein [2025). Instead, the complex testing scenario of problem [1.3]was somehow overlooked.
While it is true that the technique of Schramm and Wein (2022)) is well-suited for testing between distributions
with signal, the novelty of our result is the proof technique. The almost orthonormal basis (def. greatly
simplifies the steps to bound the advantage and is not limited to the planted sub-matrix model (see extensions
in subsection [6.1V).

ALGORITHMIC IMPLICATIONS As we mentioned in section [2} the low-degree conjecture states that

polynomial-time algorithms correspond to polynomials of degree log 1, and an impossibility result for polynomial-
time algorithms corresponds to showing that the advantage is bounded in some proper sense for polynomials of

degree slightly larger than log 1, e.g. (log1)! ™€ for all € > 0. We can see from our statement in theorem 8|that

for D = w(logn) we have Adv<py(Ho, H1) =1+ 0(1), which according to definition 2.5 means weak

separation (and thus weak detection conjecturally) is impossible in the signal regimes o ssumpt1ons 3-1-B.7

Logically, since weak detection is impossible, so is strong detectionf]

3 A way to find this condition is to compare the detection threshold A ~j¢ 7/k* and the estimation threshold, which is A ~og vk, imposing
that they are distinct. The reason why these two are expected to be the detection and recovery threshold is in the analysis of appendix
4 Notice how this is in accordance with the fact that Adv <p)(Ho,H;) = O (1) and deﬁnition
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NON-CONJECTURAL sIDE We can find poly-time algorithms or information-theoretic barriers (in the sense
of appendix [C)) as soon as we violate either of the conditions in assumptions [3.1] - In appendix [B| we
propose all the informal concentration arguments for perturbations of k, A and all possible relaxations of the
assumptions, plus one fully formalized | This is the best-case scenario where we have a matching positive
result. The simple statistics:

sglobal(Y) == Y Yij,  and  spne(Y) =#1 7[> V> w ey, (3.11)
ij i#]

for some well-chosen w, distinguish (Hy, Hy) as soon as we get out of the parameters allowed by assump-
tions 3.1/~ As we expect not to find a better algorithm, we extrapolate that the low-degree method captures
the right behavior of polynomial time algorithms. The following propositions summarize the discussion in

appendix

Proposition 3.12 (Informal). Consider assumption|[3.1|for the planted sub-matrix model of equation [1.6|and problem
where we perturb either A or k in the signal.

o If we relax the condition on k/n and consider precision up to poly-logarithmic factors then there exists an efficiently
computable function able to solve the detection problem [1.1]optimally among all functions: we hit an information-
theoretic bound.

o If we relax the condition on Ak/\/n up to poly-logarithmic factors, then there is a polynomial-time algorithm solving

complex testing (prob.[1.3).

e Similarly, if we relax assumption |3.7|up to poly-logarithmic factors there exists a polynomial-time algorithm solving
complex testing.

In words, if we break either of the interesting inequalities in assumptions [3.1|-[5.7| there is a statistic.
The only one we fully formalize is as follows.

Proposition 3.13. Consider the instance of problem [1.3|where Hy is a distribution Pg with 6 = (k,A) and Hy is a
distribution Py where 8' = (k, A + 1) for some 17 > 0. Let assumption hold, and suppose assumption does not
hold. Quantitatively, suppose k*1i/n > 44/2In8. Then the statistic Sglobal (Y) from equation is able to perform weak
detection (def. by weakly separating (def. the distributions in the null and in the alternative. In equations, the
following holds:

Py, [Sglobal(Y) — Mo = g] + Py, [sglobal(Y) —Ho < ‘:] <8y e/ +e<1, Ve >0, (3-14)

where py = n(n=1)/n2k? A, ¢ = n(n=1)/u2k?yy and ¢ is any value in the interval (n/—21Inre/s, ¢ — nr/—21Inre/8), with
22
pe =8Ve /8 t e

Remark 3.15. If we believe in the low-degree conjecture of section[6] this result suggests that the low-degree method
captures up to poly-logarithmic factors the behavior of some “simple” statistics expected to be optimal. See subsection [B.I]]
for alternative arquments in favour of this conclusion.

BEYOND POLYNOMIAL TIME An extension of the low-degree conjecture we also mentioned at the begin-

ning of section |2 states that degree D = n® polynomials correspond to algorithms with runtime n®(P) —

exp {n‘sio ™ }, where O (-) hides poly-logarithmic factors. The generic correspondence for negative results is
that if the advantage is bounded (or asymptotically one) for some D = D(n) < t(n)polylog(n) then algorithms
with runtime #!(") cannot distinguish the hypotheses. In other words, since theorem ﬁis a negative result, for
any t(n) choice we will only be able to say when (") algorithms are conjecturally expected not to work. Below,
we comment on this formalism with two interesting aspects.

The first natural question is how sub-exponential algorithms perform under our assumptions. We say an
algorithm is sub-exponential if for some ¢ € (0,1) it has runtime nv = exp {5 (n® )}, where O (-) hides
poly-logarithmic factors (Kunisky, Wein, and Afonso S. Bandeira 2019). The motivation is simple: we define
polynomial-time algorithms to have runtime 7P°Y, where poly is any constant polynomial, and the immediate

5 The others are analogous.
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super-class of exponential type allow for 7° to be a vanishing monomial in 7. In the sub-exponential case,
t(n) = n® for any 6 > 0. We find that their advantage is bounded as 1 + 1/D going faster to zero, but in a much
narrower region of parameter space, since assumption [3.1/has inequalities that shrink exponentially fast with D.
The second question is if we can rule out somehow weak separation and not strong separation. Ideally, we
need the advantage to be bounded but not vanishing, which in theorem [3.8| corresponds to D = © (1). From
the identification with n!(") algorithms and D(n) < t(n)polylog(n) we already see that we cannot have this level
of accuracy in our bound. Moreover, we would be in a regime where the signal quantities in assumption
are potentially not vanishing.

In the next subsection, we start to work with bases to rewrite the advantage from equation into a

specific version of equation which will be equation

3.1 A working representation of the advantage

ADJUST THE BASIs While we cannot hope for an orthonormal basis in problem [1.3|as we said in section
there is an orthonormal basis for problem [1.1]to start from, which is that of definition It is orthonormal
for the pure noise scenario by lemma the null hypothesis of problem [1.1]of distinguishing a Rademacher
matrix from a matrix with signal. Let us call this hypothesis Hj**¢ to be explicit. Under Hj**¢ we have
Yij Hd. Rad(1/2) for all i < j, under Hy of problem |1.3| the observation is not i.i.d., but the canonical basis is still
a basis.

Lemma 3.16. In all the probability distributions we consider, the canonical basis (1, (PG, 7) srert ) isa

V] GEQ(SD)U{Q}

basis of polynomials of degree less than D from {—1,1}"*" to R.
Proof. See appendix O

In particular, for a generic hypothesis Hy of a probability distribution with 8 = (k, A), we have:

<PG<1>,7T<1>,PG<2>,H(2) >H[ = Eg, [PG<1>,7T<1>PG<2>,H(2>]

2
= Ey, T v I v I Y
(i)erM(GD)  (i)enM(GW)  (ij)grMD(GD)
(i)en®(GP)  (ij)gn®P(GP)  (ij)enP(G@)

“Ex|Bux| [[ vy [] 617)
(i,))erM(GM)  (i,j)gnM(GD)
(/)¢ (G®)  (ij)en®(G?)

BT o I
(i))enM(GW)  (ij)gnD(GWV)
(i)gn@(G®)  (if)en®(G@)

[Val
— AlEal E
()

where Ga = (Va, Ep) is the symmetric difference graph induced by the edges of a7M(GW)Y) and 7@ (G@).
Crucially, the final formula is due to the conditional independence of Y;; | X;; for all edges and by the fact that
the X;; = x;x; are products of i.i.d. Bernoulli random variables dilated by a A factor. By convention, when the

graphs are the same, the symmetric difference is the empty graph, and we return oneE]

From this observation, orthonormality at Ak = 0 is immediate, and in the general case we lose it since Ak # 0.
Thanks to the last lemma, we always have a decomposition of the advantage in the canonical basis like in

equation but only for H}°!¢ we write at the denominator |a,. In the generic case where Hy has A # 0

and k # 0 the basis is not orthonormal.

6 This is in accordance with the fact that Yiz/- % 1 for all (i,f) and all distributions considered.
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TO SUMMARIZE We see that the advantage from definition is the usual object to prove low-degree
lower bounds. However, its main weakness is that it relies crucially on an understanding of how orthonormal
polynomials enter into the picture. This is due to the fact that the denominator does not have a nice form if
the decomposition is not orthonormal. At the same time, the spurious correlations have a precise form, i.e. the
symmetric difference of the underlying graphs considered (eqn.[3.17). This structure is in good terms with the
symmetries of the problem. Namely:

* any two pairs of labelled graphs that have the same symmetric difference have the same correlation;

* the probability distributions H, enjoy a permutation symmetry: there are no preferred locations for the

signal (see lem. [3.23).

Combining these we attempt to collect terms by invariance in two nested ways: by labellings that have
the same correlation and by permutations. Going up at this level of symmetry allows us to not count twice
objects that are merely the same with regard to randomness. To formalize this, in subsection we discuss
the invariance by permutations, thanks to which we decompose the advantage differently. We argue that this
regrouping greatly simplifies how we handle correlations between labelled graphs.

In subsection we then clarify what it means for a basis to be almost orthonormal, as we need for our
purposes. In particular, we present a sufficient condition for almost orthonormality (definition to hold.

3.a11  First idea: grouping by invariants, skeleton graphs

As hinted in the previous subsection, working over labelled graphs is superfluous: the randomness of the
problem and in particular the way monomials correlate (i.e. equation do not crucially depend on the way
we labelled the two graphs. In this subsection, we present the formalism of skeletons which seeks to go up the
ladder of generality and reach the highest level of collection by invariant quantities.

As we did in definition we consider a graph G = (V, E) where V = {v4,...v,} are its nodes/vertices for
some ¢ > 2 and where E is the set of edges. We write |V| the number of nodes, and |E| the number of edges.

Assumption 3.18. Throughout the text all graphs have no isolated vertices. In other words, they are induced by their
edge set.

A skeleton is a collection of vertices and edges without regard to the labellings. In other words, it is the
equivalence class of the given (V, E) pair. However, there are few ways to parameterize it, so we will adopt
choices that are useful for deriving results. Since it is relevant only for combinatorial purposes, we postpone
the details to section |4/ and just present the mere definition.

In what follows Iy is the set of injective mappings 77 : V — [n] with |V| = ¢.

Definition 3.19 (Skeleton). Let G = (V, E) be a graph, where V = {v1,...,vy}, £ < n, and there are no isolated
nodes. We say a graph 1t(G) on ¢ labelled vertices {iy,...,is} < [n] is in the skeleton G when there is a labelling
02V — [n], with 7t € 1y, such that G and 71(G) are isomorphic through 7t (def. [4.2). Namely, we have 71(G) = G. A
skeleton is an equivalence class of graphs. We consider skeletons up to isomorphism, meaning that two isomorphic graphs
in the abstract space are the same skeleton. Within a skeleton, we include all distinct objects arising from injections
m e Iy, Ezl particular, we also count automorphic labelled graphs. For extensive clarifications, see remarkand all of
the section

Remark 3.20 (Alternative view). The skeleton formalism is useful if we need to refer to the original vertices with
labels unambiguously. Otherwise, we could have taken an unlabelled graph, or the skeleton with removed labels. The issue
with the unlabelled formulation is that it is somehow non-standard to refer to edges of an unlabelled graph. In practice,
the set V = {vy,...,vy} is an abstract set of vertices that we label through 7.

Definition 3.21 (Set of skeletons). For a given D = D(n) < n, we define G(<p) as the set of skeletons with less than
D edges quotiented by the isomorphism relation over graphs in the abstract space.

Remark 3.22. Coming back to the basis in definition we have that (PG, ) (r,c),(<p) has the same elements as
((PG,T[)T[EH‘V‘ )

GeG(<p)
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sYMMETRY The form of the correlation in equation is emblematic. While we work over labelled graphs,
two different pairs of labelled graphs that have the same symmetric difference have the same correlation.
Working with skeletons allows us to fix the “shape” of the two graphs. Once we fix two skeletons G(1), G®?),
the many pairs 7(1) e TI vy, and @ e II v(2)| can be regrouped into sets of pairs that have the same
symmetric difference. Had we worked at the level of labelled graphs, we would have not done this as nicely,
especially with regard to the second invariance, that of permutations. We discuss it below.

Working over skeletons also allows us to exploit the permutation symmetry of the problem. The next
lemma formalizes what we meant earlier by “the signal has no preferred location”.

Lemma 3.23. Fix any degree D > 0. Then, the value of the advantage Adv <p)(Ho, Hy) in problems 1.1 - 3 13| is
achieved by a function f* such that f*(Y) is invariant by permutation. In other words, for any bijection o :
we have f*(Y) = f*(Y,) where Yo = (Yo (i) 0(j) )i -

Proof. See appendix [A] O

Since there is an invariant optimal polynomial, it makes sense to seek a basis over invariant polynomials.
The way to build a naive proposal is to take the canonical basis of definition and symmetrize it. In words,
this means collecting all basis elements that are in the same skeleton ] We write for a given skeleton G:

Z PG,?T/ (324)

HGH‘V‘

and wonder if it is enough. Intuitively, the symmetrized object Pg should be invariant to permutations because
we construct it by using all of them, and should still keep the explanatory power that the (PG,n)neHM had. We
check this in the next lemma.

Lemma 3.25. Consider problems|[1.1]-[1.3} Let f be a polynomial invariant to permutations, of degree less than D, with
domain in {—1, 1}"*™. There exist numerical values (“G)Geg<<D)u{@} such that f(Y) = ags + ZGGg(SD) agPs(Y). In

other words, the collection (1, (PG)Geg<<D)u{®}) with Pg = ZHGHM is a basis of invariant polynomials of degree less
than D.

Proof. See appendix O
Combining lemmas - we have the following lemma.
Lemma 3.26. Let D > 0. For any pairs of hypotheses from problems [1.1] and [1.3] the advantage decomposes along

(1, (PG)Geg(<D)u{@}) in the sense of equation|1.13} In equations, we have:

]EHl ZGEQ< aGPg
Adv <py(Ho, Hy) = sup [ = ] : (3-27)

2
(“G)GEQ(SD)U(Q} \/]EH0 [(ZGEQ(<D) DCGPG) ]

Moreover, the same holds for any alternative basis over invariant polynomials of degree less than D.

Proof. By lemma the advantage is attained by an invariant function. Using lemma we decompose
any invariant function as f = ag + ZGEQ(<D) &G Pc. We have the chain of equalities:

En, [f(Y)]
Adv (Ho,Hy) = sup —
(<p)(Ho, H1
{11y nsR 4 /By, [ f2(Y)
fdeg(f)<D ol |
o B, [F(Y)]

(=11} "R E 2(Y
F <o o [f200)] (3.28)

f invariant to permutations

Em [2G€9<<D> “GPG]
= sup :
2
(tXc)Geg(<D)u{®} \/IEHO [(ZGGQ(<D) OCGPG> ]

7 Here we start noticing that the redundant formalism of labelled graphs in the definition is useful.
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Once we know that the advantage depends only on skeletons and that the correlations of the canonical
basis group in terms of how they intersect, we seek to make the most of these regroupings. The essence of our
new proof technique is that there exists an almost orthonormal basis (def. [1.14). The path to present it clearly
is precisely to go at this level of invariance, where counting becomes easier because we make the most of the
symmetries. In the next section, we discuss the idea behind the claim of proposition [3.3|and further intuition
on how to establish the actual result, which is proposition

3.1v  Second idea: almost orthonormality

The issue with any basis is that the denominator of equation is a highly coupled quadratic form
where each basis element interacts with the otherﬂ Characterizing the interaction of the basis with any set of
coefficients (ch)Geg( <D) is far from trivial in general. In this section, we will sketch how we deal with this
aspect to prove an inequality as in definition which we formalize in proposition Then, establishing
theorem [3.8is a routine consequence.

As in section [1] the simplest thing we can hope for is that for a given a basis decomposition:

fO) = >, acy(,G), (3-29)

G€g<gD)

definition holds. In another perspective, we hope that the decomposition along the basis becomes as
good as the Euclidean norm of the coefficients if we let n — . Mathematically, we want to find a good
(¥(-, G))ceg <p, set such that:

~ 2
U CED)

s = 1f s, = ) GO+ Y acwace (¥ GV 9(,G?))

GeG(<p) Ot
G<1),G(2)€Q<gp)

We propose next three different and complementary views on our objective.

COVARIANCE VIEW We want to establish if under the interesting scaling the basis is almost orthonormal
(def. . As a reminder, it needs to hold for any invariant polynomial of degree less than D. Indeed, while it
cannot work all the way for any function, we can hope that if we sum over skeletons in G(<p) over less than D
edges decomposing any invariant polynomial f of degree less than D then it will be enough.

To start simplifying, let us take a normalized basis: we make each (-, G) have |¢(; G) HHO = 1. We can also
regard the expression for the norm of f decomposed along the basis {{(-, G)}seg (<pyuig) asa quadratic form

as in definition [1.14}
iy = o B, 907 [ =1l [y = (0 Oocg oo G:31)

In particular, the matrix in the quadratic form is the expectation of a rank-one matrix [Ep, [II)IIJT] that collects
the basis. It is a Gram matrix, with unit diagonal once we normalize and take the expectation. What we
morally wish is that:

Since the matrix is Gram, it is positive semi-definite.

GERSHGORIN VIEW Another perspective is to use Gershgorin’s circle theorem (see (Potters and Bouchaud
2020, chap. 1.2.1) and (Horn and Johnson 2012} chap. 6)). The matrix Ey, [tptpT] has unit diagonal entries.
Then, each eigenvalue is at least into one of the “Gershgorin circles”, which are circles centered at the diagonal
terms, i.e. 1 and with radius being the sum over columns or rows that discard the diagonal. Since the matrix is
symmetric, we need not consider the distinction of rows and columns. Then, we can say that all eigenvalues
are within:

1+ sup Y |Covim [9(:6™M)p(:6)|. (333)
GMeG(<p) G eg < p)uiD}
@ 2GWM

We then want the sum of covariances to be small.

8 Alternatively, as we will do later, we see it as an eigenvalue of a matrix of integrals over products of polynomials.
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APPROXIMATE ISOMETRIES We want the Ey; [l[Jl/JT] matrix to be an approximate isometry, where € the
approximation factor is small.
It turns out that for restricted isometry conditions all the three are equivalent, so we can either:

1. show that Ey, [ "] is such that |[Ep, [p9 '] — IHop <€

2. show that Ey, [¢9 '] is an e-approximate isometry;

.qa .c@
3. ShOW that Squ(l)eg(SD) ZG(Z)EQ(<D)U{®} ‘COVHO I:’,b(, G( )), lp(, G( ))] ‘ < €.
G@ 26
Remark 3.34. The control by an arbitrary € is even too strong. If we are able to show that the outer diagonal entries are
jointly small, then the non-infinitesimal version of the statements above bounds the eigenvalues inside an interval of 1.
For example, if:

1
sup Y |CoVi [9(:6M), 956 < 5, (3-35)
G(l)eg(<D> GQ)EG(@) u{g}
G@ g

then the eigenvalues of the Gram matrix Eyy, [y | are all in the strip [1/2,3/2].

In particular, it will basically always be a sum of non-zero entries, as for each G(), G() there always exist a
pair (7D, 7(2)) such that the correlation is non-zero. However, the magnitude of each will be rather small.
In section [5| we will show that an adjustment of the canonical basis of definition is an approximate
isometry in the sense above, which means that the eigenvalues are controlled, which means that it is an almost
orthonormal basis (def[1.14).

Remark 3.36. The interesting and key step in the technique of proving theorem [3.8is this construction of an almost
orthonormal basis p (def.[1.14). Once we have the property of almost orthonormality with proposition
laly % Il ] 2 lelz  forall & = (€)oegop). (337)

the bound on the advantage follows by canonical arguments since there is a direct upper bound with the form of
equation up to constants:

AdV(gD)(HQ,HﬂS sup ]EH1 Z IXGI/J(Y;G) . (3-38)
wle),=1 GeG(<pyv{d}

In the next section we properly define many objects that emerge from the invariance of labellings. These
are crucial for the construction of an almost orthonormal basis in section 5}

4 MORE DETAILS ON THE SKELETONS FORMALISM

In the planted sub-matrix model (eqn.[1.6), the observation is:

1+X1‘]’

1 ith probabilit ii
{-1,1}"" Y = WIth probabiitly 15 - Xij = XiXj, x; A8 \/ABer <k) . (4.1)
—1 with probability ——* n

We want to use the low-degree method to derive a negative result for algorithms, as we argued in section 2| To
apply it we need to consider polynomials of degree less than D, where in particular for the interesting case
D ~jog logn. Since we work on a nice binary space over {—1,1}"*", these end up being represented through
an “adjustment” of the canonical basis for when the random variables are Rademacher distributed, i.e. when
Y ~ Hp¢ as in the null of problem As we saw in definition this canonical basis is a collection
of monomials Pg (Y) = ]_[(i,]-)eE Y(i),n(j) for (G) a labelled graph, plus the unit function, i.e. the empty
graph. For a given set of edges T in a labelled graph 71(G), this perspective naturally gives rise to a graph
with random variables at each (i, j), which is in turn a product of random variables at each vertex. Since we
will fix the degree to be less than D, we will then consider all graphs with vertices in [#] that have less than
D edges, and automatically less than 2D nodes since there are no isolated vertices. Summing over all T, or
equivalently all edge labellings, is not trivial, but we can make some simplifications. In particular, we group
graphs up to isomorphisms.

9 An ii.d. Rademacher distribution is the analogue of pure noise in this model: there is no signal.
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Figure 1: Three isomorphic graphs inside the same skeleton, two of which are automorphic in the observation
space
In the formalism of def. the first and the third count as two distinct graphs and arise from three injections
of the form 7 : {v1, v} — [n], the skeleton, a formalization of the “shape” graph with question marks just
above.

CLARIFICATIONS AND CONTEXT In section[3|we introduced skeletons, with definition and the justifi-
cation of seeking the highest level of abstraction to keep the interesting invariant quantities of the problem.
We clarify which combinatorial choices we adopt. Then, in the next subsection we define the invariant objects
at the level of skeletons that we need.

Definition 4.2 (Graph isomorphism). Two labelled graphs G = (V,E), G’ = (V', E) are isomorphic when there is a
bijection ¢ : V +— V' between their vertex sets such that vertices in G are adjacent if and only if they are after applying ¢.
When two labelled graphs are isomorphic, we write G ~ G.

Definition 4.3 (Graph automorphism). An automorphism of a labelled graph G = (V,E) is a permutation
0 : V — V that preserves edge connections, i.e. such that two vertices (v,v") € E if and only if (0(v),0(v")) € 0(G) the
graph obtained after applying the permutation.

In other words, it is an isomorphism of G to itself.

Definition 4.4 (Automorphism group). The automorphism group of a labelled graph G = (V,E) is the set of
permutations that preserve edge connections. We denote it as Aut(G). Its size is the number of such permutations,
written as |Aut(G)].

Lemma 4.5. Two graphs induced by edges are isomorphic if and only if there exists a permutation matrix P such that
Ap = PApP~!, where Ag, Ap are the respective adjacency matrices.

Proof. The E, E’ graphs are in bijection with their adjacency matrix representation. The operation of permuting
E and isolated nodes in [n]\V is represented through P, which permutes the columns of the adjacency
matrix. O

Remark 4.6. In our computation, we need to consider the number of permutations that fixes each Ar adjacency matrix
for E an edge set. This is the size of the automorphism group of the graph which we denote by Aut(G).

Remark 4.7 (What we are counting, what we are not counting). When referring to a skeleton, we take it in
G € G(<p) the space of graphs quotiented by isomorphism. We consider isomorphic skeleton graphs as the same graph.

Therefore, if G ~ G2 then Psa) ; = Pc)  for all labellings, but we consider the polynomial only once. This means
that the polynomial represented thro/ugh Pe /ignoring the indexes of the variables x; is uniquely counted across various
Ge Q(SD).

Instead, we choose to consider skeletons “up to automorphisms”, in the sense that when building a given skeleton G we
place inside all the labellings 7t € 11}y, without quotienting the set. Doing so, we will slightly over-count, but it is easier

to deal with. The polynomials Pg ), Pg (2 for fixed G and different ) % 712 are then the same polynomial in the
labelled variables when the underlying graphs are automorphic.

Since we include automorphisms, the graphs in fig. [1|are all counted inside the same skeleton. The skeleton would be
the graph with vy, vy, the shape the graph with question marks. In terms of polynomials, we are saying we consider
inside Pg (eqn. all the three: Pg ) = Y12, Pg n2) = Yo1 and P ;3) = Yaa. The first and third graph are counted
twice: they are both present in the skeleton, despite being each related by a permutation (automorphic in the sense of
definition [g.3). In figures2|-[3|we discuss a non-trivial example.

POTENTIAL CORRECTIONS Alternatively, we could consider all possible labellings of vertices neglecting
automorphisms. The sums for the symmetrized monomial P of equation in this case would be:

>, (4-8)

el y |\~ Aut
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Figure 2: Two isomorphic skeletons in the abstract space
Since skeletons in G are taken from the space of graphs up to isomorphism (def. the two graphs
above are the same skeleton, i.e. they are counted only once in the abstract space. They correspond to the
same G € G(<p). Notice how the “arrangement” of the nodes in space is irrelevant, i.e. the way in which
vertices and edges are printed on paper.

Figure 3: Three labellings of the skeleton in figure |2} two of which are automorphic
Consider the skeleton of figure |2} for simplicity represented through the graph on the left of such figure. The
three graphs above correspond to three different labellings 71(!), 7(2), 70) € IT5. The leftmost graph is such
that 71(1) (v;) = i for all i € [5]. The center graph is such that (i) =5 —i for all i € [5] and the rightmost
graph corresponds to the labelling 7T(3)(i) =iforallie{1,2,3}, 71(3)(4) =570 (5) = 4. In particular, the
labellings (1), 71(3) return two automorphic graphs (def. in the observation space. In the skeleton
formalism, they are both counted as distinct. The center graph is of course also present in the enumeration.
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where ~ . quotients the labellings by automorphisms. It turns out that it is less helpful to group as such. We
stick to our choice, and potentially correct the sums for the various P; polynomials over skeletons as:

1
TARK(O)] > (4.9)

HEH‘V‘

In short: in our formalism the first and third graph in figures [1| - [3| are distinct, and both included when
enumerating the labellings of their skeleton.
Thanks to definition the way we see E makes it so that skeletons are induced by E only]™| which fixes:

® the number of vertices |Vg|;
e the number of edges |E|;
* the “type” of connections.

In particular, for a given graph induced by E, there is a representation in terms of a sequence of tuples
{(i,vi)}i=1, where to each i € [n] we pair its neighbors set v; € V¢\{i}, where Vf is the set of vertices induced
by the edges E. Notice we also specify that for all i ¢ Vg we have v; = (.

To give yet another perspective, we could say that two sub-graphs induced by edge sets E, E’ are such
that E ~ E’ when there is a permutation ¢ : [n] — [n] such that the respective representations are equivalent.
In particular, it acts on both i and v; as 0 ov; = v,(;). For this reason a sum over a skeleton is permutation
invariant. A skeleton can then be seen as a set of edges that are isomorphic to each other in the sense above.
Since it is an equivalence relation, it partitions the set of graphs. We write {E : E =~ E’} when we want to fix a
skeleton and consider its various edge profiles. The sub-graphs of the complete graph ., over [n] vertices are
then partitioned into various equivalence classes containing isomorphic graphs.

In the next subsection we define relevant objects at the level of skeletons. These are fundamental for
deriving the results of section 3} Working at the such symmetry level of skeletons is crucial here: the objects
that arise from the integrals are invariant to permutations, so counting at a lower level (e.g. if we consider
labelled graphs) is superfluous and more complicated.

4.1 Invariant graph-theoretic objects at the level of skeletons

For a given pair of skeleton graphs, irrespectively of how they are “decorated” with labels, we can identify
different useful notions of how the labelled graphs intersect, and group the two equivalence classes in subsets
of pairs accordingly.

MATCHING OF NODEs Consider two skeletons G = (VD) EM)) G@ — (v@) E@). We write M =
M(GM,G®@) for a set of pairs of nodes (0(1),0(?)) e V(1) x V() where no node in V(Y or V() appears twice.
Write M for the set of all possible matchings of nodes.

Remark 4.10 (Size). Naturally, the size of a matching is the number of vertices it fixes, i.e. the size of the subset of V(1)
taken, which is equal to the size of the subset of V) taken.

PAIRINGS SET For a generic M € M:

(M) := { W e My, 7@ e Iy : YW, 00) e VD x VO {70 (0) = 7@ 0®)} = (oD, 0@) e M}},

(4.11)
which is in words the set of pairs of labellings of two skeletons that make the labelled graphs match through
M.

SYMMETRIC DIFFERENCE GRAPH For any (7'((1), n(z)) e ITI(M) the “overlap” of labelled graphs is constant

and equal to M. For this reason, we define G = GA(M,G(l),G@)) = (Va,Ea). The graph Ga is the
symmetric difference graph associated to (G, G(), M). To construct it, we take the symmetric difference
of edges in both graphs and the vertices in such set. Alternatively, we join G and G@ according to the
matching M, in the sense that we merge the vertices present in the pairs in M. Then, we remove edges that
are present in both graphs, and isolated nodes. Notice how this definition generalizes equation

MIn other words: since we do not consider isolated vertices the edge set induces the vertices in its connections.

23



We write #CC = #CC(M) for the number of connected components in G, and #CCpure = #CCpure(M) for

the number of connected components in G that are composed of nodes exclusively in either G(1), or G(2).
This is the number of connected components that are “untouched” from the matching process.

TYPES OF VERTICES IN A MATCHING For a matching M, there are vertices that are left out. We denote
these as UM (M), resp. U@ (M). We term them unmatched nodes. In words, they are the sets of nodes in
G, resp. G that are not matched. We have that:

U(l)(M) = V(l)\{w ev® . 3(0(1),0(2)) eEMstw= v(l)}, (4.12)
12
UG (M) = VO \(w e v ; 300, 0®) e M st w = o). !
The connection between matched and unmatched nodes is, for i € {1,2}:
V| = . o

There are two main types of matched nodes. For the set of pairs nodes in G(1), resp. G®?) that are matched
but that are adjacent to a node in U, resp. U?) we define:

Mgy (M) = {(0(1),0(2)) eEM: v(l)adjacent to a node in UM or U(Z)adjacent to a node in U(z)}. (4.14)

This is the set of semi-matched nodes (SM). The remaining pairs of nodes M\Mgy;(M) are said to be perfectly
matched (PM) as they are only incident to matched nodes.
Using this distinction we construct an object that is crucial for our proof technique.

SHADOW MATCHINGS Consider two sets of unmatched nodes U(l) c V(l),U(z) = V2 and a set of node
matches M c M. We define the set of shadow matchings of this triplet as:

MShadOW(UllUZIM) = {M/ eM: U(l) (M/) = U(l)/ U(Z) (M/) = U(Z)/ MSM(M/) = M} . (415)

In words, it is the set of all matchings that lead to the set M of semi-matched nodes and to the sets Uy, U; of
unmatched nodes in resp. G(1), G(?). We say that these matchings satisfy a given shadow (U, Uy, M). The
only thing that can vary between two elements of Mpaqow (U1, Uz, M) is the matching of the nodes that are
not in Uy, Uy, or part of a pair of nodes in M. This matching must ensure that all of these nodes are perfectly
matched.

TYPES OF MATCHINGS [t is also useful to classify matchings further. We will sometimes mention the set
Mpy of matchings in M such that the nodes in V' are perfectly matched in the sense that it leads to G being
the empty graph (with Eo = (¥). We can have a perfect match if and only if the graphs belong to the same

G, G2 ¢ QK D), where ~ is the equivalence relation of def.
Moreover, we define M*, the set of matchings of nodes such that each M € M* satisfies that all connected
components of G!), G have at least one node present in M. Note that for any M € M*, we have

skeleton. Then, Mpy # & if and only G() and G®) are equal to a labelling of the nodes, i.e. G ~ G®) if

#CCpure(M) = 0. (4.16)

Example shows three graphs that help visualize this crucial construction.

DISTANCE BETWEEN GRAPHS Another crucial ingredient of our proof is establishing a control of the
correlation of skeletons in terms of a proper distance notion. We introduce for G1),G® e G (<p) the following
distance:
d(GM,G6@) == min Exl. .
min, |Ea| (4.17)
Note that if G() # G®), it is strictly larger than 0. Otherwise, it is 0.
Remark 4.18. This distance is known in literature as the graph edit distance (Serratosa|2021).

Example 4.19. In figures [y|-[5] - [6] we discuss graphically some relevant constructions.

Thanks to this formalism, we can present a four-pager outline of the proof idea.
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Figure 4: Matching exemplified
In this depiction, the vertex sets of two graphs G(), G(?) once labelled by 7(1), 71(2) are colored respectively in
purple and orange. Vertices are black dots, or black crosses if they are present in both graphs. They match
according to some M € M?*, since each connected component in both graphs is impacted, and #CCpure = 0. It
is important to notice that from this schematic view we cannot identify all matched vertices since they depend
on the edges that our “blobs” have. We can only say that the crosses are in M. For the full image, refer to

fig. 6l

4.11  Proof ingredients

(A) FIND A SPARSE AND NICE BASIS The monomial basis from definition [2.18]is nice: the inner product
of its terms is explicit. Combining equation and assumption [3.1} we have:

IRYL: [Val
Ep, [Pc(l),rr(l)PG(Z),n(2>] = AlRs (n) =0(1), (4.20)
where G, is the symmetric difference of the two labelled graphs. A symmetric difference graph has:

e untouched nodes UM, U®?) that are not common and neither are their neighbors;

* boundary nodes, the semi-matched vertices in Mgy;

e perfectly matched pairs of nodes in Mpy;.

The Gram matrix of this basis is very dense: all inner products are non-zero. It is difficult to study. We seek
cancellations in the inner products. A good starting point is to center each term. Considering:

PG,z — Eny, [Po, ), (4.21)

we would notice that when the graphs of two basis elements are such that (7D, 71(2)) € TI() the inner
product is zero by independence. However, this is not enough, and we can exploit more independence: each
connected component of the graph is a conditionally independent random variable. Then for a skeleton G
with m connected components:

m
H P, — Eny [Po,n] s (4.22)
s=1
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Figure 5: A matching not in M*
The vertex sets of G(!), G labelled by (1), 7(2) do not intersect over all connected components: there is a
purple connected component that is left alone, and #CCpyre = 1.

centers the canonical polynomial over a labelled graph (G, ) component by component. When we compare
two labelled graphs (G, 7(1)) and (G, 1(2)), their inner product in this basis is null unless each connected
component has at least a shared vertex with at least a component from the other graph. Such a property is a
consequence of the fact that components are centered and independent random variables. We say graphs of
this kind are interconnected. There are a lot fewer graphs of this type, so the Gram matrix under this basis is
sparser. The entries are non-zero if and only if (rM), 72 € TI(M) for some M € M?*, which we defined in

subsection

(B) GROUP BY SYMMETRIES As we discussed in subsection |4.] . the issue with the label-by-label view is
that the inner product of two basis elements depends on quantities that are invariant w1th respect to the
labels (7r() H(IS) )- Namely, the correlation of the canonical monomial basis of definition |2.18|is constant across
labelhngs (71(1), 71(?)) € TI(M). The symmetric difference of equation is merely a result about how the
skeleton graphs intersect, and not about where in the graph they do so. This motivates us to consider a basis of
the form (see def. [5.11)):

Pg = Z H PG, x —Eu, [P, x|, (4-23)
7T€H|Vl s=1
where I}y is the set of injections (labellings) of the vertices of the graph. We justified the idea in subsection

Effectively, the basis we build is invariant to permutations like the function attaining the advantage o
definition [L.10l

Lemma (Lemmas - - in the main text). In the planted sub-matrix model of equation [1.6|(and all models
invariant by permutations), the advantage (def. is equal to the advantage restricted to invariant functions. Therefore,
we can work on a decomposition of the advantage as in equation where the basis is a basis for invariant polynomials
of degree less than D.

The basis of equation [4.23]is dense but smaller: each term is non-zero, as there is always a choice of labellings
(7, 7)) e T1(M) by which two skeletons (G G, G®@) can match with M # &, but the size of the basis is
only the number of such skeletons over less than D edges, which is the size of the (<) set from definition
(plus one including the constant function).

We want to show that this grouping gives a dense matrix where the off-diagonal terms are globally small.
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Figure 6: Full view of fig. @
To highlight which edges are in the symmetric difference, we add in thick colored lines all connections within
shared vertices in both edge sets (so that they do not appear in the symmetric difference). Then, we connect
the perfectly matched vertices with the semi-matched vertices with black lines. We use purple (resp. orange)
lines to form connections on the purple (resp. orange) connected components. Semi-matched nodes “bridge”
perfectly matched nodes and unmatched nodes.

(c) BACK TO LABEL VS LABEL Our first key observation is that our candidate basis is non-zero a lot less
frequently than the first basis; only for labelled graphs that interconnect each connected component, i.e. for
which the matching is such that M € M*. Our second key observation is that the candidate basis, when it is
non-zero, has inner products up to constants being still a symmetric difference:

Proposition (Proposition [5.30|in the main text). Suppose G, G?) are skeletons with labellings (77(1), 77(2)) €
[1(M). Let assumption[3.1|hold. Then:

° 1fM ¢ M* we have ]EHO [ﬁG(D,n(l)ﬁG(z),n(z)] =0;

e if M € Mpy we have:

Eg, [PGu),n(l)PG(z),ﬂn] — En, [PG<1>,7I<1>PG(2>,N<2>]

=0(1), (4.24)
Eg, [P(;m),n(np(;(zxﬁ(n]
e if M € M* it holds that:
‘]EHO [ﬁc<1>,n<1>ﬁc<2>ﬂ<z)“ < (1+0(1))Emy, [PGa),n(l)PG(z),n(n] , (4-25)
Proof. Use the binomial theorem and the key property of lemma
En, [P G<1>,7t(1)] En, [P G(2>,7t(2)] < (ﬁ) . En, [PG(l),r((l)PG(Z),n(Z)] / (4.26)
where M is the matching of (e, 7(2)), O

Then, we morally have a lot less symmetric differences contributions to sum over labellings.
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(c)-B1s GRAPH Vs GRAPH This leads to two key results. First, we can normalize the basis. There is a

dominating term in the variance, i.e. such that Ey, [F’Z‘;] = v(G), which is definition |5.40

Y6) = o AutG) 427)

Now that we can normalize the basis, we look at the rescaled covariances. Our second key result is that the
basis of equation [4.23/normalized by 1/4/4(G) has a quantitative bound in the off-diagonal terms:

Proposition (Proposition in the main text). Consider the P basis of equation rescaled by 1/,/v(G). Let
assumption [3.1] hold. Then if D diverges with n:

1
VarHO V(C;)PG‘| =1, (428)
Moreover, if G % G@ gre two skeletons:
CoVy, PeayPeo || < D4 d(G.6@) (4.29)
v(GM)y(G@)

Here d is the edit distance of the two labelled graphs: the more graphs are far away, the less they correlate.
We need a quantitative control since we will show later that the sum over graphs is negligible, so we want to establish
later that all terms are smaller than the cardinality of the sum.

Proof. The dominating factor v(G) is the correlation over perfect matchings: these are never negligible, but
they appear if and only if G) ~ G®@) are isomorphic skeletons (def. |4.2) and they match perfectly when
labelled. Therefore, it is present only when we compute the variance. Whether we compute the variance or the
covariance, we have an additional correction term we want to bound:

1
correct := 2 2 IEHO [Pc(l) (1) Pc<2 2)]
MeM~\Mpy (20, x@)eri(m) A/V(GD)v(GR)

< ! D U+ U@ 2 5 [Ex ()l |
VAUtGD)| [Aut(GD)]| Merimipte, n (4-30)

1 ( >|VA| U= |u®|
7\/‘Aut(G(1))’ |At(G®)| Mertmimpy V"

The final expression comes from an application of the proposition in step (C), a bound on counting labellings,
and using the fact that the inner product in the old basis (eqn. is invariant for fixed M. In the second
step, we grouped terms nicely to apply our assumption Working on the fact that graphs have no isolated
nodes, we showed in lemma [4.59] that:

u®|+u®
Ak) e A - U] |u<2>|<

n

|Eal = [Val —#CC, (4.31)

namely that the symmetric difference is at least a forest of connected components. Combining some inequalities
& identities from lemma [4.59| we also establish:

[Enl=[U®] = U@ > max {0, d(GM, 6@) - (UM~ u@|,1 - [uD |~ |u@|| since [Ex|>1; (432)
|Mgp| —#CC >0 (4-33)

[Val = U] = U] = Mgyl (4:34)
With these in mind, we are ready to show that equation is vanishing. Using the signal condition from

assumption

max {j;;, z,)\} < D781, (4.35)
for some large constant cg; > 0, we can collect all powers inside a single term:
1
correct < D_Scsi> pev (4.36)
\/ IAut(GD)||Aut(G®)| MeAt- Moy
pow = (U] + U] + max {0, d(G1, 6 — U] U1 u®| — U} + [Msul.  G437)
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Discussing the cases in the maximum some algebra shows that:
—8¢, pow < —8cs;i max { d(GW, @), 1, |uM| + |u®| + \MSM\} . (4-38)

In practice the only dependence we need to control is through the number of untouched vertices |U1)], [U?)|
and the number of semi-matched pairs of vertices |[Mgys|. Such a triplet gives rise to a “shadow matching”
from subsection [4.1} Therefore, grouping by sizes and using the bound on shadow matchings from lemma [4.64}

correct < 1, /Jau(G) [au(c@)| Y DSeamax{d(C LU HUG |+ Msl}
MEM*\MPM
< D—8csimax{ d(GM,G?)L|u® |+[U®)|+ My }
(UM,u®@,M) triplets (439)
< Z Nu1 s - D8 max{ d(G<1>,G(2)),1,u1+uz+s}'
1<u; <2D
1<, <2D
1<s<2D

It remains to count the number of triplets at the level of skeletons, i.e. Ny, 4, s. For graphs over less than D
edges, and so less than 2D vertices, it is certainly less than (2D)"“1 %225, Plugging it inside:

correct < 2 (ZD)u1+le+25D—8CSi max{d(G(l),G(Z)),1,u1+uz+s}, (440)

1<u;<2D

1<up,<2D

1<s<2D
For a fairly large constant we can counter the exploding (2D)*17%2+25 < D2(1+142+25) factor and get that
correct < D4 max{d(G).G®) 1}, 0O

(D) Across GRAPHS We constructed a Gram matrix where the diagonal is unity and the off-diagonals are
small in a controlled way. It remains to show that this control is just enough. Noticing that there are less than
(d + D)?? < (D)* graphs over less than D edges at distance d from a given one (this is lemma for c large
enough the co-variances are globally smaller than unity, and the eigenvalues of the Gram matrix are finely
controlled around 1 when D diverges. Mathematically for all G(1) skeletons:

Proposition (Proposition in the main text). This is a specialized version of proposition [3.3| for the basis of
definition

Suppose assumption holds and D = D(n) — o0 as n — co. The P basis rescaled by 1//v(G) decorated with the unit
function (which is the Pg basis of def. is almost orthonormal in the sense of definition

Proof. By the discussion of subsection we just need to show that the Gram matrix of correlations of the
basis is an approximate isometry. With the proposition of step (C)-BIS, and the Gershgorin view of bounding
the off diagonals (from subsec. [3.IV), we just need to count skeletons (denoting the empty graph as the unit
function):

D
‘COVHO [WV«T))FS ),1/\/V(GT))FG<2>]) < ) pMpTHsmatdl} < D¢ = 0 (1). (4.41)
G(Z);/:G(U,G(z)eg(gp)u{@} =

Letting ¢ == (1/y/v(G)Pg)Geg (<pyu{ D} where (J denotes the empty graph/constant function this implies that

the eigenvalues of Ey, [IIJII)T] are all within 1 + 0 (1) as n — o, and the claim follows. O

(E) ON THE ADVANTAGE Since the eigenvalues are in a vanishing window around unity, we have an
approximate isometry by decomposing along the basis of equation rescaled. Such a basis is an almost
orthornormal basis in the sense of definition In equations, it holds that all coefficient decompositions of
polynomials of degree less than D satisfy HaHIEHO [pp™] = |&|l,. Thanks to step (D), the proof of theorem

is a matter of applying the technique for orthonormal bases of a detection problem (prob. [1.1), since the
advantage simplifies to a linear representation of the form of equation We get to the final result:

Theorem (Theorem [3.8]in the main text). Suppose assumptions [3.1|- 5.7 hold for the parameters of the complex
testing problem (prob. of the planted sub-matrix model (eqn.[1.6). Then if D = D(n) — oo as n — oo:

AdV(gD) (Ho,Hy) <1+0(1). (4.42)
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In the next subsection we establish properties of the graph-theoretic objects from subsection [4.1l We use
them throughout the main arguments.

4111 Key graph properties

Lemma 4.43. Suppose GV, G@ are two skeleton graphs. Let GV) have ( vertices and G®) have s vertices. The

number of matchings, of size |[M| = q is:
<£> <S> q! (4-44)
) \g) T .

min{/,s}
4
> (q) (;)q!- (4-45)

=1

Therefore, the number of matchings is:

Proof. A matching of size g is nothing but a pairing of subsets of V(1), V(2), For this, we choose g vertices out
of the £ possible in V(1), then g vertices out of the s possible in V(2). Ultimately, we pair them in q! ways, since
a pairing is just an injective function from the sampled subset of V(1) to the sampled subset of V(2. O

When considering the symmetrized monomials Pg (see eqn. [3.24) we sum over all injections 7 € I}y, so
we work at the level of all labellings of a skeleton. It is important to know the number of graphs that a skeleton
groups.

Lemma 4.46. Let G be a skeleton over £ vertices. Then in the current choice clarified in remark [q.7]it represents n/(n—0)1
labelled graphs if we sum over it. If n » £ then #{rt : m(G) ~ G} ~ n’.

Proof. As per remark [4.7]we group inside the possible ways to label G all injections 7 € IT;. Then number of
injections from / vertices to n destinations is #!/(n—¢)!. The asymptotic is standard. O

Remark 4.47. The size of the automorphism group (def. of a graph depends strongly on its edges. Different graphs
have different symmetries. It is highly non-trivial. By grouping all injections in the symmetrization Pg of equation
for the basis of monomials P , (def. we avoid having to consider the automorphism group at the level of counting
how many graphs are inside a skeleton.

While for each skeleton we include the contribution of the automorphism group by considering all
injections, it is important to know its magnitude. This is especially because the way in which we overlook the
automorphism group will make it pop up later.

Lemma 4.48. For any non-empty graph G = (V, E) over £ vertices, we have |Aut(G)| < £!.

Proof. The most symmetric scenario is when the graph is a clique G = %), so that the connectivity of each
vertex is maximized. By definition the automorphism group of a graph is the set of permutations
that preserve the connections. In a clique, any permutation returns the same graph, so |Aut(.#;)| = ¢! is
maximal. O

Lemma 4.49. If 7V(G), 7®(G) are labellings of a skeleton G then they have the same number of connected
components.

Proof. Both graphs are isomorphic to G, so there are labellings 77(1), 7(2) of G such that 7()(G) ~ G for

i € {1,2}. The graphs 7 (G), 1D (G) have the same number of isolated vertices contributing in the same way
)

V.

to the total number of connected components. We ignore them. Thus, there is a bijection ¢ between V(1\ o
(2) .y . n Y . . _ . .. .

and V(2)\ViSO . If i <> j for v a path, then ¢(i) <> ¢(j) and vice versa for ¢! the inverse of the bijection.

Therefore, the relationi e v; <= jev;in GO translates into the relation Y(j) € vyiy = (i) € v,(j) and

the number of connected components is preserved.

Alternatively, we could show that G(!) has the same number of connected components of G and the same for

G®), working on the labellings. O

Lemma 4.50. Let G1), G®) be given skeletons in G py). It holds that:

| Mpy| = ‘Aut (G(l))‘ 1 {G(1> - G<2)}, (4.51)
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and if GV ~ G® ~ G = (V, E) for all M € Mpy; we have also:

n!
IM)| = —~. .
| = oo (452
Proof. (perfect matchings) Different skeletons do not admit a perfect matching. For G(!) ~ G() the number of
perfect matchings is the size of the automorphism group by definition. (labellings of a perfect matching) For
G ~ G ~ G the number of pairs of labellings that gives a perfect matching is the number of labellings of
the graph G. For |V| vertices, this is the number of injections from [V| to n, i.e. [ITy| = #'V\)' O
Lemma 4.53. The number of pairs of (M), 71(2)) e I,y x Iy, giving rise to the matching M — v xv@
satisfies

n!

L= v+ e = )y 450

Proof. If the graphs and their matching are fixed, it remains to choose the vertices that are not labeled.
There are (|V<1)| +|{} @) M‘) ways to do so. Then, we correct by the permutations of vertices, which are

V)| + |V | - |M|. The claim follows.
Alternatively, it is the number of injections from the full space of vertices of dimension 7 to the size of the
vertices to take, of dimension |V | + [V | — |Mm]|. O

Lemma 4.55. We have:

\/(nflv(l)l) (n— V) p(VOLH VD /2— M|
(n— (v +|v@ |—|M|))

(4.56)

Proof. Stirling’s formula on the LHS returns the RHS. For a non-asymptotic bound, we use |[M| < min { v, v |}

and [VD| + V@] = min {|V ,|Iv® |} + max{\V |V @ |} Let us lighten notation using a, b for the sizes
of the vertex sets and m for the size of the matching. We have:

— - — — a+b—m a+b—m
e

(n—(a+b—m)) (n—(a+b-— m))‘ i—a b

The condition m < a A b ensures that the numerator is larger than the denominator in both fractions. As
n —j < n for all j in the products:

a+b—m a+b—m
$ [T @ _Jw [] (n=j) < Vnr=m/nb=m — n'd o, (4.58)

j=a j=b
O

Lemma 4.59. Recall the construction of invariant objects of subsection [g.} In particular, the symmetric difference graph
G, with its connected components #CC, #CCpure, the unmatched vertex sets u®™,u®, semi and perfectly matched
vertices Mgy, Mpw and the edit distance between graphs d(-, -).

We have for any M € M:

Va| = ‘u(l)‘ + ‘U(Z)) + [Mgml, (4.60)
|EA| = max {|VA| #CC, d (G<1>,G(2>) } (4.61)
|Msm| = #CC — #CCpure, (4.62)
and
[Va| = 2#CC. (4-63)

Proof. Consider two skeletons G(1), G2 with labellings (rM, 7). Suppose (7D, 7(?)) e TI(M).
(claim #1) The vertices in the symmetric difference Vs are of two types:

¢ those that are unmatched and their neighbors are unmatched;
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* those that are in the symmetric difference because they “bridge” unmatched nodes with matched nodes.

In other words, the former are vertices for which the incident edges come only form either 7 or n(Z), not
both. Equivalently, they are those forming the U(1), U(?) sets. The latter are vertices that have, say, incident
edges only from (1) and some incident edges that are shared. Through the edges only in 77(}) the vertex is in
the symmetric difference induced by edges. Equivalently, there exists a tuple in Mgy(M) where the vertex
appears. The claim follows.
(claim #2) We prove that |E | is larger than both quantities, hence being larger than their maximum.
By definition d(G™,G®)) = minpge g |E/\|, soall [Ep| > d(GM, G®), which verifies the first.
The edges in the symmetric difference induce the vertices in the symmetric difference. Namely, each vertex
appears at least in one edge, and is not isolated. The minimal number of edges given a number of vertices
corresponds to a tree, which has #vertices — 1 edges. The symmetric difference graph is induced by the
symmetric difference of edges. Its connected components are at most the sum of connected components of the
two original graphs, since it is made of the edges that appear uniquely in either. For each of these connected
components in G, by the fact that we have no isolated nodes, there is at least a tree. Therefore, there are
|[EA] = |Va| — #CC edges at least. This proves the second lower bound.
(claim #3) As previously said, the symmetric difference graph has connected components arising from edges
of the two labellings that appear uniquely in either. Each connected component can be pure or non-pure. For
each non-pure connected component there is at least a vertex v* that is shared by both labellings. Such vertex
is necessarily in a tuple in Mgy by its definition. Therefore, to each connected component that is non-pure
there is at least one semi-matched vertex. The claim follows.
(claim #4) The vertices in the symmetric difference G are induced by the edges in the symmetric difference
EA. Such edges will form #CC connected components, each induced by the relative edge sets that partition
Ea. Since to each connected component there corresponds at least an edge, there correspond at least two
vertices. The claim follows.

O

Lemma 4.64. We have

7

‘Mshadow (U1/U2/M) ‘ < min{‘Aut (G(l))

Aut (G(2>) ‘} . (4.65)

Proof. Throughout the proof, we use the graph-theoretic objects defined in subsection

(#o conventions) We introduce some proof-specific notation. Let M() and M(® be the semi-matched nodes of
G and G® respectively. The sets M 1(,11\),[, M%}I are analogous. Notice that they are sets of vertices, not sets of
pairs of vertices. We also define d(v) := {¢v' € V | ((v,7) € E)}, the operator that takes a vertex and returns its

neighborhood in a generic graph. We use the shorthands:
fo,000)} = {01, 0) | v e 20 M)} (4.66)
to denote the set of edges incident to v(1) € V(1), and the special subset of d(v(1))
8(0(1);PM) = {w(l) ev® | (v(l),w(l)) e EM,and wV) e Mg) }, (4.67)

which is the neighborhood of v(1) of perfectly matched vertices. Lastly, a permutation o : V — V applied to a
subset of its domain V acts element-wise, and if it is applied to a set of edges it is applied element-wise to
each entry. In equations, when we write ¢(E) we mean that (i,j) — (0(i),o(j)) for all (7,j) € E. Accordingly, a
permutation acts on a graph G = (V,E) as 0(G) = (¢(V),0(E)).

(#1 reduction) For the statement to be non-trivial, we need that the perfectly matched vertices in each graph are
of the same number, and that there is at least one shadow matching. Otherwise, Mpy; = J. Therefore, without

loss of generality let us assume there is at least one shadow matching M = M U Mpy € Mghadow (U(l), U(z), M),

and that \Mg\),ﬂ = |MI(,%\31| The set Mpy; contains pairs of vertices from G and G®,

(#2 extended permutation) To find another shadow matching, we can only change the vertices in Mpy; =
{(051), 01(2))} ; those that are perfectly matched. The others are fixed. Since we need to return a matching, there
are two possible ways in which we can explore all candidates:

* either we permute the vertices MI(%\),[ of the first graph with a permutation () : Mg\)/[ — Mg\),[,

* or we permute the vertices Mpys, of the second graph with a permutation 7@ .M %,21\),[ — Mg\al
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The permutation ¢(!) corresponds uniquely to a permutation ¢(!) over all V(1) vertices which has as fixed
points the unmatched and semi-matched vertices. Namely, it corresponds to ¢()) : V(1) — V(1) such that
(7(1)(051)) = 051) for all UZ(]) in U(l),M(l). The same holds for #2). From now on, we work on the ¢(1), (2
extensions.

(#3 symmetry) We argue that not all permutations of this kind return shadow matchings. It is then sufficient
to show that by permuting the nodes of the first graph in all the allowed ways we have an upper bound by
|Aut(GM)|. More explicitly, we want to show that each permutation o) that is of the type described in step
#2 and returns a shadow matching is an automorphism of G() (def. . The result for G is symmetric, we
omit it.

(#4 relevant partitions) By construction, the vertex and edge sets of G, G@ admit useful partitions. For
r=1,2:

v =T oM oMY, (4.68)

EV) [E(r)]U,U v [E(r)]U,SM v [E(r)]SM,SM v [E(r)]SM,PM v [E(r)]PM,PM’ (4-69)

which are respectively edges within unmatched nodes, within an unmatched node and a semi-matched node,
within semi-matched and semi-matched, within semi-matched and perfectly matched, within perfectly matched

nodes. For example, there are by construction no edges (v, w) such that v(") e ") and w() e M) If we
apply ¢ go GU), the decomposition is analogous but tedious to write since it depends implicitly on (1.
Next, we show that the peculiar type of permutation required greatly simplifies the expression.

(#5 easy cases) Since 0(!) has fixed points at unmatched and semi-matched vertices by step #2, we know that

0(1)(U(1)) T and ¢®@ (M®@) = M@ Therefore:

[U(l)(E(l))]U,U - [E(l)]u,u’ [U(l)(E(l))]U,SM - [E(l)]U,SM’ and [U(l)(E(l))]SM,SM - [E(r)]SM,SM'
(4.70)

(#6 hard cases) The remaining sets from the decomposition of equation are more complex. We treat them
separately. We use the notation of step #o.
(#6.1 first term) Observing that o{1) acts on vertices v ¢ MS\ZI as an identity we make the following changes of

indexing:
1
Eél\BI,PM: U {v, d(v;PM)}
UGM‘S\/)[

- U {0(1)(0),6(0(1)(0);PM)} (4.71)

oM (v)eMéi,)[

- [U(l)(E(l))] )
SM,PM

which holds since we know that semi-matched vertices are a fixed point of (1), so the first term is again the

set of edges between semi-matched vertices and their respective perfectly matched neighbors.

(#6.2 second term) The second term requires to use the shadow constraint, since there are no fixed-point tricks.

The set EI%BI pu is made of edges from the sub-graph of G that contains only perfectly matched vertices with

G®. Then, we have ES\BI,PM = El(’%\ZI,PM' Since El(,?[’PM is fixed (it is unaffected by 0(1)), the conclusion is that
MW@ — @ R ={¢Y)
[U (E )] PM,PM [E ] PM,PM [E ] PM,PM 472)

(#7 finalization) Combining equations |4.70| - |4.71] - [4.72] with the edge decomposition of equation for the
permuted graph oM (G(")) we find that:

e (ED) = [0(1)(5(1))] e [U(l)(E(l))]USM U [U(l)(E(r))]SMSM U [(7(1)(15(1))]

- [E(l)]U,U v [E(l)]U,SM v [E(r)]SM,SM v [E(l)]SM,PM v [E(l)]PM,PM'

This means that an edge is in E() if and only if it is in () (EM), so ¢(1) is an automorphism in the sense of
definition The claim follows by the simplifications of steps #1 - #2 - #3.

U [(7(1)(15(1))]

SM,PM PM,PM

(4-73)
O
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Lemma 4.74. Consider G € G(<p) Y {D}. It holds that:
{c@ ] d(cM,6®) = d}| < @+ D 475)

Proof. Recall that d(G™),G®)) = minpe s |Eal. If such distance is fixed at d, we need to choose how to
make the edges of G, G pair into a set of size d. In G() we have |E()| < D edges, and in the symmetric
difference we have d edges. In the worst case, we have (|[E()| + d)? < (D + d)? options for pairs of edges in
the symmetric difference. Since there are d such pairs, the claim follows. O

Lemma 4.76. Two graphs, each with one connected component, are connected if and only if they share a vertex.

Proof. (=) If two connected graphs are connected, for each vertex in G there is a path 7 using edges in
G U G@ that joins it with every vertex in G(2). This means there must be at least a vertex that is common
to both. Indeed, having a shared edge is weaker as it means having two shared vertices, having no shared
vertices means there is no path.

(<) If two graphs share a vertex and satisfy the assumptions, then they are trivially connected. O

Now that we presented all the objects we need for the basis construction, we present a guide through
the basis that will be almost orthonormal. In particular, in the next section we argue that the canonical basis
and a first modification do not exploit all the properties of the problem, and reach a final formulation in

definition

5 CONSTRUCTION AND PROPERTIES OF THE ALMOST ORTHONORMAL BASIS

We start with a soft motivation for our final basis proposal, inspired by the arguments in the proof sketch
of subsection where we sought a sparse enough basis over labelled graphs. Throughout, we consider
problem for the planted sub-matrix model of equation so the distribution under Hj is such that Ak # 0,
i.e. there is a signal in the null distribution. We will also largely use the graph-theoretic objects defined in

subsection
The Pg , basis of def. is a basis (lem [3.16) but is largely not orthonormal. Let us discuss informally

why. First, we provide an example to show how easy it is to make two basis elements correlate.

Example 5.1. Consider G, G@) skeletons and labellings 7™), 1), which may also not belong to any matching
M. Under the planted sub-matrix model of equation a simple computation gives that Ey, [PG(D, n(l)PG(Z),n(Z)] =

AE0 272 (k/n)Wﬂ(l)A"(z) | Such quantity is non-null for all graphs G = G®) across all labellings of the two, and
non-null across all non-perfect matchings o the same GV = G graph.

Intuitively, the basis (1, ((Pc,n)neHM )Geg( < D>) is very dense, and regrouping by symmetries to construct
Pg as in the idea of subsection will sum over a very dense matrix. However, there is an immediate
adjustment that hints at the right adjustment. We present them next.

With the intention of sparsifying the basis at the level of labelled graphs, we can just recenter each canonical
monomial from definition and then group by symmetries. The result is a “centered basis”.

Definition 5.2 (Invariant centered monomials). Let G = (V,E) be a skeleton over V = {vy,...,v,} vertices.
Denote I1, the set of injective mappings. Define:

P:G xR >R
(G = (V/E)’Y) — Z PG,7r _IEHU [PG,n]

7'(€H|V‘

(5-3)
GY) )~ >0 |1 Yetyey —Bro | T[] Yriye

mellyy| (i,f)eE (i,j)eE

In words: we sum over the possible realizations of the skeletons a monomial arising from the product of the entries of Y
along its edges, centered. ~

When there is no ambiguity, we write Pg(Y) = Pg for simplicity. When writing Pg  we consider only one term in the
sum.
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) is a basis of

Lemma 5.4. The set of invariant centered monomials decorated with the unit function (1, (ﬁc) ceg
€Y(<D)

invariant polynomials of degree less than D.

Proof. Since we just shift the invariant basis, we reapply lemma to conclude. O

Let us establish some algebraic properties of this object. The first moment is zero, as it is the sum of
centered random variables. In equations:

En, [ﬁG(Y)] = > En,[Pg x| - En, [Pox]| = 0. (5.5)

HEH‘V‘

We now move to computing the variance. The key adjustment is that when the labelled graphs will be

non-overlapping then [Ey, [ﬁG,n(l)ﬁG,n@)] = 0.

Lemma 5.6 (Relation to canonical basis). Suppose assumption 3.1\ holds, or even just the weaker conditions in the
proof. Consider two skeletons G(1), G(2):

1. lfM = ¢ then IEHO [ﬁG(l),n(l)ﬁG(z),n<2)] =0;

2. otherwise if D diverges with n:

En, [P(;(l),ﬂ(l)PGa),n(m] = En, [PG<1>,7T<1>PG<2>,7T<2>] , (5.7)
and if D does not diverge we have equality up to constants.

Remark 5.8. From here onwards, the language of matchings from section |4|is relevant.

Proof. (claim #1) If M = ¢ then the latent variables in G(!) and G() are independent. By this fact:

En, [PG(1>,n<1)PG<2),n<2>] = En, [PG(l),n(l)PG(Z),n(Z)] —En, [PGa),n(l)] Eg, [Pc;a),n(z)] =0, (5.9)

since the first integral decouples.
(claim #2) When the matching is not empty, it induces correlations. In particular:

Eq, [Pc<1>,n(1>Pc(2>,n(z)] = En, [Pc,nmpc,n(z)] — En, [Pc,n<1>] Ep, [Pc,n<2>]

2 —
_ A\lnan@) (K V) px@] 1 — 22lE-xMan@) (k VIV an2)|
n n (5.10)

4
< ATV 2@ <k> () a0

7

n

which is constant for all (71(1), 71(2)) e II(M). If D diverges, as A = 0 (1),%n = 0 (1) by assumption the
upper bound is also a lower bound asymptotically since the minus term in the parenthesis is a 0 (1). By a
similar reasoning, if D does not necessarily diverge, we bound up to constants since D > 2. O

We wonder if this is enough.

The issue for the basisE'] of definition is two-fold. On one side, we are not using all the conditional
independence of the model. On the other, it has still non-negligible cross terms in the variance once we allow
for graphs that have more than one connected component. Since we want tight bounds, we need to find a
proper generalization of these basis functions that:

¢ are null in expectation;
¢ have null covariance if the induced graphs are disconnected;

* have lower covariance if the induced graphs are connected.

Minor aspect: we always complete with the unit function.
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A solution is to center the connected components (which are independent), each by each.

In practice, we know by lem. that the number of connected components is an invariant for graphs in a
given skeleton. Then, let G be a skeleton with m connected components and ¢ vertices. In particular, for 7t € 11,
which induces the edges T there is a decomposition T = Ty U --- U Ty, into disjoint sets where each T, T,
pair not only has empty intersection, but also the vertices of the graph induced are disjoint, as a consequence
of lemma Since disconnected graphs are independent upon conditioning, we have a decomposition of G
into independent random realizations over sub-graphs induced by {Gs}” ;. We use these for our corrected
monomial basis.

Definition 5.11 (Corrected invariant monomials and the corrected invariant monomials basis). Let G = (V,E)
be a skeleton (def. over V = {vy,...,v,} vertices. Denote 11, the set of injective mappings. Define

P:G xR S5 R
(G=(V,E),Y)~ > Pga(Y)

nelljy
m
Z Hﬁcs,n(y)r (5.12)
nelljy s=1
~ 3 1T T Yewrwo—Ean | T1 Yoy
nelljy| s=1 (i j)eEs (i,j)€Es

where G = (Gy, ..., Gy) is the decomposition into connected components of the graph G.
The basis of corrected invariant monomials is (1, (Pg) GeGien) )

In words: we sum over the possible realizations of the skeletons a product of monomials arising from the centered
polynomial P over the connected components. Each centered polynomial is the product over the edges of said connected
component.

When there is no ambiguity, we write Pg »(Y) = Pg .

Lemma 5.13.  The collection (1, (FG)Geg(@)) is a basis of polynomials of degree less than D with domain in
{—1,1}mxm

Proof. If a polynomial basis is such that each term shifts by lower degree polynomials it remains a basis. More
explicitly, we reason as follows.
We use an induction argument combined with lemma Each P for G € G(<p) is a polynomial with
degree equal to the degree of Pg, since each other term removes connected components and integrates them
separately. Let us express each Pg = Pg + rest. By induction, graphs with one connected component span the
space spanned by elements in Pg that correspond to it, since Pg = Pg in this case. Graphs with up to two
connected components span the orthogonal complement of the space spanned by graphs with one connected
component since each Pg = Pg + rest is such that Pg is not spanned by graphs with one connected component,
and so are its linear combinations. Graphs with up to m + 1 connected components span the orthogonal
complement of graphs with up to m connected components by the same reasoning. For each level of number
of connected components, we have span{Pg} = span{Ps}, and the claim follows by lemma which states
that the P; polynomials form a basis. In particular, the “uniqueness of the representation” is more involved in
notation but just analogous[™|

O

The expectation over a single skeleton is again zero. Indeed, separate connected components are indepen-
dent (the latent Bernoulli random variables are):

En, [Pc(Y)] = > By, [Por] = D, H]EHO [ﬁcs,n] =0, (5-14)

HEH‘W 7T€1—I|V‘ s=1

where in the penultimate step we used independence of sub- graphs Since each random variable is centered,
we can also say the following for the inner product of two (GU n(l) G(2 7)) not necessarlly in the same

equivalence class. Without loss of generality, let Ga =L, G ) and G =i, G decompose intom,r

“There can be terms where the added P is the same but lower degree polynomials are different, but these do not break uniqueness, since
the lower degree terms by induction induce a unique representation.
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connected components forming disconnected graphs, i.e. G(!) has m connected components and G has r
connected components. Then, suppose that there is a connected component in G(1), say GS ) that induces
a graph that is not connected to any of the others. In particular, it is by default not connected to any other
()

Ggl) where s # s*, but also not connected to any G, for t € [r] once labelled. As a graph, its latent Bernoulli
random variables are independent of the others, and we can take out its expectation:

<PG<1),n<1>fPG<2>,n<2>> = En, [PGu),n(l)Pc(z),n(n]

HHP JORHEY c<2> n<2>1

s=1t=1

ﬂ nﬂ{s#*}Pc(” n<1>Pc(2> <2>1 En, [Pc“) <1>]

= Ep,

(5.15)
= Ep,

=0.

In the language of matchings, we would say that the pair (7(1), 7(?)) e II(M) for M ¢ M*. An example of
such graphs tuple is fig. |10l Thus, the alignment is non-trivial if and only if each connected component of G(1)
is connected (shares a vertex in the induced graph) with at least one connected component of G(?) and vice
versa. For example, see figs. For the sake of clarity, we place this condition into a definition.

Definition 5.16 (interconnectivity). We say two graphs 7()(GM)), 1) (G2)) are interconnected if each connected
component of 7MW (GO)) shares a vertex with at least one connected component of 7@ (G®) and vice versa.

Remark 5.17. Consider two skeletons G, G?). A necessary but not sufficient condition for interconnectivity of
two labellings V), 7@ is that (71), 1(2)) e TI(M) for some M € M. A necessary and sufficient condition for
interconnectivity is that (7, 7)) e TI(M) for M € M*. Indeed, the M* set was the set of matchings where each
connected component is matched to at least one connected component of the other graph.

When computing moments of the new basis, we will work on matchings M € M* which are the only non-trivial ones.

This observation induces a specific factoring in the integrals. Let G(), G(?) be again generic with n and r
connected components respectively. Suppose further that each connected component of 771)(G()) is connected
to at least one connected component of 7 (G®@)) and vice versa. In other words, let they be interconnected, i.e.
(7MW, 7)) e TI(M) for M € M*. If we take the union of graphs 7(0(G1)) U 71(2) (G?), it will induce a graph
G, With a peculiar structure: each connected component of G_1) 2 contains vertices that belong
to at least one connected component from each original graph () (G()), 7()(G(?)). By construction, these
vertex sets intersect only inter-edge sets, i.e. there is no vertex that is shared by both G(l) ( ) for s # ¢ but

there has to be at least one vertex shared between some Gg ) and some Gt( ) for each tuple (71(1), ) e II(M)
with M € M* taken from any pair of equivalence classes. The random variables P o M (Y), PG(Z) H(Y), once
s o

centered, induce a “centered” version of G_ ), ,(2), that can be factored in its connected components.

Lemma 5.18. Consider G, G two skeletons. If (=), 1(2)) e TI(M) for M € M*, the connected components of
the graph G which is the union of 1™ (GM), 71 (G?)), are at most min(m, r).

M un@
Proof. Since each connected component of 77(1)(G(1)) has to share a vertex with at least another one from
712 (G®@) the minimal type of graph is as in fig. |11, when m = r. If m > r, or vice versa, we can only make
the new vertex set in 77(1)(G()) overlap with an existing one in 71(2)(G®?)), without overlapping with any
of the old ones from (1) (G(l)). Thus, the number of connected components does not increase: it remains
r = min{m,r}. O

With the previous basis candidate of definition [5.2} we could upper bound the inner product of two labelled
graphs M (GW), 72 )(G(Z))

V(1) an@
Alr®Ar@)] <k>‘ o) 1{(G) conn. 72 (G)}. (5.19)

n
In the new basis, it is not as immediate to say the same: since we center each connected component, the

inner product has a non-trivial expression. For G1) = | JI; Gs(l) and G® = Ji_; Gt(Z) two skeletons and
M) e Ty, @ e I1)y», labellings it holds that:

<PG<1>,7I(1>/Pc<2),n<2>>H0 = Ep, [Pc<1),n<1> (Y)Pg@) (Y ] Ey,

m t
n 1_[ M (1) G(Z) 7T(z)] (5-20)
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In the next subsection, we propose the intuition behind the quantitative bound we establish in proposition [5.30]
5.1 An informal discussion about what we want

By construction, if 7(1)(G(M), 732)(G®) have an isolated connected component in the graph G, then the
covariance is null, i.e. the case of fig. |10l Therefore, let us suppose they are interconnected (def. |5.16). In other
words, (7(1), 7(2)) e TI(M) for some M € M?*. Without loss of generality, let m < r. Then G,.(1) (., the union

graph of 7(1)(GM), 7(2)(G®), factors into GS()DU”(Z) U G7(rh()1)u71(2) connected components where h < m by
lemma Each of these is independent once conditioning on the latent variables, and the expectation of

their product decouples. For each Gfru(?)un(z) assign a set of “incident” edge sets d;, (1)), 0w (@) that are the
ones inducing the connected component. Then:

h
Eg, [PG<1>,7T<1>PG<2>,H<2>] = | ] En, [Pc(l),aw(n(l))PG(Z),aw(n(Z))] : (5.21)
w=1

In other words: the labellings 77(1), 7(2) are partitioned into the different connected components and for each
(1)) we take only the labelling pertinent to the w'h connected component in the union graph.

By construction, the sets in 6w(7'c(1)), 610(7'((2)) only overlap in between and not within, meaning that an edge
set in 61,,(71(1)) can only have shared vertices/edges with an edge set in ﬁw(n(z)) and vice versa. Moreover, the

pair (0w (D), 05 (@) induces the graph corresponding to the connected component Gf:fl))un(z). When we
take the expectation of this connected component we have cancellations: each edge in Gf:fl)) (2 Can appear:
1. just in 70 (GY) for only one 7D (GM) € 0y (D),
2. just in Gt(z) for only one n(z)(Gt(z)) € 0p(m?);
3. in a unique pair (7(!) (Ggl)), A (Gt(z))).
When case #3 happens, we have le]- 2" 1 and do not integrate over it when we take the outer expec-

tation. At the same time, it appears also inside the inner expectation Eg, []_[ (i,j)eED Y, ) (i)n(l)(j)] and

Eg, [H (i)eE® Y, L) (]-)] of the minus terms. We can see that the first term in eqn. |5.20} the one with no

inner expectations, will be just a big product in explicit form:

firstterm =

#{vertices of uniquely appearing edges
A#{edges appearing uniquely in either 0, (7(M),0,, (7(?)} <k> ¢ e app g edges) (5.22)

n
while for the others, we can see them as successive removals of connected component from either of O (rM)
or du(1?). When we remove an edge set, we take its expectation as a single term and we claim its
contribution is smaller than if it were included in the full integral. Indeed, when it interacts with the other

connected components, it has to cancel out some vertices/edges that do not cancel out when it integrates
alone. At the same time, the remaining integral also has more vertices/edges. Letting 1y, be the number

of connected components respectively in o, (7)), 0, (@), with 3 my, = mand 3" _; ry = r, we have a
chain of inequalities for all S 0w (W), T < 0y (@)

_ oW (g ar@(c@
]EHO 1_[ PGgl),rr(l) 1_[ PGt(z),na) = ]EHO H Y (Gs™) 1_[ Y (G™)
s€0, (1) t€0y () s€dy (D) t€dw (@)

[Ty "D [ Ty® (Gf”)]

seS teT

x HIEHO [YD”<1>(GS(1))] HIEHO [YD”(Z)(Gt(Z))]

s¢S t¢T

> [ En, [YDH(”(GS’) [T En [YD”@)(G,(”)].
€0y (D) tedy (@)

= ]EHO

(5-23)

%.g. it appears as [Ey, [H(i,j)eE§1) Yn(l)(i)n(l)(j)] in the multiplication.
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Remark 5.24. We have to be careful: while the inequality is true, there are 2" ™k terms in each h connected component
to take into account. Then, while each is smaller, it might be that when summing they are not at all. The product structure

of eqn. is such that for each j € [my,],i € [ry] there are (";’1) (") terms that have:

o an integral over j connected components from 5, (1)) and i connected components from oy, (77));
e multiplied by a product of my, — j split integrals of connected components from o, (t(V));
o multiplied by a product of ry, — i split integrals of connected components from 0, (7t?)).

We need to consider the gained factor at each removal of an edge set from either 0y, (1)), 0y (1®) and show that the
sum over (i,]) € [my] x [ry] is globally contributing as a controlled multiple of the symmetric difference. In other words,
to prove for all w € [h]:

#{vertices of uniquely appearing edges}
A#{edges appearing uniquely in either 0y, (7()),0, (7(2))} ( k) f uiguicly appearing edg

En, [P P |1=
Bty | P 0, (x0)Pe@ o, (x) | | S f(1) ”

(5-25)
we will need to quantify how much we gain by removing a connected component, and show that jointly all terms including

the first one are f(n) times the first one, where f(n) grows slow enough to control it with vanishing terms in later results.
If it holds for all w € [h], taking the product, it holds jointly for the full union graph and we find:

h
< H f(n)A#{edges appearing uniquely in either 9y, (1(1)),0, (7))}

( k ) #{vertices of uniquely appearing edges}
w=1

Eg, [P G 7 Pc<z>,ﬂ<2>] ,

n),

V_yn @]
War@) (k" rDan
— Al AR (n> f(

(5.26)

since the sum of uniquely appearing edges and respective uniquely appearing vertices across connected components is the
symmetric difference of ), (2.

In the next subsection, we formalize the idea.

5.1 Formalization

We first establish a control on the decoupling of graphs arising from canonical monomials.

Lemma 5.27 (One step improvement). Recall the definition of canonical monomials (def. . Suppose G, G2
are skeletons with labellings (7[(1), 71(2)) € II(M), where M is the set of matched nodes. Then:

n\ M|
En, [P G(l),n(l)PG(Z),n(Z)] > (E) Ex, [Pc;u),n(n] Ex, [PG<2>,7T(2>] : (5-28)

Proof. On the RHS we have the symmetric difference of the graphs, which is an integral over G . By hypothesis,
it has |[M| matched nodes. On the RHS we have the product of the integrals along the two graphs, decoupled.
All the matched nodes will be free, and counted twice instead of once, i.e. once for each graph. This gives a

discount factor of (”/k)'M | between the two at least without considering edges. O

Example 5.29. We visualize this reasoning in figures [7b]- [7b] - [8a) - [8b] - o}

It remains to formalize how the P, P of defs. and def. [5.2|are related. In particular, we will use that the
P basis is up to constants equal to the canonical monomial basis P of def. [2.18 when it is non-zero, and that
the P basis is null in even more instances.

Proposition 5.30. Suppose G(1), G?) are skeletons with labellings (7‘((1), 7'[(2)> € II(M). Let assumption hold.
Then:

. lfM ¢ M* we have ]EHO [ﬁG(]),T[(l)FG@),H(Z)] =0;
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(a) Generic scenario before we remove one orange edge
set

(b) Generic scenario when we remove one orange edge

The orange edge set induces an orange vertex set set
that “overlaps” with some purple vertex sets. Upon removal from the joint integration, the
Among these, there are necessarily shared shared parts become “free” and they contribute

vertices, and there may be shared edges. to the integral.

(b) Minimal scenario when we remove one edge set
S Upon removal, the vertex that was shared is free
(a) Minimal scenario before we remove one edge set in both vertex sets, so from one, joint vertex, we
In the worst case, we have two edge sets inducing have two “free” vertices in two separate
vertex sets that overlap only over one vertex. integrals.
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Figure 9: Full image
A graphical instantiation for the formalization of the action of removing connected components from the

integral, i.e. lemma



e if M € Mpy we have:

Eg, [PG<1>,H<1>PG<2>,7T<2>] — En, [Pc<1>,n(1>PG(2>,n<z)]

=o(1), (5:31)
Eg, [PG<1>,7T<1>PG<2>,H<2)]
or without taking the limit the bound is by a factor D/n = 0 (1);
* if M e M* it holds that:
‘]EHO [FGO),T[U)FG(Z),N@):H < (1+0(1))Eg, [PG(l),n(l)PG(Z),n<2)] / (5:32)

or without taking the limit the coefficient is a constant.

Proof. (claim #1) Follows by equation
i

(claims #2-#3) We apply lem. |5.27/recursively on the unfolding of the P basis. The difference of the two bases
is a sum over all ways of removing connected components from the full integrals. Without loss of generality,
let m, 7 be the number of connected components of G(1), G(?) respectively. Then:

‘IEHO [PG<1),7T<1>PG<2>,7I<2>] — En, [PGu),n(l)PG(z),n(m]‘

= Z 1{5 #JvT# @}]EHO [P(Gs“)) () (G( ) n(z)] H]EHO [ G(l n(1)] HIEHO [ t n(z)]

Scm], T<(r] teT
=:R
(5-33)

In particular, the indicator makes sure that we do not take the full product, and we disregard the (—1) power
appearing from the subtractions. We can use lem. recursively on each term in the sum. Element-wise, we

have:

o\ IMOST [ [7])
En [P(G“)) s, e ))f¢T772>:| HEHO[ M ]HIEHO [ 6o ] < (n) Er [PG“)/”“)PG(”/”(Z)] ’

s€S teT
(5:34)
where [M(S, T, [m], [r])] is the set of matched vertices arising from the recursion:

(Ro) take the large symmetric difference graph between [m]\S, [r]\T;
(R1) for each term in S recursively apply lem.

(R2) for each term in T recursively apply lem.

e form Mpy\(S, T, [m], [r]) as the set of perfect matches between the symmetric difference of [m]\S, [f|\T
and the connected components S, T taken alone.

In other words, they are matches (v, ') of the following three mutually exclusive types (see lem. 1):
(T1) vis a vertex in a c.c. in S and ¢’ is a vertex in a c.c. in [r]\T;

(T2) visavertexinac.c.in T and ¢’ is a vertex in a c.c. in [m]\S;

(T3) visavertexinac.c.in S and ¢’ is a vertex in a c.c. in T.

There are 2"s*™T ways to take connected components forming a big integral with |S| = mg, |T| = rr terms.
Moreover, mg € {0,...,m},mr € {0,...,r}, so we can group the big sum by sizes to find:

K\ 1M(ST,[m][r])
R< ), US#@,T# 3} <n> En, [Pc<1>,n(1)PG(2>,n<z>]

Sc[m],T<[r]

o MG T D)
= Epn, [PG<1>,7T<1>PG(2>,71<2)] >, US#EovT+ o) (n) (5.35)
S[m],T<[r]

SN 1o [k ming; s, 7|=p | M(S,T,[m],[r])]
< Epy, [PG<1),7T(1)PG(2),7T(Z)] Z Z {u +p > 0}2+*r ( ) '
§=0p=0
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In words, we grouped by subsets of size y, p and took the minimal number of matchings associated to the
operation we explained just above in such subsets. We use lemma [5.39#2 which we prove just after:

pto—IM@S,T, [m] [ <0, V5:|S|=pnT:|T|=p, (5-36)

thanks to which (concentrating on the sum) taking S*, T* the optimizers of the minimum:

m.r K\ M| =g 17 =p [M(S,T,[m],[r])]
Z Z L{p +p > 0}21*F <>
u=0p=0
mor K\ M T [m] [r])]
< u—ogo 1{u+p>0} (2n> (5.37)
5 k
<(D“+1) 25
o(1),

where we used in the last step assumption i.e. that k/n < D78 for some large cs; > 0 constant, and in
particular 8cg; > 3. Putting it all together, we proved that{4]

Ey, [PG(1>,7T<1)PG<2>,7T<2>] — En, [Pc<1>,n(1)PG(2>,n<2>]

k
<2(D?+ - (5.38)
En, [P c(l),mnp(;(z),n(z)]

Claim #3 follows as a special case since we assumed M € M* and Mpy < M*. Claim #2 follows by
rearranging terms and using the reverse triangular inequality on the numerator.
O

Lemma 5.39. The following are true in the above proof:

1. the construction of M(S, T, [m], [r]) in equation[5.34]via (Ro) - (R1) - (R2) is unambiguous and in bijection with
the three types (T1) - (T2) - (T3) mentioned just after;

2. u+p <|M(S,T,[m],[r])| for all feasible combinations;
In particular, they hold if we take the minimum over S, T such that |S| = u,|T| = p.

Proof. (claim #1) For given G("), G®) connected components interact only across and not within, in the sense

that Gs(l), GS(,l ) do not have common vertices when s # s'. The polynomials over s ¢ S,t ¢ T are all inside
the same integral. By simple algebra using def. a product of different polynomials over the canonical
basis returns the symmetric difference graph of the underlying graphs. Therefore, in the (Ro) step we are
considering the large integral. Using lemma we can bound the product of two integrals by the integral of
the product times a power of k/» which is the number of perfect matches between the two graphs. In steps
(R1) - (R2) of the recursion we then couple all the integrals together bringing inside the same large expectation
all the terms in S, T that were integrated alone. As a result, we will have the integral over the whole product
of the two graphs G(1), G(?) discounted by ¥/ times the sum of successive perfect matches between the graphs
explored in G, G, When a node is perfectly matched, it belongs unambiguously to two separate connected
components, one from G(), one from G®. Suppose such vertex is then in Gs(l), Gt(z) for some s € [m], t € [r].
It can pop out in the recursion steps (R1) - (R2) if and only if it satisfies either of the conditions #1-#2-#3
in the proof, as otherwise it is a perfectly matched node already in the symmetric difference graph of step
(Ro), which does not influence the applications of lemma This proves that there is a bijection between
the construction in the recursion (Ro) - (R1) - (R2) and the criterions #1-#2-#3 for the vertices appearing in
the power. Moreover, since the vertex belongs to a unique pair, the order in which we add the connected
components does not matter in the recursion, and the expression is unambiguous.

(claim #2) The sizes y, p correspond to the number of connected components in the integrals taken alone. Since
M e M* each connected component has at least a matched node. It follows that u +p < M(S, T, [m],[r]),
since:

¢ for at least one vertex in each c.c. in S there is a vertex in either a c.c. in T or in the symmetric difference

graph of c.c.s in [m)\S, [f]\T;

14Notice that in the P basis of def. the inner product is always positive.
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e for at least one vertex in each c.c. in T there is a vertex in either a c.c. in S or in the symmetric difference
graph of c.c.s in [m|\S, [F]\T.

Thus, for each of the y and for each of the p connected components there is a matched vertex in M(S, T, [m], [r])

according to the three exhaustive cases in the proof. O
Having this similarity of basis products we can compute the variance and the covariance. Then, we clarify

in which sense the new basis is almost orthonormal.

Definition 5.40 (Dominating term). Let G be a skeleton. Define:

n!

MO

[Aut(G)]. (5.41)

Let us then define our final basis.
Definition 5.42 (Corrected rescaled monomial basis). Recall the form of Pg for G a skeleton from def. Define:

- 1 _
Pg = Pg. .
G ) ¢ (5-43)
We term “rescaled basis” the collection <1, (13(;) Geg ) Since we just rescale elements, it is still a basis for invariant
€Y(<D)

polynomials of degree less than D (lemmals.13).

Proposition 5.44 (Variance and covariance over skeleton). Consider the P basis of def. Let assumption
hold. Then if D diverges with n:

Vary, [ﬁc] = Vary,

1/1(G)PG] =1, (5.45)

and if D does not diverge with n we have a quantitative correction, meaning equal up to constants. Moreover, if
G = GO are two skeletons:

1 5 5 _ed(GM @
CoVp, PcoyPgoy || =D ed(GR.6), (5.46)
v(GW)v(GO)

where ¢ > 0 is a positive factor that we can choose. Later we will take ¢ = 4cg;.
Proof. Let us work on a generic tuple G(1), G®). We have:
CoVpy, [Pc(l)PG(Z)] - >, > Ex, [PG<1>,7T<1>PG<2>,7[<2)] , (5-47)
MeM* (7(),7(2))el1(M)

where we applied proposition 1 to remove matchings that are not in M*. If G() ~ G() then we can have
perfect matchings, otherwise not. We distinguish the two cases.
(PM) When there are perfect matchings:

~ o~ N 1 _
2
CoVi, | P Pota) | = CoViy | P20y | = g Var [Peo ] (5.48)
The variance has form:
— l — p— — J—
Vary, [PE;)] = > > En, [PGu),n(l)Pcu),n(a] + ) > Ep, [Pc<1>,n<1>Pc<1>,n<z>]
MeMpym (n(D),7(D)ell(M) MeM*\Mpyt (m(D),71(2))el1(M)

=k
> Z Z (1 — Dcn) Epn, [Pc(l),n(UPG(l),n(z)]

MeMpm (D), 7(2)el1(M)

=1

- > ‘IEHO [ﬁcu),n(npc(l),n(m] ‘

MeM\Mpy (2D, 7)) elT(M)

Kk - -
- (1 _ Dcn) Z [TI(M)| — Z Z ’IEHO [Pc(l),n(l)PG(l),n—(Z)]’
MeMpy MeM*\Mpy (7‘((1),7'[<2>)EH(M)
~k ! _ _
= (1 - Dcn> mmm(d”)\ - > ‘IEHO [PG(l),n(l)PG(l),n(Z)”

MeM*\Mpy; (7D, 7(2))el1(M)
(5.49)
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where we used lemmas - and the bound of proposition [5.30#3. The same steps but the other inequality
of proposition [5.30#3 establish an upper bound on the variance of the form (notice we flip two signs):

Vary, [Pgo)] < (1 + ng) n7!|Aut(G(l))\ + ) > ‘]EHO [ch P n(z)”-
n) (n— v MeMmM N ’ ’
pM (1D, 7(2)el1(M)

N N (5.50)
In particular, D°% < D=8 < 1/2 once cy; is large enough in assumption If we normalize by v(G(1)), the
first term is asymptotically = 1, or upper and lower bound by 1 + ¢ for a positive constant. What we wish to
show is that the second term is negligible.
(NO-PM) When there are no perfect matchings, i.e. when G() = G@), we only have the second term in
equation and we wish to show it is small in a proper sense.
(work on the correction term) We are then hinted to normalize the P polynomials of definition by the
candidate dominating factor of definition 5.40] obtaining the rescaled basis of definition For this, we want
to show that the correction term

1 _ _
correct = Z Z Epy, [Pc(l),nﬂ)PG(Z),n(Z)] , (5.51)
MeM*\Mbpy (7D, 7(2))elT(M) V(G(l))V(G(Z))

is less than D—°4(G™".6®) for some constant ¢ > 0 as in the claim. By proposition 2, we have that
1 — —
correct < Z Z ’EHO [PG(l),n(l)PG@),n(Z)])
MeM*\Mpyt (20, z@eri(m) A/ V(GD)v(GR))
2 [Val
< 3 el (537 ),
MEMT My A/ V(GG AT

where we used that for fixed M the sets of vertices are fixed (i.e. we fix the skeletons). Using lemmas -

l4.53] - [4.55} we can bound:

1 TI(M)] < . alv O VO vl _ L U0+ |u®

V(G (GR) VAt (GO)[[Aut (GO)| VAt (GO)[|Aut (GO)|

(5-52)

(5:53)
Recall the invariant objects defined in subsection [4.1] From lem. we recall that the following bounds hold

on the graph structure:

[Ea| = max {|Va| - #CC, (G, G@) | (5.54)
Val = UM |+ [UP)] + Mgy (5.55)
|Msy| = #CC (5-56)
[Vl = 2#CC. (5.57)

Let us rearrange terms to make some clever adjustments in the big sum so that the next steps are more explicit.
Reordering:

Val
correct < 2 Z AU U@ )25 En| <k> )
\/|Aut(G(1))‘ |Aut(G@)| MeA=\ My "

©) ) e
A 2 2 (Ak)lu " AEA|—|u<1>|—u<z><k>vA u® |-
\/| Ut(G(l))‘ ’Aut(G(Z)” MeM*\Mpy \/ﬁ n

(5-58)

We can see that each term in the sum is vanishing. We now aim to show they are globally vanishing. In

particular, we seek something explicit in the exploding factor nlUDHUP] gince we want to counter it, and
attempt to reorder terms to not lose any contribution that is vanishing.

SWe have a control by a 1+ D%%/» < 2 factor.
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To continue, we exploit the graph structure. Combining the inequalities & identities above in eqns. to
we find:

Eal - [UD| - U@ > max{o,d< ¢W, @) —ju®| —ju®},1-jut |—|u<2>|} since [Ex| = 1;  (5.59)
|Msy | —#CC > (5.60)
Val — U] U@ = |[Mgy]. (5.61)

Using the signal condition of assumption

max {j;;, z,)\} < D78, (5.62)

for some large constant cg; > 0, we can collect all powers inside a single term:
2 pow
correct < D_Scsi> (5.63)
\/ IAut(GD)||Aut(G®)| Mertm Moy

pow == [UWD| 4 |uU?)| +max{o, d(GW, Gy — ju®| —u®|,1 - ju®| - |u<2>|} +|Msv|. (5.6

Discussing the cases in the maximum some algebra shows that:
~8cgpow < ~8cgmax { d(G1,GA), 1, juM |+ [u®)| + Mgy | (565)

Recall the construction of shadow matchings from section 4| Starting from:

correct < 2/\/‘Aut(G(1))||Aut(G(2))| Z D~ 8cgimax{ d(GM,G2)),1,|uM |+|UP|+|Mgp] }

MeM*\ Mpy
) 1 c@2 1 2
= 2/\/‘Aut(G(1))||Aut(G(2))| 2 D86 max{ d(GD,62)1ju® +ul )HIMSMl} ‘Mshadow (U(l)r U(Z)/M)‘
(UM, u®,M) triplets
p—8csimax{ d(GM,6@),1,[uM | +]U@ | +[Msp]}

<2
(UM,u®@ M) triplets

<2 Z Nuyuy,s - D86 max{ d(G<1>’G(2))’1'“1+”2+5}

1<u1 <2D
1<uy<2D
1<s<2D

(5.66)

where we used lemma which we remind bounds the size of the set of shadow matchings by the minimal
size of the automorphism group, and grouped by sizes, with the observation that we consider graphs with less
than 2D vertices. It remains to count the number of triplets at the level of skeletons, i.e. Ny, 4, s. For graphs
over less than D edges, and so less than 2D vertices, it is certainly less than (2D)*17%2+25 where the upper
bound corresponds to choosing from 2D vertices at each vertex. Plugging it inside:

correct < 2 Z (ZD)ul Fuz+25 ) —8csi max{ d(G(l),G(Z)),1,u1+uz+s}, (5.67)

1<u3<2D
1<upy<2D
1<s<2D

where we discuss the two cases of the maximum, using D > 2 and —8c,; + 4 < 0. By lemma [5.70| we find:

correct < 2 Z D(4—8c5i)max{d(G(l),G(Z)),l} < DO+ (4—8csi) max{ d(G(l),G<2)),1}. (5.68)

1<u<2D
1<up,<2D
1<s<2D

To conclude, we just need to impose that (using D > 2):
7 + (4 — 8cgi) max { d(GM,c?), 1} < —4cgi max { d(cWM,cA), 1} , (5.69)

which holds for cg; > 11/4. O
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Lemma 5.70. If4 —8cs < 0, we have:
2(u1 + up + 2s) — 8cg; max { d(G( el )) 1,u1 +up + s} (4 — 8cgi) max { d(G(l), G(Z)), 1} <0. (5.71)

Proof. For simplicity, let u; + uy = u and d(G(M),G®)) =i d. We discuss two cases separately.
(case #1) If max{d, 1} > u + s then in particular max{d, 1} > s and:

2u + 4s — 8cgymax{d, 1} < 2u + 2s + 25 — 8cggmax{d, 1} < (4 — 8csj) max{d, 1}. (5.72)

(case #2) If max{d, 1} < u + s then:
2u + 4s — 8csimax{d, 1} < 2u +4s —8cj(u +5) < 4u +4s —8csj(u +5) = (4 —8cqi) (U +5), (5.73)
and the condition 4 — 8cg; < 0 ensures that it is less than (4 — 8cg;) max{d, 1}. O

Combining the two statements of proposition we conclude that the P basis of def. is almost
orthonormal (def. with the degree of “almost” controlled by an inverse of D factor involving the distance.
We will prove it is sufficient to control the covariance globally over the basis and make it look like an
orthonormal basis.

Remark 5.74. There is a hierarchy across the bases we consider. Let us ignore for a moment the sum over the equivalence
class. For a single edge set T induced by a labelling 77" (G(1)), we have the following trivial equivalences:

. a.s.
* if En, [Pcu),n(l)] = 0then Pga) 1y = Poy noy(Y);

[}

o ifn(l)(G(l)) has a single connected component then 13(;(1),”(1) (Y)2P c . (Y);

o
]

o if T (GW) has a single connected component and Eyy, [pc(l),n<1>] = 0 then Pgay ) = En, [pG(l),n<1) (Y)]
Py . (Y).
Alternatively for 7, 1 two labellings of skeletons G, G2):

o under the classic basis:
V) a2
W ar@) (kK 7Dan
<PG<1),7'[(1)/PG(2),7'((2) >H0 = Al Ar] <n> ; (5.75)

e under the P basis:

v % v
(P P ), = Al ar?] K\ V0ol ey (R) Vo]
G(l),n(l)/ G(z),r[(z) Ho n T’l

i\t Ar
Al A7) <n> 1 {7‘[(1), 7@ induce conn. graphs};

o under the P basis:

‘<PG(1),7T(1)’PG(2),7T(2> >H ‘ = non-trivial expression
0

V1) 0 n )] (5-77)

< A|7T(1)A7I(2)| (f/(l) A 1 {(7_[(1),7_[(2)) c 7T(M), fOTM c M*},

which is larger if the indicator is non-zero, but it is a lot less frequently so.

In this perspective, we first remove correlations arising from disconnected graphs, then correlations arising from graphs
with some disconnected component.

Example 5.78. In figures we place some examples of how different graphs correlate in the basis decomposition
we propose. We imagine there are two edge sets induced by labellings (), 7(2) on skeletons GV, G?). The vertices
they induce form sets of connected components respectively in purple and orange. They might or might not have shared
vertices, and their connections form the “overlap graph”.
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Figure 10: Null alighment

This example has <FG(1) <0, Pc@ @ >H = 0 as there is an isolated connected component in dark purple. We
, , .
are not interested in these.

To finalize the computation we show that the basis is almost orthonormal in the sense of definition [1.14]
Having the right control of each entry (prop. [5.44#2), it is a matter of upper bounding the way to count
skeletons. The best way to see if a normalized basis is almost orthonormal in the sense of subsection is to
use the Gershgorin interpretation, which we remind required to find a bound of the form:

1
sup Z ‘COVH0 [gb(-;G(l))lP(-;G(z))]‘ < 5 (5-79)
G(l)eg(ﬁD)U{g} G(Z)EQ(SD)
el el

or even better by some D~P°" where pow is some possibly explicit control.

Remark 5.80 (Important). The corrected rescaled monomial basis of definition is a collection of Pg polynomials
enriched with the unit function. We can write the basis into a vector ¥, where by convention the first term is 1 = 1
and the others are the P for G € G(<py. In particular, the order in which we write them does not matter (the outer

product G = l[JlIJT is rotation invariant). A generic entry is G g = En, [l,bG(l)v,DG(z)] = Eg, [ﬁc(l)ﬁc(z)] or

Gy g = En, [¢OIPG(1)] = [y, [1 . ﬁc(l)]' In the former case, we use proposition |5.44} in the latter, we simply notice

that By, [y | = 0, since the basis is centered. If N = |G(<py| + 1, and we choose a reference order Gy, ..., G|9<<D)|
for the labelled graphs to form ¢ the Gram matrix is:

1 ¢ Y3 - YN
Y1 /Gry 0 0 s 0
P [ 0 G Gy -+ Gon
G= 93| 0 Gxn Gsz - Gan | (5.81)
yn V0 Gn2 Gnz -0 Gnw

In particular:

o the off-diagonal sums of G are independent of the first row/column;
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Figure 11: Non-null minimal alignment vertex sets
Each vertex set is connected to one vertex set of the other graph. The alignment is non-trivial.

o the diagonal terms are asymptotically unity if D diverges by proposition |5.44#1, or the quantitative bound gives us
that they are bounded below by 1/2 strictly;

e proposition r- bounds each green term in absolute value by D4 d(G,6),
e the Gram matrix is symmetric so the bound on the green terms is the same on the other side of the matrix.

For this reason in the following proposition we ignore the first row/column: it suffices to work out how the off-diagonal
sum over the skeletons compares with the diagonal terms.

Proposition 5.82. Suppose assumption holds, Recall the construction of the P basis from def. Define the
Gram matrix:

G = (]EHO [ﬁc(l)ﬁc(Z)]) (5-83)

where by & we mean that we add the constant function to the underlying basis (refer to the remark above, remark [2.20]
and definition . For all GO = G® when D diverges:

GM,6PeG(<pyu{D} !

< p—¢id(GM,G®) (5.84)

Gem gy =1 and > ‘ch),cm

G(z)eg(gD)U{@}
G2 xcM

As a consequence the matrix is an approximate isometry. If D does not diverge, it is nevertheless diagonal dominant,
meaning that the eigenvalues are a constant multiple of unity.

Proof. The consequence is immediate for D diverging with n and for the weaker result it suffices to notice that
the quantitative bounds chain the eigenvalues into the [1/2,3/2] strip in the worst case when D = 2 since ¢gj is a
large constant. We make this explicit by proving the claims in equation [5.84]

The first is true since we rescale by the dominating term v(G()): it is a mere restatement of proposition
The second claim follows by counting the number of skeletons that are at fixed distance from a given one,
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Figure 12: Non-null alignment vertex sets
Each vertex set is connected to at least one vertex set of the other graph. The alignment is non-trivial.

which is lem. The covariance of a graph and the unit function is null (i.e. the discussion of remark [5.80).
We find:

Z ‘]EHO [13@(1)13@(2)]‘ < Z D4 d(G,G?)
GPeG<p) G@eG<p)
D
= S #{G? | d(GW,6?) = d} Dt
=1

W
o)

< D(d+ D)y p e (5.85)

U
—_

D
< Z Dd(4_csi)
d=1

< D(4_Csi)+1

where we used cg; > 10. Therefore, we have:

>1-D %2> % (5.86)

G g — Z IGG<1>,G<2>
G(Z);ﬁc(l)eg(gm

since D > 2 and cg; is large enough (say, larger than 2). The eigenvalues of the Gram matrix are all in the strip
[1/2,3/2] and get closer exponentially fast to being in [1 — €,1 + €]. In any way, we have:

laly < &l < el & =(ac)oegpy,  lalg = Ga, (5.87)

since the eigenvalues are approximately a constant multiple of unity. The last equation is the requirement in
definition so the basis in G is almost orthonormal. O

Comparing with section |3l we have all the formal results announced. It remains to prove the main theorem.
We do so in the next section.
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Figure 13: Shared vertices depiction
We highlight how the g = 9 number of shared vertices could be. They are in the region where the colored
vertex sets overlap. This is not sufficient to understand the number of edges in the overlap graph as discussed
in figure 6]

6 BOUNDING THE ADVANTAGE: PROOF OF THE MAIN THEOREM

In this final section we prove theorem

The seemingly involved expression of the advantage in equation simplifies greatly thanks to our
almost orthonormal basis (def. [1.14), which is the one from definition [5.42] Using proposition we can
renormalize the coefficients:

En, [ZGEQ(<D>u{@} ’XGPG]

AdV(gD) (Ho, Hl) = sup 2
(“ ) €Y< v D
G)Ged(<pyid} \/]EHO [(ZGGQKD)U{@} chPG) ]

< sup B, [ZGEQKD)U{Q} ‘XGPG] (6.1)
" wodoegpyot@y  11%6)cegipyui 2

= sup En, Z acPc |,
(#6)6eg < py w2y 146)Geg < py w1zt Il2=1 GeG(<py i}

which is equation [3.38 To begin, we take out the constant function corresponding to the empty graph, which
contributes as a By, [PQ] = ag < 1. Since we want to show that the advantage is 1 + 0 (1), i.e. that weak
separation is impossible (def. [2.12), notice that the way we choose the constant function is irrelevant: in the <
step above we lost a constant, but we can just absorb it in the empty graph element of the basis to get back 1.
In other words, what matters is showing that the part of the advantage where we sum over §(<p) is vanishing.
Therefore, we move to studying the expectation under H; of the non-trivial basis elements. This reduces to
computing the expectation under H; of each connected component. Indeed, each labelled graph inside a
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Figure 14: Minimal tree for symmetric difference
To obtain the minimal number of edges in the symmetric difference, we add in thick colored lines all
connections within shared vertices in both edge sets (so that they do not appear in the symmetric difference).
Then, we connect the shared vertices with the non-shared vertices with black lines, then we use purple (resp.
orange) lines to form a tree on the purple (resp. orange) connected components. These types of matchings
attain the lower bound |Ex| = |Va| — #CC of lemma

G € §(<p) (see defs. - has the same expectation. We find, using the language of section [4and the
definition of the v(G) dominating term (def. 5.40):

Ex, [Po] = I(VD)IER, [Pox]

1 m
= |H(|V|)\WIEH1 L_ljl Pe;n =By [PGM]] (6.2)

1

= g VD L [~ [,

for any G € G(<p), 7 € 11|, where in the last step we used independence. A skeleton becomes a labelled

graph by taking any injection, so |TI(|V])| = #‘VD' the number of injections from |V| to n{'°| Concerning the
expectation, different structures of (Hy, Hj) are analogous but return distinct quantities. In what follows, we
focus on testing Hy : Py for 6 = (k, A) against Hy : Py for 6’ = (A + 1, k), which is problem in the version
of perturbed signal strength. The analysis when we perturb k follows by the same principles (see subsec. [6.III).
Morally, the expression of the expectation under the planted sub-matrix model is generic, and we just need to

adjust the signal strength. In the spirit of equation for all ¢ € [m]:

B, [P, ] = (-4 (5) a 63)
En, [Po, .| = AE (fj)w | (6.9

16This is lemma @2.
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Figure 15: A redundant graph
To the graph of fig. [14] we add some redundant connections in the symmetric difference. In dashed lines we
include more connections within shared and non-shared vertices. In dotted dashed lines we add connections
that remove the tree structure in the non-shared vertices.

Combining with the explicit form of v(G) in definition and after some algebraic manipulations we find:

En, [ﬁc]= |Xut‘zl|) () /\|E\n( )‘EZI 1. (6.5)

If we want something simpler, we can open the product with the binomial theorem and apply a rough bound
on the geometric sum:

|E¢|
AN IEel\ 1m\!
(1+3) " -1- ) () (66
t=1
|E | "
(|E!| ) (6.7)
t=1
A
< |Ed (|EIT) n<5,1<|E|<D, 6:8)
where the condition on 77, A is justified in remark [3.10and in assumption Putting it all together:
AdV(gD) (H(], Hl) <1+ sup lEHl [ Z aGﬁG]
(D‘G)G€G(<D) =& H“”Z_l Geg(SD)
n!
(n—|V])! |E| 27 (6.9)
<1 — E 9
+ sup sz Aut()()Al_“'

(46)Geg < p) =wl&3=1GEG(<p)
<1+ ) () A|E|D2m(—)
Gl W1 )

where we used ag < 1 and /"—VD/jaut(G)| < n'"V2. In particular, with these two steps we completely neglect
the connectivity of the graph. We remove the dependency on the number of connections in each connected
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component and the potential discount by the size of the automorphism group, and more in general the
dependence on G inside the sum that is not possible to group by quantities related to graphs G € G(<p). With
these simplifications, we rewrite the upper bound as

k\* 7\™
Adv(cpy(Ho, Hy) <1+ ) N, () APD2m (L) (6.10)
(D) 0 1 a,b,m
2<a<2D \/ﬁ <A)
1<b<D
1<m<D
where:
Nypm = #{G € G<p) | V] =4, |E| = b,m connected Components}. (6.11)

To upper bound further, we go step-by-step.

6.1 Digression: element-wise bound

Since we want to show that the sum over G € G(<p) is small, we will first check that each term in the worst
case is small. As is evident from the expression, it depends on |V|, |E|, s, respectively the number of vertices,
edges and connected components. To understand which come into play, we discuss them separately.

To simplify matters, we will take D of the order polylog(n) and write <), to discard a polynomial in D with
constant degree.

Remark 6.12. Throughout, the intuition is three-fold:

* in appendix ﬁ we show that the optimal algorithm is a sum-type statistic like Z(i/]-)eE Yij, which is the symmetriza-
tion of Yij, a "very small tree” over two vertices and many connected components;

® our new basis is not impacted by many connected components;

e the nice bounds |E| = |V| —m and |V| = 2m from lemma are worst-case when A < 1,k/n < 1 and coincide
with the optimal algorithm.

OPTIMAL ALGORITHM The small tree corresponds to |E| = 1,|V| = 2,m = 1, which gives:

kN1 K2
A <\/ﬁ) XD Slog 1 = - Slog 1- (6.13)

In what follows, we will show that when there is only one connected component and when there are many the
optimal algorithm is still the upper bound.

SINGLE CONNECTED COMPONENT When the graph has m = 1 connected component(s) we have:

PNV PN
IE| N2 V-1 12
A (ﬁ) AD <A <ﬁ) AP

()" ()

Imposing that it is <jog 1, the first term is small by assumption since |V| = 2, the second coincides with the
condition we got from the algorithm. Again we get 7¥*/n Sjoq 1.

(6.14)

MANY CONNECTED COMPONENTS When m > 1 we have:
AE (X T\" pam < pWVI=m [ n p2m
%) Q) %) ()

()" ()

Since there are no isolated vertices, |V| > 2m, and we can use again assumption to reduce to the optimal
algorithm condition that 7k*/n Slog 1l and m = 1.
To conclude, we move to the full sum.

(6.15)
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6.11 Finalization

Let us group the sum in terms of |V|, |E|, s which are the influencing factors. In other words, we consider
equation The first observation is that the cardinality of the sum in equation is bounded by
(2D)-D - D < D*, which is polynomial in D. The size of the set N, ,, is also bounded, but we have to be
careful and counterbalance it with our signal terms.

Lemma 6.16. It holds that N, , ,,, < D%,

Proof. We have N,p,,, < N,j < a?’ < D* where we used D > 2 and the constraints that a skeleton over a
vertices with b edges is an abstract graph where we need to choose where to place edges and each edge has
less than 42 choices to make. Moreover, inside QK p) we have a < 2D. O

Combining these two estimates with equation we find:

k\* 7\™M
= (a,b,m) feasible N ( A )

where by “feasible” we mean that we take into account all triplets (a, b, m) of numbers of vertices, edges
and connected components of skeletons in G<p). The three key feasibility conditions we use come from

lemma [4.59

e b>a—m(e. |E| =|V|—m)
* a>2m (i.e. |V| = 2m, no isolated edges).

Moreover, we use the algorithm intuition of the previous subsection. Bounding the term inside the supremum,
for all feasible triplets:

k a m k a—2m k2 m
4b+2m 4 b ﬁ _ N A b+m—aprydb+2m
po+2my (\/ﬁ) (A) (Aﬁ) (;7 n) A po+2m (6.18)

An application of assumptions 3.1|- 3.7/ concludes the proof. Indeed, including the D* term from equation

AdV(gD) (HOI Hl) <1+ sup D4+4b+2m78051(a72m+m+h+m7u). (6.19)
(a,b,m) feasible

Rearranging, we can use 4 < 4b, b > 1, and m < b to have all terms depending on the number of edges. Then,
a simple upper bound is:

1 11
Adv(<p)(Ho, Hy) <1+ sup D'O08a() < D08 <14 — if 10— 8c5 < —1 <= 5> =,  (6:20)
1<b<D D 8

which is the case, since cg is a large constant.

Remark 6.21. With another path, we found that the worst-case bound is at the number of edges b = 1, which corresponds
to the optimal algorithm.

EXPLICIT ROUTE We attempt to see finely how the optimal algorithm and the assumptions come into play.
As we know, the two assumptions ensure that all terms inside the parenthesis are < D~/fi for some f; > 0
positive factor. To be clear, in the statement we require that they are all less than a common D~8%i. We see that
we have three signal terms, so three factors, and two annoying positive powers, namely 4b and 2m. This is an
over-determined system. We can choose two particular f;, f» to cancel the D* and D" terms and then freely
choose f3 to make the quantity as small as we wish. In particular, we take into account the D* factor outside
(from the cardinality of the sum, namely eqn. , and want to obtain that overall Adv <p)(Ho, H1) <1+1/D.
Using the factor perspective:

Adv(p)(Ho, Hy) <1+ DPov, pow =4 +4b +2m — f1(a —2m) — fom — f3(b+m —a). (6.22)

We wish to find (f1, f2, f3) € R4 such that pow < —1 for all feasible (a,b, m).
One direct solution is f3 = 4, which cancels the b, then f; = 8 and any f, > 6. The generic form is recovered
perhaps by regrouping pow and using some trivial bounds:

pow =4 +b(4— f3) +a(fs — f1) +m(2+2fi = fr— f3)

<b@—f3) +alfs— f1) + m6+2fi — fo— f3), (6.23)
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since 4 < 4m as m > 1. Then, using thata > 2, b > 1, m > 1 we just need to enforce that all coefficients are
negative. To see that the optimal algorithm still pops up, under the condition f3 > 4, we can use b > a —m to
find:

pow < a(—f1+ f3+4—f3)+m2+2f1—fr—f3+ f3—4)
=a(—fi+4)+m2+2fi — fr—4),
and for f; > 4 we can discard the first parenthesis to find that we just need f, > 2f; — 1 in the worst case

when m = 1. Needless to say, assumption [3.1]on the null hypotheses and assumption [3.7 on the perturbation
satisfy these requirements.

(6.24)

6.111  Adaptation for perturbation on signal size

In this section, we computed everything explicitly for (Hp, H;) as in problem [1.3| where we perturb the
signal strength A to A + 1. The reasoning for when we perturb the signal size from k to k + { is analogous. We

find: -
1 (k+ ¢
]EH] I:PG“T] = )\|Ek| (7/l€> 7 (625)

for each connected component, which is equation[6.3} Then, being careful with |V;| > 2 for all £ connected
components, the inequality in the chain starting from equation [6.6] becomes:

¢ ¢

[Vel 4 2 p
<1 + k> -1< 1V <|Vf|k> <D, under{< (6.26)

2D’
Again, we assumed { <jog k, or precisely that { < k/2D, i.e. that the perturbation is small enough as to not get
into the pure noise regime (see remark [3.10). Under the rescaled basis, we find that the advantage takes form:

k a g 2m
Adv(cp)(Ho, Hy) <1+ Y Npw (\/ﬁ) AP D™ <k) , (6.27)
2<a<2D
1<b<D
1<m<D

which is the analog of equation ql with slightly changed coefficients. If we use the same intuition on
the optimal algorithm of subsection we find that the condition { <jog \/71/7 extends nicely throughout.
Replicating subsection the quantitative condition is that {vA/y/n < D™8%i, which is in accordance with
assumption [3.7]when c; is large enough. For example, we can ask that cs; > 13/8 for this last inequality to hold.

6.1v  Final remarks and extensions

OUR CONTRIBUTION is a very explicit technique to derive low-degree lower bounds for a typical problem:
the planted sub-matrix model (eqn. in the setting of complex testing (prob|[1.3). In particular, the advantage
from definition is vanishing in the regimes of assumption [3.1] - and no degree D polynomial can
perform weak detection (cf. definition between Hy and H; observations Y. Using the well-grounded
suggestion at the heart of low-degree polynomials (see sec. |2) we expect that for D ~o, logn we recover
known results up poly logarithmic factors. The novelty in the technique is the explicit way of recovering these
bounds via the construction of an almost orthonormal basis (def. [1.14). Using conditional independence and
symmetries in the distributions, the canonical basis of definition turns into a basis where the correlations
are vanishing, i.e. that of definition We hope that thanks to this new strategy finer proofs will follow for
other models.

As a matter of fact the technology of skeletons is not tailored to models as that of equation |1.6|only. Let us
briefly outline why this is the case for perturbations only on the size of the signal k into k + (.
Firstly, any hypothesis test with (Hp, H;) invariant to permutations admits an expression of the advantage as
in equation we never used the model explicitly in the discussion of subsection [3.IT]} It is also quite natural
to translate the binary matrix case in which Y € {—1,+1}"*" to a generic observation where:

— i ili X
Y — {1 q with probability g + X;; P g+, (6.28)

—q  with probability 1 —g —X;; ’
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In looking for an invariant basis, the formalism of skeletons is still helpful, and in the proofs of section [5| we
have far more room in the inequalities. If we maximize the use of conditional independence, a basis like that
of definition is almost orthonormal as long as we have an analog of lemma and a control on the
correlation like in equation To be precise, we can keep similar results to the proofs once we establish that
for a given model the following assumptions hold.

Assumption 6.29 (Generalization). For an observation as in equation it holds that:
(A1) The distribution of Y is invariant to permutations o : [n] — [n] acting as o(Y) = (Y, ()o(j))i je[n]-

(A2) For any skeletons GV, G e G(<p) and labellings (rW), 7)) e TI(M) it holds that:

k

[Mpym|
’IEHO [P(;(l),n(n] Ey, [PG(Z),NO)” < Cm2 (Dcmln> ‘]EHO [PG(1>,7T(1)PG(2),7I(2)] , (6.30)

for some constants cy, ;, where P is the canonical basis (def. and Mpy is the set of perfect matchings from
section

(A3) For some constants c,; where i = 1,2 it holds that:

- , (6.31)

V| —#CC
Ey, | P P D ) Eal (g EQ+E@|—[Eal ((pen X v
Hy | P 0 Pe@) @) | < cv2 (DVA) T2 (q7) -

where again Ex, VA, #CC are respectively edges, vertices and connected components of the symmetric difference
(see sec. [4) and:

T=q0-q) =, [V 1X;=0],  B=p(—gP+0-pi =En, [} 1X;= 2], 7= %.
(6.32)
(A4) The parameters are in a region:
k Ak A
max{ —, ———, =t < D78, (6:33)
E VP’ g | 2

for some large enough cs; > 0.

Coming back to previous explanations, we can make an analogy for each of them. Assumption (A1) is
a requirement on the permutation symmetry of the distribution (i.e. lemma [3.23). Moving to (A2), we are
asking that the model satisfies a bound like that of lemma for when we wanted to make the P basis of
definition close enough to the canonical basis of definition In particular, we are adding some D
factors and degrading from M in lemma to Mgy € M only the perfect matches in (A2). Assumption (A3)
morally says that the correlation between graphs under Hj is like the symmetric difference, modulo the fact
that we rescale the matrix to take values Y;; € {—q,1 — q} and adding some D factors in the powers involving
the symmetric difference. The regime assumption in (A4) is also analogous to our assumption [3.1| once we
take into account the rescaling.
By working out the proofs of section [5|it only takes mechanical time to realize that under assumption
a result similar to proposition holds for the Gram matrix of correlations. Namely, we can use the same
almost orthonormal basis (def. [1.14): that of definition modulo an adjusted rescaling by 1/7 such that the
condition of definition holds.
The question is what kinds of models satisfy assumption (A1) - (A2) - (A3). We provide two examples
below.

GENERALIZED PLANTED sUB-MATRIX Under Hy we sample a clique at random of size Bin(n,*/n) and
choose to add a spike of magnitude A in the sampled entries. Notice that by equation we are however not
in a centered case, which is g = 1/2, and we allow for different connection probabilities: within the clique it is p
and outside it is g. For this model, the alternative hypothesis is that we sampled from a distribution where a
fraction € of the entries in the clique is removed, which morally means that { = —ek. It is more natural to talk
of a negative alteration rather than a positive alteration but the interpretation is analogous, as we want the
size of {, i.e. |¢| which is just expressed as a portion of the size of the signal with € to be small for hardness
and large for the existence of an algorithm.
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STOCHASTIC BLOCK MODEL Under Hy we sample a random partition of [#] into k groups (a multinomial)
and set X;; = A if (i, j) are in the same group and zero otherwise. There is a block structure in the matrix, and
we think of the perturbation in the alternative hypothesis as observing a matrix where we picked a group at
random and removed it from such group with probability €. Again we have a negative perturbation that is
proportional to k.

We choose not to check explicitly assumption [6.29| for the generalized planted sub-matrix model and the
stochastic block model. Rather, we mention that for these observations the basis of definition is again
almost orthonormal (def. just like in the result of prop. It then takes another computation similar to
section [p|to show the analogue of theorem 3.8 In this case, the perturbation is €, and we will assume we are in
its hardness regime.

Assumption 6.34 (Generalized perturbation on the size of the signal). It holds that eAK*/n, /g < D8 where cg
is the same large enough constant of assumption [6.29(A4).

As for the easier case, it is a matter of working out the final inequalities to obtain a weak detection hardness
result in the spirit of definition [2.5|like for our main inequality: theorem

Theorem 6.35 (Generalization of main theorem). For models and alterations as the generalized planted sub-matrix
model or the stochastic block model, suppose that assumptions[6.29#(A4) and hold. Then:

1
AdV(SD) (Ho, Hl) <1+ 5, fOI" all D > 2. (636)

FURTHER There are other permutation invariant models in the sense of assumption [6.29f(A1) that allow for
these bounds. It is always a matter of double-checking that the interesting regimes match the regimes allowed
by the proof computations. It is also interesting to allow for a fixed size of the signal. For example a slight
modification on the model of equation is that [supp(x)| ~ Geom(k) instead of x; b Ber(%/n) which adds
some correlations between entries: these can be dealt with using coupling techniques, which we do not outline
here.

Believing enough in the power of this method, one could further explore what kinds of invariances and chains

of assumptions allow going beyond permutation invariance (i.e. ass. [.29}(A1)).
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A PROOFS OF THE BASIS AND INVARIANCE LEMMAS

In this paragraph we prove some lemmas from sections [2|- 3| The idea that the projection of an optimal
separator to the class of low-degree polynomials preserves the same original properties comes from the fact
that the space of polynomials is a linear subspace, and the orthogonal projection theorem applies (see the
discussion in (Kunisky, Wein, and Afonso S. Bandeira |2019)). Some earlier works looked at distributions that
enjoy invariance properties (Kunisky, Moore, and Wein [2024; Montanari and Wein 2022; Semerjian [2024)). In
particular, we could derive similar statements with more work by applying a formal version of the Hunt-Stein
theorem from (Lehmann [1970) as in Montanari and Wein (2022, lem. 4.4).

Proof of lemma2.23] Orthonormality is immediate from the fact that the inner product is the symmetric
difference of graphs, i.e. equation[3.171and Ak = 0. We are left to prove that it is a basis.
For a generic f, we have that there exist coefficients and powers such that:

)
f=as X [T ¥ (A1)

r (i,j)€E,

where in particular |E,| < D. Since Yj; € £1, we can simply set /31(;) = 1. The representation:

f=a+ Z by H Yij, (A.2)

(ij)eE;

is written in terms of the set of monomials Pg ,; decorated with the unit function as follows. We set a o = a.
Then, we take graphs G = (V, E) € G<p together with labellings 7t € ITy such that for all r there exist a pair
(G, ) satistying [ [(; j)er, Yij = [ i jer Yn(i),(j)- Ultimately, we set b, = &G, . To ensure existence, it suffices to
remark that there are no double edges or self-loops. For uniqueness, we reason by contradiction. Suppose
there are two representations of a non-trivial polynomial f. Namely, there exist two distinct pairs of coefficients
(ags, (aG,7)G,x) and (Bgs, (Bg,x)G,x) with which we can express f # 0. Then:

0= f_f = 0o — ﬁ@ - Z(“G,n - ﬁG,n)PG,W (A-3)
G,

The right-hand side is a polynomial and it is zero everywhere on the hypercube. We want to show it is then
zero everywhere. The simplest way to see it is to recenter the hypercube to take values {0,1}"*", and observe
that we can proceed by induction. Alternatively, there are standard references such as the book of O’Donnell
(2014).

In passing from equation to equation |A| we gain that the underlying graph is simple (not a multi-graph),
or equivalently that the edges appear in the polynomial only once in each summand. From this, we have a
precise ordering of graphs if the number of edges that appear. Starting from the smallest ones, we cancel all
coefficients by evaluating the null function f — f at the smallest one-edge graphs. Going up, we can proceed
to show that all two edge graphs have null coefficients by the same reasoning. By induction, the statement
holds until we have considered all possible graphs.

Consequently, all the coefficients of f — f are zero, reaching a contradiction as the representations of f had to
be distinct, and the decomposition is unique. O

Proof of lemma Orthogonality is lost since the symmetric difference is non-zero. The collection remains a
basis since the reasoning of the proof of lemma does not change. O

Proof of lemma Let f* be a polynomial of degree less than D attaining the maximal advantage. By invari-
ance of the probability distributions Hp, H; any permutation of f* defined as the function f*(PY) for P a per-
mutation matrix is optimal. The “symmetrization” of the optimal function f{,(Y) = 1/n! X p perm. mat /* (PY)
is still a polynomial of degree less than D, which is invariant to permutations. Consider:

lEHl [% ZP perm. mat f* (PY)]

A ——

(A.4)
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By invariance of H; with respect to permutations, the numerator is equal to the numerator in the optimal
value of Adv(<p)(Ho, Hi) evaluated at f*. For the denominator, by convexity of the square function and
invariance with respect to permutations (in this case of the second moment of f*):

2

B ([ 5 Fen] | <Ea|0?] (As)

" P perm. mat

The argument of the advantage is larger for an invariant function. Therefore, the optimizer in the advantage is
attained by an invariant function. O

Proof of lemma Consider the space of polynomials taking values in {—1,1}"*" of degree less than D. The
monomials Pg ; and the unit function are a basis of this space by lemma Grouping the monomials
by permutations, i.e. summing over Zﬂenw‘ they form a set of polynomials invariant by permutations. We
construct the candidate basis set with these functions decorated with the unit function, and want to show the
set spans invariant polynomials of degree less than D. For f a generic permutation invariant polynomial of
degree less than D, we have in particular that it is decomposable in the P; , basis, since it is a polynomial.
Mathematically, there exist coefficients such that:

f=ag+ >, acaPon (A.6)

Geggp,n

where & corresponds to the constant function. In particular, for any G € G<p labelled in two different ways
with 7() = 7(2) e Iy there exists a permutation matrix P such that:

ag . = Ep, [f (Y)P, G,n(l)(Y)] = Ep, [f (PY)PG,nu)] = Ep, [f (Y)Pc,nm] =G 72 (A7)

Since the coefficients are the same across 7t € 1|, we collect them and write f as a linear combination of
elements of the candidate basis:

f =g+ Z Z &G,n P = Xy + Z &G Z P = Xy + Z agPg. (A.8)

GEQSD HEH\V| aG GeggD HEH‘V‘ Geggo

Having a decomposition, we can show uniqueness in the same way as in the proof of lemma Therefore,
(1, (PG)Geg@) is a basis for invariant polynomials of degree less than D. O

B MATCHING BOUNDS

In this section we put elements of the proof of propositions and a complete argument for proposi-
tion Namely, we discuss what happens when we relax either of the conditions from assumption [3.1] or
assumption 3.7l The idea is that:

e if k # o (n) then the signal is approximately of the size of full observation matrix; we reach an information-
theoretic threshold easily and there is no gap;

e if Ak/\/n # 0 (1) then a line-sum statistic performs detection (with a caveat for perturbations of A);

e ify#o(WkK2)or+#o (\/g) then a global sum statistic performs detection.

To make matters clear, we repeat that we do not comment on the condition on A because it is just to scale
everything correctly.

With results of this kind, we are certain that our main theorem 3.§]is tight up to poly-logarithmic factors. Let
us explain thoroughly the two sides of this argument. On the negative, under assumptions [3.1- 3.7/ specialized
at D ~og logn our result says that no polynomial of degree D can perform weak detection in the sense of
definition On the positive side, again up to poly-logarithmic factors, as soon as we violate either of the
conditions we show there are two options. Either there is no gap at all when we hit the information-theoretic
bound, see appendix |C} or there is a working algorithm. Therefore, the low-degree conjecture of section
captures the expected behavior of known algorithms (see subsec. for further comments).

In the two next subsections, we analyze the algorithms with concentration arguments using Op (-) to denote a
term that is bounded with high probability. In the third subsection, we present the formal derivation for the
global sum statistic, i.e. the proof of proposition
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Remark B.1. As n — oo poly-logarithmic factors are negligible. The claim “up to poly-logarithmic factors” is thus
rather rough for sharp, low-dimensional claims. It is somewhat standard in the low-degree method.

B.I Global sum statistic

The global sum statistic from equation

SglobaI(Y) = EYij/ (B.2)

i#]
is able to distinguish (Hp, H;) under mild conditions on the parameters. The intuition is as follows. With
high probability, X = (x;;);»; concentrates since it is a matrix of Bernoulli random variables. Indeed, we have

Xijj ~ ABer(¥/x?) and in particular x; L V/ABer(k/n). With high probability, the support of the vector x is of
size:

D %xi ~ [supp()| = k+ Op (VE), (B.3)
i=1

so that the size of the portion of the matrix with signal is with high probability within k* + Op (k3/2>. For large

enough k, the correction should not matter. Then, the random variable sgjoba1(Y) has the following distribution
for the first perturbation problem:

>, i Rad (1+4/2) + >° i#j Rad(1/2) under Hy
Xij:1 XI]:O

2. iz Rad (14+A+47/2) +37 ;2 Rad(12) under H;.
Xij=1 X;j=0

Sglobal (Y) = (B.4)

Again, by concentration there are k2 + Op (k3/ 2) entries in the first sum, and n% — k2 F Op (k3/ 2) entries in the
second. Using concentration:

Z Rad(1/2) = Op (n) under both Hy, Hy, (B.5)
i#]
X;;=0
since we assume that k = o (n) (otherwise there is an information-theoretic bound). The difference is in the
two sums with the signal. Under the null and the alternative the sum is of roughly k* + Op (k3/2) order and
the Yj; are independent once the entries X;; are fixed. Using these facts:

K2A k der H
3 Rad (1+1/2) = +Or (k) under Ho. (B.6)
i K*(A+1)+Op (k) under Hy
X;j=1
If we roughly impose that the distributions are separated we wish that:
A +15) —k—n Ziog A+ k+n (B.7)

which after simplifications up to log factors means that the sgjopa statistic works when K>y Xlog " which
coincides with the opposite condition of assumption

Remark B.8. The same reasoning for a perturbation { on the size of the signal k as in problem |1.3| gives the feasibility
condition SVA/n Xlog 1 which matches assumption

B.II Line-sum

Alternatively, we could check if there are “many” lines that are large. This corresponds to thresholding the
line-sum statistic from equation

Stine(Y) = # {f Y Y= w} , (B.9)

i#]
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for some well-chosen threshold w. The same reasoning holds on concentration of >} ; xi/vA = k + Op (\/I;) ,
so defining the clique set ¢’ = {j : x; = 1} it holds that:

Zi# Rad(1/2) iid. if j ¢ ¢ under both
Di»j Rad(1+242) + 3 ;i Rad(12) iid.if j € € under Hy
ZYU = i€? i€
1#] Yizj Rad(1+A+1/2) + 32 Rad(12) iid.if j € ¢ under Hy
€€ Z¢% (B.IO)
Op (v/n) if j ¢ ¢ under both
:</\k+O]p(\/%)+O]p(\/ﬁ) if j€ 4 under Hy .
(A + 1)k + Op (\/lz) +Op (y/n) if j € € under Hy

First, for the entries to be at all visible we need up to log factors Ak X105 +/71. Secondly, we impose that there is
a clear distinction between the sums over the cliques under Hy and H;. Mathematically, we require:

(A+ k= Vk = /1 2105 Ak + Vi + /1. (B.11)

Reordering and using again leading orders we obtain the condition k X105 +/71. Notice that the condition is
1l Zlog V¥/k and by k 2105 /1 (recall remark we are not in the regime of assumption as Vitfk 2o MK2.
This holds true unless we have no detection-recovery gap: in the case of a line-sum statistic we get close to a
matching algorithm for the hardness result of theorem (3.8l when A is perturbed.

To fix this little inconsistency, we just need to realize that once the condition Ak Xlog 4/n holds then we can
estimate the clique with high probability. Consequently, since we expect complex testing (prob. to be
an easier problem than estimation (prob. [1.5), complex testing should be easy in this regime in the sense of
definition In practical terms, we can identify k columns in Y where the line sum is well above the value of
a line sum without signal. These are columns j € ¢" above. Taking the sub-matrix (Yj;);jew € {—1, 11K we
aim to estimate the signal strength and see if it is closer to A or to A + 7. Since for given j € ¢ the Op (y/n)
oscillations came from entries i ¢ ¢ that did not have signal we know that:

Ak + Op (\/12) under Hy
Y= , iid.forallje%. (B.12)
i,je€¢

So if we use the signal estimator

A 1
AY) = 2 XYy (B.13)
€T i#j
ie?
then:
~ A+0p (L under Hy
AY) = <ﬁ) ) . (B.14)
A+1n+0p (W) under H;

To separate the distributions we need 7 X105 1/vk. The intersection of the perturbation assumption [3.7/and

1 Rlog YVk is a non-empty interval when n Zjoq k2. Since we keep the condition that k/n = o (1) from
assumption [3.1} combining these two observations complex testing (prob. is solved with high probability
by a line sum algorithm as soon as we break the inequality A¥/\/n = o (1) for k of small enough order with
respect to n.

Remark B.15. Contrarily, if we have Ak/\/n 2104 1 for a perturbation on k with magnitude { the heuristic suggests that
line-sum distinguishes when k + vk Slog k + ¢ — /k + T which holds up to log factors when { Z1og Vk. Noticing that
Vk <log \/"/A the region is included in assumption We directly have a working algorithm.

In the next subsection we discuss the weaknesses and arguments in favour of these conclusions.

B.I11  Comments on optimality of global sum and line-sum statistics
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Our main theorem (thm. is a negative result and as soon as we violate any of its assumptions we know
there exists an algorithm.
The weakness of this argument is that while there exist an algorithm, nothing tells us this should be optimal.
Formally, the Neyman-Pearson lemma ensures that if we allow for unconstrained computation time, regressing
to an information-theoretic setting as in appendix [C} then we know the optimal test is a well-chosen threshold
on the likelihood ratio (Kunisky, Wein, and Afonso S. Bandeira [2019). However, once we restrict to polynomial
time algorithms there is no guarantee that the optimal algorithm is the sum or the line-sum statistic of
equations [B.2] - There might as well be an algorithm that under both assumptions [3.1] - [3.7]is able to
perform weak detection (def. for complex testing, which is problem While this is a possibility, we
present three key arguments to argue that it is not expected.

(A1) The sum and line-sum statistics (eqns. - are optimal among invariant statistics, where by
invariance we mean invariance in the sense of lemma Since we know the objective function in the
advantage (def. is attained by an invariant function, we know that no function can do better than
our candidates in terms of weak separation (def. [2.12).

(A2) While one could further argue that weak separation (def. is a sufficient condition for weak detection
(def. [2.5), and not a characterization, the wide belief is that once we restrict to degree D polynomials
these criterions become rather equivalent (see the discussion in (Kunisky, Wein, and Afonso S. Bandeira
2019), especially regarding hypercontractivity).

(A3) Lastly, the low-degree method is a heuristic, but it appears to catch the expected algorithmic thresholds
for a wide collection of problems (we mention some in subsection [L.II). Modulo some adjustments it
is well-established as a method for those that believe in it. At the very worst, it rules out thresholding
polynomials up to some degree. This is already a large class of test functions that includes spectral
methods (see (Kunisky, Wein, and Afonso S. Bandeira 2019)).

We now move to an exemplified proof via concentration inequalities for the global sum statistic of equation [B.2]

This is the proof of proposition

B.IV Formal analysis of global sum statistic under signal strength perturbations

Concentration arguments as in the previous two subsections are clean but avoid the many details. Here we
add these details for the sgiopa Statistic/algorithm (eqn. [B.2) when we test @ = (k, A) against 6’ = (k, A + 1) in
the sense of problem At the cost of similar arguments all the other combinations of perturbations and
thresholding statistics are analogous.

Proof of proposition We want to bound both the probability of a type I error and of a type II error. This
means that we want to upper bound:

Ph, [Sglobal(Y) — o = C] , and Py, [sglobal(Y) —po < C] , (B.16)

for some well-chosen threshold ¢ € (0, #(n—1)/n2k?1), where g := n(n—1)/n2k? A is the expectation of Sglobal Under
Hp. Similarly, we define pq := n(n=1)/n2k*(A + 1), and ¢ := 1 — o > 0. By the equation above we have two
events to consider respectively under Hy and Hj:

Ao = A(()g) = {Sglobal(Y) —Ho= 5} ;o A= Agg) =Aj = {Sglobal(Y) —Ho < 5} : (B.17)

While these are largely complex to analyze, we can condition on high probability events that simplify their
evaluation. Inspired by the discussion of the previous subsection we define:

B=BY = {|lsupp(x)| — k| <ok}, C=CW =23 Y Yy{<x¢, (B.18)
Xll):/éio

where ¢ € (0,1), x € (0,n(n—=1)/2) are parameters we will choose together with ¢. The following fact allows us to
decompose the probabilities.
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Fact B.19. Let IP be a probability measure and A, B, C be three measurable events. Then:
P[A]<IP[A|B,C]+P[B]+IP[C"|B]. (B.20)
Proof. We just decompose the probabilities over and over. Mathematically, we have:
P[A]=P[A|B]P[B]+P[A]|B°|P[B°|<P[A|B]+P[B], (B.21)
and we bound further in this style to make C pop-up. We have:
P[A|B]|=P[A|B,C]P[C|B]+P[A|B,C|P[C°|B]<P[A|B,C]+P[C"|B]. (B.22)
The claim follows. O

It remains to show that this whole sum is small using concentration of measure results.
The easiest term is the unconditional probability. We have that |[supp(x)| ~ Bin(n, /) so that:
. 5%k
Py, [B€] = IP [|Bin(n, k/n) — k| > 0k] < 2exp {—3} , (B.23)
by concentration of the binomial distribution. We can make it small upon choosing well 4.

For the conditional probabilities, we need to be more careful. The key observation is that both events
can lose the dependence structure if we take the worst-case. Let us be clearer with an explicit example.
Consider Py, [C | B]. For each fixed realization of the support x the random variables Y;; such that x;x; = 0
are independent Rademacher distributed random variables. The number of these pairs depends on the size of
the support, but we always have a Gaussian concentration. Assuming the size of the support is s we have that:

= )ZC] <2exp{ Xz}, 5= nn 1) — s(s—l)’ (B.24)

8 2 2

i Rad(1/2)
r=1

P[C | |supp(x)| = s] = IP[

where we notice that we divided by 2 since we were summing over i # j but the matrix is symmetric. Therefore,
conditional on the event B, we have an overall bound by the worst size possible, which is in this case the
maximal size since:

XZ XZ XZ
Y = - S — =5 ’ B
se[k<1f’33<1+mexl°{ 8s2} eXP{ 2<n<n—1>—k<1—5><k<1—5>—1>>}<8Xp{ an} (B-25)

since k/n < D% and D > 2 under assumption Notice that here we only apply the information-theoretic
part of the conditions (see discussion at the beginning of this section and remark [3.5).

For the other two conditional probabilities, the reasoning is analogous, but we need to make two different
bounds.

BOUND ON NULL HYPOTHESIS TERM The following event inclusion is useful to simplify the expression:

{Ag|B,Cy =< > Yy—po=¢— >, Yi|BC
i#j i#]
Xl'X]'=1 Xl'X]'ZO
> (B.26)
- Z Yij_y())ér_X‘B/C ’
i#]
XiX]'Zl

where we used in particular that event C holds. For fixed X, the sum on the last RHS is a sum of independent
Rademacher distributed random variables with mean 1+4/2 and unit variance. If the size of the support is s we
find again:

s(s=1)/2

_ _ 2
P ;1 Rad (1+)/2) — % > ‘:2"] <exp {‘2&5(5701))} Vx <& (B.27)
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where we stress that we will have to take into account the condition x < ¢. Taking the worst-case value among
supports allowed by event B we bound as before under assumption

__E=x0* @-x?
celk(1-0)k(1+0) eXp{ 2(s(s — 1))} s eXp{ 2n2 } (B.28)

Therefore, in the worst-case we have a bound of this type on Py, [Ag | B, C].

BOUND ON ALTERNATIVE HYPOTHESIS TERM We seek something similar, now using that under the H;
distribution the mean is not yg but rather y; = po + ¢, so we need to recenter concentration terms. Let us
establish the useful inclusion:

{A1|B,C}={ > Yj—mo—¢<i— > Y;—¢|BC
i#j i#]
Xl'X]':l Xl‘X]‘=0
<< D Yi—m—¢<E+x—¢|BC (B.29)
i#]

Xl'X]'=1

-

=4 D) Yij—m<&+x—¢|BC
i#]
XiX]'Zl

If we fix x in the last event, and take it to have a support allowed by the event B of size s, we need to evaluate
the tail probability of a sum of i.i.d. centered Rademacher random variables. By Gaussian concentration, under
the necessary condition that { + x — ¢ < 0 we find:

S(s—1)/2 B )2
P [ r; Rad(1+A+7/2) — % < W] < exp {(g(:(gc_f;))} (B.30)

One last time, the worst-case upper bound inside the event B is by the conditions that we keep in assump-

tion
— )2 — $)2
wp el -GHOEY o f et 50
se[k(1—8) k(1+0)] 2(s(s —1)) 2n

PUTTING IT ALL TOGETHER We aim to threshold properly sgjopa and show it attains a small type I and
type Il error. The variables in the following bound are the threshold ¢ and the conditioning events thresholds
(6, x)- We start by combining equations [B.23|- [B.25|- [B.28]- [B.31]and fact [B.1g| for a valid triplet (&, x,d) such
that x < ¢,¢ + x — ¢ < 0. In equations, the sum of type I and type II error admits the bound:

Py, [Sglobal(Y) —Ho = §] + Py, [sglobal(Y) —Ho < C] = Py, [Ao] + Py, [A1]
< ]PHO [AO ‘ B, C] + ]PH1 [A] | B, C] + ZIPHO [BC | C] + Z]PHO [CC]

< exp{—(gznéc)z} +exp{—(g+zxnz¢)2}

2 2
X ok
+2exp{ 2n2}+4exp{ 3 },
(B.32)

where we used that the events B and C¢ | B do not change whether we integrate under the distribution of Hy
or of Hj. The remaining part of the proof is just an analysis argument to make the RHS smaller than 1 — () (1)
when the condition on the perturbation of assumption 3.7is violated, so when #7k*/n 2o 1 approximately.
Let us bound each term separately and then combine them. We seek to make them all less than p/4 for
some fixed p € (0,1) that depends on (1,k, 7). The choices we make reflect the heuristic of subsection [B.I} and
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happen to be the minimum required for weak separation (def. [2.12). Taking & = ¢s/v/k for some cs > 0 we have

that: )
52k Cs p P
4exp{—3}—4exp{—3} gz = (5 = _3IH(T)' (B.33)
Letting x = cyn for some c, > 0 we have that:
X G| _vp 4
2exp{nz} = 2exp Y < 1 = cy =4/—2In (g) (B.34)

These are the decoupled terms. Concerning the coupled terms, we see that there needs to be a non-trivial
interval for ¢ to exist. Combining the conditions to have our concentration inequalities such interval is:

-1
x<g<g-x="0"Dey y (B35)

which is a non-empty interval if ¢ > 2x = 2c,n. Once we impose that the interval exists, we have that
& — X > (cg — cy)n > 0 for some cz > cy thanks to which:

€-x)° (cz—c)?| _p p
exp {— ) < exp T < L = % = 4/—2In (Z> (B.36)
Using the same reasoning, we can find a ¢/n > ¢y > cg such that ¢ —& — x > (cp — ¢z — cx)n implying:
(¢—¢—x? (cp—cc—cx)| _p p
exp{—zl12 <exp B — < 1= Cp—Cg—Cx =4/—2In (Z> (B.37)

Reordering equations B.33| - [B.34] - [B.36| - |B.37} together with the fact that ¢ > 2x and ¢ > ncy we see that we
want to find a p € (0,1) for given (n, k, ) such that the following intervals are non-empty:

—3In (ﬁ) <cp <o

16
—21n (g) < ¢y
" (B.38)
cX—M/—Zln(%) < < E—kcx
cx +cg + —21n(§> <cp < %+cx+c¢.

The first is trivially satisfied for c; large enough. The second includes ¢, which appears in the condition
¢ > 2x = 2cyn. The last two intervals exist as soon as ¢ > n4/—21In (§). Therefore, we need to impose two

conditions:
¢ | 21 (P ¢ | o (P B
> 20y =24/-21 (8)' > 21 (4) (B.39)

The inequality % > 2cy is the opposite of the perturbation in assumption as ¢/n = n(n=1)/n3k*y > ¢, > 01is
satisfied for all n > 2 when ¥/2u57 > ¢,. The other two, for fixed (1, k, 77) identify a region p € (pc, 1) of allowed

probabilities. The expression of p. is explicit:
pe > 8\ e 57, (B.40)

where the RHS is less than unity, making the interval of allowed values of p non-empty, when ¥*7/n > 41/21n8,
which is again a violation of assumption Retracing our steps back, under the last condition there exists an
interval for c,, and automatically equations are satisfied, which implies that all constants cy, ¢z, ¢y exist.
The constant c; always exist for any given p, and the final probability is:

2
Py, [Sglobal(Y) —Ho = C] + Py, [Sglobal(Y) —Ho < 5] <pe=8\e " te<1l,  Ve>0. (B.41)
In particular, the threshold ¢ is in the non-empty interval nc, < ¢ < ¢ — ncy, and we take the constant:
— . /—21n (P
Cy = 2In ( 3 ) (B.42)
O



C AVERAGE-CASE HARDNESS AND STATISTICAL-TO-COMPUTATIONAL GAPS (FOR UNFAMILIAR READ-
ERS)

A common problem in statistics is to understand “emergence” of structure, where by emergence we mean
the statistical threshold at which the latent random variable is visible. We suppose our observation Y is for
example a random matrix, sampled from an unknown distribution, and aim to recover information about the
distribution from the data. In an ideal setting, we have all the deterministic information possible, and wish to
infer only the latent random structure.

Let us propose a motivating example. For given (k,A) € R%, a form of the planted sub-matrix model as
in equation [1.6is such that there is a latent set S of around k indexes i € [n]. Therefore, there is a |S| x |S]|
sub-matrix of Y that has morally more +1 entries. The increased number of positive entries compared to the
rest is precisely a notion of structure.

Remark C.1. Since A enters a probability, the parameter space is without loss of generality (k,A) € R4 x [0, 1]. The
case in which A < 0 is symmetric.

WHAT IS A STATISTICAL THRESHOLD? In this statistician-friendly formulation, we know all deterministic
features of the problem: the model, the model size 7, the signal size k, and the signal strength A. What we want
to understand is the nature of S. In particular, any other formulation where we do not know more is naturally
harder to solve, in any sense possible. For the purpose of this document, we restrict to the optimistic scenario
where only the latent information is unknown. The only issue is that we do not know S a priori: it is random
and there are (}) possible realizations. In practice, if we plot the matrix it does not have a block structure.
Intuitively, if A is large, i.e. we plant a strong signal, or k is “large”, i.e. we plant a “big” sub-matrix, it should
be “visible”, but we are interested in formalizing what large, big, and visible mean. For this purpose, we control
randomness by taking a setting where (k, ) vary jointly, possibly with other auxiliary parameters. Let us store
them abstractly in a vector 8 € @ — RX. The interpretation is that we see the planted sub-matrix problem
as a model that depends on its parameters 8 and want to answer questions such as problems |1.1{-|1.3|-
reported here informally for convenience:

(Q1) In which regions of ® can we understand if we observed a matrix with structure or not at all?
(Q2) In which regions of ® can we understand if we observed a matrix with large/strong structure?
(Q3) In which regions of ® can we find the latent structure?

Remark C.2. A common trait is that the regions exhibit dependence within parameters. For example, we would have
A = A(n), k = k(n) and n, so that as n varies also (k, A) do. The simplifying approach is to take n — oo, and then
potentially refine with non-asymptotic results.

A statistical threshold is the boundary at which the behavior of a problem with randomness changes.
When it is unveiled, we find well-behaved and identifiable regions of different statistical behaviors; from one
to the other, a new characteristic of the problem emerges. As an example, suppose 0 # 6’ where ¢’ is a slight
perturbation of 8 that goes just outside the region where we answer (Q1) positively. Then, we are sure that
there is not enough information in 6. In other words, in moving from 6’ to 6 in parameter space the signal
emerges from noise, and the boundary we crossed is sharp in some quantifiable sense. While the questions
above are informal, there are canonical formulations in statistics that formalize them.

We want to answer (Q1) - (Q2) - (Q3). Problems -l1.3]- formalize them in the language of classical
statistics, but what does it mean to “solve them well”? According to which measure of goodness?

SUCCESS CRITERION In problems|[1.1]-[1.3]-[1.5| we glissed over what “solving well” means. For estimation,
it is common practice to consider a loss with respect to the ground truth. In some cases, this is an ¢7 loss.
Since there is randomness involved, we will take the expectation of it and require obtaining guarantees on the
loss over the randomness. For example:

(C1) if the loss is on average larger than a certain value, we have a negative result;
(C2) if it is smaller than a certain value, we have a positive result;

where positive and negative merely mean that we are sure to be better/worse than such loss on average. The
trick is then to understand what is the best we can do, or the least considering the trivial method, e.g. random

70



guessing, and comparing. For hypothesis testing, the analog is to study the probability of making a mistake,
which is the sum of type I and type II errors.

The key aspect of the comparison step is understand what we want to study. In the next two paragraphs, we
present a seasoned and a modern view on hypothesis tests such as problems [1.1|-

CLASSICAL Statistics has long focused on universal guarantees over any possible function. For example,
studying (C1) above boils down to proving a result such as:

“For any 6 € @;m,, the type I and type II error are larger than 1/2—o0(1) as n — o0”.

The formalization is:

L o) {(Pr, [FY) = 1] + Py, [FXY) = 0]} =1—0(1), V0 € Ojnp, C3)

and tells us that for any function there is no construction that performs significantly better than random
guessing for problem configurations in ®jyp. In other words, ®;y,, is a region of impossible problem instances,
where we cannot answer (Q1) or (Q2). An example of companion result of the (C2) type is for example:

“For any 6 ¢ ©;n,, there exists an explicit f* (or more than one) that attains small type I and type II error as
n— o0’

In full analogy, we write this as:

aant (P [ = 14 Pay () =0} <1201, ¥0¢ Oy, (C4)

and f* attaining it known, e.g. some complicated integral.

Remark C.5. While we only presented an example, there are many ways to write down these statements, according to
the notion of solving “well” the problem. In the positive result just above, we could have asked to be o (1). We could have
written these down non-asymptotically with precise quantitative versions of o (-), O (-). The theory is rather flexible in
this sense.

The main bottleneck of these principles is that in many cases the optimal function f* is known, explicit,
but takes exponential time to compute. Given an observation Y with n » 1, we are hopeless to have the
answer before the age of the universe. This non-practicality observation has drawn research to the scenario in
which we replace functions with algorithms.

COMPUTATIONAL BOUNDS To capture the behavior of efficient functions, we rephrase equation [C.3]as:

inf Py, [f(Y) = 1]+ Py, [f(Y) =0]; >1-0(1), V0 € Oaigoimp, C.6
f:{fl,l}l'lll”»a{oll} { Hyp [f( ) ] H,; [f( ) ]} 0() € Oalgoimp (C.6)

f computable in poly-time

and equation[C.4|as:

= 1}lnrlfn (01} {]PHO U(Y) = 1] + ]PHl U(Y) = O]} <1-Q (1)/ Ve ¢ ®algoimp' (C7)
f cofnpuéable in pol):—time

In particular, by the fact that we restrict the optimization, we have ©,jgoimp 2 Oimp- With these types of
inclusions we can create a hierarchy of hardness of problems which is useful to define.

Definition C.8 (Domination). Since we look at problems over a phase diagram of parameters, two problems P1, Py are
put in relation depending on how large an area they cover with a positive answer. Suppose two given problems Py, P»
depend on a set of parameters in RX. Given a criterion for returning a solution, e.g. a loss, they are in order of domination
Py > Py if Py is solved in a strictly larger subset of RX. In particular with this definition the unconstrained method

(eqn always dominates poly-time algorithms (eqn [C.7).

When the inclusion ©,jgoimp 2 Oimp is strict we say we have a statistical-to-computational gap. There
are regions of the parameter space where problem instances are solvable by a generic function but not by
algorithms. The importance of studying existence of gaps is merely practical: for a given problem, it is not
sufficient to know when it is solvable, but rather important to know when it is efficiently solvable.

Since the notion of gap is formal, in principle one can hope for an ;*lgo optimizing equation [C.7]and a negative
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result uniformly over the class of algorithms like equation However, there is no well-known formalism
that captures algorithms with functions and vice versa. In recent years, the approaches proposed consisted in
restricting to a certain “computational class”. While none of them has a precise answer[”7| modulo some details
they tend to make the same predictions on the ®;y,, regions across interesting problems.

For the purpose of this document, we focus on the low-degree method, which we discuss at length in section [2]
of the main text. It is one of the most flexible and mathematically established. Some alternatives and comments
on connections are in subsection

"Rather, they all work with the conjecture that they are capturing algorithms under nice assumptions.
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