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Foreword

While diving deep into the intricacies of Statistical Physics, I often found that I
was not prepared for some sub-topics and terminology appearing. This document
is an attempt to collect part of the aspects that might bridge the gap. The intention
is not to be comprehensive, but rather to be as self-contained as possible in the
discussion of interesting topics.

Clear emphasis is given to techniques and observations that are needed to treat
the intersection of Inference and Statistical Physics, which is eventually what I had
time to focus on. Said so, this is not the right document if the reader is interested in
the branch of the field that still focuses on the purely Physical aspects. For example,
a strong influence was the course (Krzakala and Zdeborova 2021)), the book (Mezard
and Montanari [2009), or in general the works of those researchers that sit at the
boundary between Inference, Information Theory, Physics, and Machine Learning.

The topic is very fascinating, wide, and complex. Given that here we focus only
on giving the underlying ideas, there will be very little emphasis on modern uses of
the tools. The reasons are twofold:

1. T wanted to write down a relaxed treatment of what is considered introductory
knowledge in the field;

2. the document itself would have been too large and dispersive.

In some sense, the following Chapters could be taken as a quick crash-course on

each of the subtopics for inexperienced readers like me, who cannot make sense of
some terms and concepts when they first read them.
For a discussion of one of the many leaves of research where Statistical Physics is
useful, I have written a thesis (link]), of which these pages are effectively a spin-
off. Even more importantly, any reference cited in the Chapters is a valuable
source of interesting and wonderful works. With some care, I have made the effort
of combining Publications, Books, Blogs, and Conference papers, as to provide
something for every reading taste.

Note for the reader I am very much happy to receive feedback. This is a draft
and I do wish to add a Chapter on Graphical Models with some nice results, and
maybe also on the REM. ..

Content Outline Chapter [I|is a brief introduction to Thermodynamics, which
one of the fields where the first relevant questions for modern Statistical Physics
originated. In Chapter [[I] we collect more formal statements about objects and
techniques often used in practice, with an emphasis on those required for replica
computations, which is unfortunately not treated here in detail. In Chapter [T we
zoom out again, and reinterpret some previously stated results in the context of
Information Theory, giving further justification towards the fact that all fields have
a very wide overlap, obscured by different terminologies, and different questions.


https://simonegiancola09.github.io/projects/portfolio-12/
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Chapter I

Thermodynamics, Statistical
Mechanics

This Chapter is a Physics-style discussion of the foundations of Thermodynam-
ics/Statistical Mechanics. It serves the purpose of introducing terminology and
concepts that are not common in Machine Learning. Nice resources that approach
the field independently are (S. J. Blundell and K. M. Blundell 2009, Chaps. 1, 2,
4), the lecture notes (Schwartz|2021)), especially Lecture 7 and 8, or the manuscript
(Tong 2012), which is more comprehensive. Since the subject is very old and at-
tractive, the list is not exhaustive.

In terms of style, we will be as concise as possible and leverage intuition. The prac-
tical purpose is providing a definition of entropy and a quick treatment of ensembles
and their importance.

In Section the building blocks of Thermodynamics are presented, to later ar-
rive at Sec. where Temperature is introduced. Then, we attempt to give a
self-contained description of ensembles, in Section [[.3] To conclude, we present a
discussion on the notion of mean-field approximation and one type of inequality
which is widely used under the rug.

Preliminaries Throughout (2, F,P) is a probability space. Emphasis on n is
placed especially when the size of the sample will matter. When we need no dis-
tinction and the probability space is clear from context, we will use P. As always,
random variables may take values X : Q — 27, where 2" < R?. In particular, we
choose the following construction, which appears in (Ellis 2006, Sec. 1.1). Despite
being more general than what we will need, it provides a good understanding of how
the probability space is designed and is of great importance for large deviations.
We will introduce the concept in Section [[IT.5]

A system is an idealized experiment where a random process is isolated from its sur-
roundings. In a system, there will be a collection of random variables {X; : i € .#},
where .# is an index, defined on the probability space (2, F,P) taking values in a
common state space Z . Any result will depend solely on the random variables, so
a natural choice is to take the sample space as the product space 2", and {X;}ic.s
is its coordinate representation process. Mathematically, for an & = {w;}icr € 277
denoting the sample space realization across the indexﬂ , we let X;(&) = w; which
is the i*" coordinate (vector) of &. The interpretation is that Q = 2™ is the set
of all possible micro-states, i.e. all possible ways in which the phenomenon of ran-
domness realizes, and & € 2 will be a configuration/micro-state of the system. For
a suitable choice of P, the construction is valid. We provide the canonical example
below, and a simplification in terms of coin tossing.

Example 1.0.1. Adapted from (Ellis|20006, Fx. 1.1.1)
Choose as index set = 7, or for a realistic experiment {1,...,n}, which is a
subset of it. Let 2~ < R%. Define P to be the product measure of 27 of identical

INotice that we somehow abuse notation and use the vector notation on bolds &. This is to be
understood as & being a vector of vectors. Nevertheless, all the construction will be needed only
tangentially throughout the document.
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d-dimensional marginals on the space Z . For the set of integers, it is an infinite
product measure, for the experiment set, it is finite. We are describing a set of
itd random variables. As a byproduct, given &, Z it suffices to specify one-sample
marginals P to obtain P = ), , P uniquely. To conclude that the second example
makes sense in the construction, the conclusions of (Ellis 2006, Chap. II) are
needed.

In particular, let =7, Z = {0,1}. The marginals are on a binary space. If they
are all identical, then P = K),c , P for a choice P = Bern(a) with o € [0,1]. In
other words, we are describing an infinite sequence of coin tosses.

In particular, let & = {1,...,n}, 2 = R%, take P = N(0,1;). Then P describes
the law of n iid standard multivariate Gaussians.

1.1 Postulates

We place ourselves in the metaphorical scenario of a thermodynamic system. For
the beginning, we will take the perspective of energy. Theoretically, Energy will be
the result of a configuration of random variables with a well defined function. We
will reconcile the two notions when “defining” the Hamiltonian, which is the right
formalism for the above construction. If it causes difficulties, energy can be directly
taken as a function of X.

Before getting into concrete matters, we will consider four foundational principles.

(P1) Energy & is a scalar quantity that describes a thermodynamic system. It is
a thermodynamic property that is to some extent measurable or observable.

(P2) An isolated system is not allowed to interact with external entities. We can
think of it as a perimeter with a strong boundary at fized volume that al-
lows for no exchange of energy. Its energy is the sum of a kinetic term and
a potential term. The former concerns particle-level energy contributions,
the latter is a term accounting for relative positions and interactions intra-
particles. A closed system does not exchange particles with the environment
but can exchange energy.

(P3) An ideal gas is a system of n non-interacting particlesE] Its internal energy is
thus only the sum of the individual kinetic energies.

(P4) Heat is the phenomenology of energy in transit. For two systems allowed to
exchange energy, we say they are in thermal contact. Experimentally, heat
flows to reach equilibrium, with an equal share rather than a polarized sce-
nario]

It is fundamental to pair these principles with some of the famous laws of thermo-
dynamics. While these can be justified on many grounds (e.g. see (S. J. Blundell
and K. M. Blundell [2009) or any book on the subject), we will largely avoid such
discussion, since it is not relevant.

Zeroth Law of Thermodynamics

Two systems in equilibrium with a third are in equilibrium with each other.
In other words transitivity applies.

We consider non-deterministic systems with n particles, where n is large. Due
to randomness, a collection of possible realizations in a space 2 is available. We also
assume that physical constraints force the statistician to access the configuration
only at a global scale, which might however come from many different realizations.
Different realizations are called micro-states, while what is observable is a macro-
state. In other words, given the overwhelmingly numerous amount of particles, we
will be interested and allowed to measure only macro-states.

2the assumption of Molecular Chaos and coarse Graining in Ehrenfest’s and Maxwell’s work
(Ehrenfest et al. [1960; Maxwell [1860), (Schwartz 2021}, Lecture 3)

3Namely, “hot” flows into “cold”, but notice that we are not defining temperature yet! For now,
it can be visualized as energy exchange.
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In the first appearance of Thermodynamical theories, it was justified by the scaling
of the playground. A Physicist deals with n ~ 10?3 particles, of the order of
Avogadro’s number, which is the number of atoms in a mole of matter. With such a
number of degrees of freedom, it is hopeless to describe the model with Newtonian
mechanics, and one must resort to probabilistic arguments.

Despite the seemingly tailored adaptation, we will see that many results adapt by
analogy to other theoretical frameworks, and more interestingly than others, to high
dimensional data. We give a taste of these large scale phenomena in the example
below.

Example 1.1.1. Consider a fair coin, where each realization x; € {0,1}. For n
throws, we represent a single outcome w € Q,, as x(w) = (1 (W), ..., xn(w)), which
is a string of digits. While every binary string is equally likely [with probability (wp)
%, there are (Z) ways of having exactly k heads. For n big, the probability of having
k heads is not uniform in k, since there is not a single occurrence for which k heads
are sampled. Consider n = 20, k =5, then:

n i 15504 1 .
(k) = 15504 P l;x = k} = o S 04> 5o~ 053-107. (112)

In a thermodynamics setting, such notion is justified by the fact that if we have
n >» 1 particles, it is very unlikely that we will be able to measure e.g. the velocity
of each of them individually. Physicists thus pursue a treatment of the subject that
deals with aggregate phenomena stemming from the small scale into the big scale.
On a different perspective, the peculiarity of exploding numbers spurs from the small
scale indistinguishability, which mathematically translates in factorial expressions
that blow up quickly as n grows.

Remark 1.1.3. Notice that we are finding the number of micro-states by fixing
the macro-state of observation. It is easy to understand why this choice is made:
since for each micro-state there will be only one macro-state, while each macro-state
refers to many micro-states. Therefore, the other direction would be meaningless:
the function that maps micro-states to macro-states is trivial, though difficult to
measure, while the function that maps macro-states to micro-states multiplicity is
not friendly, but easy to derive.

Definition 1.1.4 (Observable). A function € : 2 — R, which ideally represents
the outcome of an experiment. Given the randomness, it will eventually be a random
function. An observable is a quantity, a function, a macroscopic property. All
names are equivalent.

Having outlined the starting scenario, we now develop in parallel the treatment
of first-principles and their direct consequences.

I.2 A Statistical Definition of Temperature

Consider two systems in thermal contact. When external contributions are negligi-
ble, these are thought of as an isolated system, for which energy is conserved. We
write:

E=Ex+E+E4p dE =0 (1.2.1)

to enforce these constraints, where the pedices denote that individual contribu-
tions are summed, and the interaction energy &ap is negligibleﬂ Implicitly, we are
leveraging another law.

First Law of Thermodynamics

Energy is conserved and may just appear in different forms. The law is
equivalent to the more famous statement “No energy is created or destroyed”.

4In practice, this is the energy on the layer of contact. For sufficiently large volumes, the surface
is negligible.
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It must be stressed that Energy is in units of measure, so a different choice of
units of measure leads to equivalent notions. Fixing the sum of the two energies to
any value thus implies that to know a macro-state of the system it is sufficient to
know the value of &4. If we denote as .4 the number of micro-states of a system,
system A can be in any of its .44 (&4) micro-states and system B in any of its

N (EB).

Example 1.2.2. In a probabilistic sense, one can see that |Q] = A, where the two
are allowed to depend on (n,&). In the two systems setting, only N4 varies as &
varies. Such fact is justified by the observation that the probability space is fized,
and the macroscopic property is itself random. The way of letting & and A vary
is crucially different. It is done ab-initio, the other is during the calculations. Basi-
cally, a choice (n, &) will lead to a system. While we could interpret the evolution at
each n, for our purposes, we will define problems at finite n, but when considering
a Thermodynamically isolated system, we will see its behavior at n — 0.

As already observed in Example many micro-states may map to a single
macro-state energy. Hence, it makes sense to introduce an object that collects
configurations with the same behavior up to measurements.

Definition 1.2.3 (Degeneracy function). Recall that & is a scalar function, assume
it takes values on a space E < R. The degeneracy is then a function ¥/ : E S R —
N such that A (&(w)) counts the number of micro-states that attain such energy
level. If energy takes continuous values, we take with some care N (&) to represent
the number of micro-states with energy in [&, & +06&) for a small variation 0& of the
energy, which is reasonable as long as we implicitly assume that our measurement
tools have accuracy less than 68 .

Example 1.2.4 (Avogadro Scaling of Degeneracy). For na = 10?3 particles, with

21023

possible individual states {0,1}, there are arrangements.

When two systems are in contact, there are A4 (&4) A5 (&) possible micro-
states by a simple combinatorial argument. We imagine that the two are left in
contact for enough time ¢ as to reach an equilibrium, which in our case could be
regarded with the expressions dé&s = 0,dép = 0 (as time dependent quantities).

Assumption I.2.5 (Fundamentals). We (reasonably) assume that in thermal equi-
librium:

(A1) Postulate of equal a priori probabilities: each micro-state is equally
likely[|

(A2) Variability: micro-states are continuously changing in time;

(A3) Ergodicity: fort — oo all micro-states will be visited for an equal amount of
time. It could also be tmplied by a detailed balance condition and irreducibility.
An argument with such flavour is found in (Jaynes|1957).

Remark 1.2.6. What is referred to as ergodic hypothesis mostly regards statement
(A3). We do not discuss much about this matter, but it is common to take it
as granted. The crucial advantage of ergodicity is that time-averages become
sample-space averages, and the [Central Limit Theorem (CLT) can be used for
a sequence of observations in time t rather than in w € Q. Without it, any compu-
tation would be on different grounds, as we are doomed to observe only one w for
each sequence of observations.

From these foundations, which can be added to (P1)-(P4), we are ready to state
another law.

Second Law of Thermodynamics

The macro-state of an isolated system in Thermal Equilibrium is the one
with highest multiplicity of accessible micro-states associated. By accessible
we mean in the timescale of the observation

5With reasonable work, this can be seen as a consequence of Boltzmann’s H Theorem (Schwartz
2021}, Lecture 3)
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Example 1.2.7. Consider the fair coin example, and ignore punctual estimations,
it is sensible that by the CLT the average of n = 108 throws will be very close to %
In principle exactly % s mot true at finite n, but if we allow for some error and let
n be very big, the almost sure convergence will give the result.

Coming back to our two systems, we aim to maximize the product of micro-states
[(with respect to (wrt)| the energy values at fixed total energy. Mathematically

max N4 (E4)N5(EB), (1.2.8)

Ep:dE=0

which by usual rules of differentiation leads to the system:

dANA(EA) NB(EB) dAp(6p) A6 dAa(Ex)
464 =0 )l g, T g =0
d& =0 d&4 +dés =0
(1.2.9)

From the second equation (i.e. the constraint of energy conservation), we derive
d&y = —dé&p, which substituted into the first gives the following expression:

dA5(6B) dAa(Ea)
— _— —_— = I1.2.1
AEN LD 1 A (6) A — 0 (1.2.10)
multiplying by m and using the identity dlrzli];(x) = ﬁdé(f) one gets
dlIL/KL;(éBA) _ dhL/VB((g)B) (12 11)

déa dés

In simple words, two systems isolated from the rest, in contact and at thermal
equilibrium will most likely be found with a share of the total energies that obeys

Eqn.

Remark 1.2.12. Enforcing that energy is conserved and maximizing with respect
to the energy of the first system is implicitly assuming that system B admits an
energy & — &4. It is not in principle guaranteed, but can be if we get back to the
reasoning that the energy levels are so fine grained that our tools are not able to be
as accurate as their description.

At this moment, it is worth considering what is the notion of thermal equilib-
rium in day to day life. Empirically, temperature is a quantity that we measure. In
houses there are no energy scales, but rather thermometers, and if two objects are
put into contact for enough time they will eventually average out their tempera-
tures. Temperature is a rather arbitrary notionlﬂ like any other quantity in units of
measure, but we can formally give it an origin from the exact equilibrium condition.
Thus we let:

1 dlnA(&)

kT = d&

which formalizes the object and allows for mathematical treatment. Here kg is
a constant which is derived by how other objects are defined in terms of units of
measure. Since the result is dependent on the reference system, and we are not
interested in experimental measurements that depend on Physical units of measure,
we might as well make the simplification of taking kg = 1. Note also that by
construction 7' = 0.

, kg =1.3807-10"2JK! (1.2.13)

Remark 1.2.14. We avoid most of the times the notation T for the more amenable
8= %, which might refer to a “final time”. This will allow for a unified treatment
with the same symbol all around. Obviously, when T — 0 we have  — oo and when
T — oo, B — 0. There two are in a bijection. In rare cases, we will use T and

make it explicit.

Definition 1.2.15 (Boltzmann Entropy). For ease of notation in an isolated system
with equally likely micro-states let

S =kpln A (&), (1.2.16)
so that we can express Eqn. |[.2.11| as B = ‘(iig.

Swhat is it in principle? Where does the concept of temperature start at all?
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Such construction leads to a mathematical statement of the first law of thermo-
dynamics, which reads:
d¢ =Td¥ — PdV (1.2.17)

where (P, V') are pressure and volume. The statement holds in a variety of cases,
most importantly with reversible changes and in absence of phase transitions. We
will discuss the latter, and avoid dealing with the former. For simplicity, it can be
taken to be true with some care. On the other hand, the more general statement
that d& =d2 —d¥ where 2, % are heat and work and the symbol d denotes an
inexact differential is always true but requires different notions. A starting point
for the approach is any classical thermodynamics book such as (S. J. Blundell and
K. M. Blundell 2009). The discussion is still interesting once the focus moves to a
finer analysis of the second law of Thermodynamics.

Remark 1.2.18 (An equivalent statement of the second law). The second law of
thermodynamics says that entropy tends to maximize. Taking two systems, not in
contact with entropies (L4, SB), one then derives that when put in contact:

y(A,B) > S+ B, (1.2.19)

which brings to the statement that d. = 0. A direct proof is by arguing that
the micro-states of A, B are a subset of the micro-states of (A, B) combined. In
“microscopic” words, allowing a system for more freedom increases its number of
accessible states. However, this is a subtle matter when doing statistical mechanics.
Entropy tends to increase, and only increases effectively when the system size is
large. We will always consider cases in which the limiting effect holds.

While Boltzmann entropy is just one possible example that restricts to the uni-
form distribution over micro-states, it is already of great importance. First of all,
it can be shown that it implies the thermodynamic definition of entropy change in
terms of heat (Schwartz [2021, Lecture 6), which is yet another statement of the
second law. Secondly, it has strong links with other definitions of entropy. To par-
tially deal with such matter it is worth introducing descriptive terms of quantities
that are common in Physics but not in other fields.

Definition 1.2.20 (Extensive and Intensive quantities). Consider a system A with
size n. An observable O(x) or a property of it is:

e cxtensive if it is proportional to n, i.e. O(x;n)ocn. It is also called extrinsic.

e Intensive if it is independent of n, i.e. if O(x;n) = O(x). It is also called
mtrinsic.

The definition is somehow sloppy, it could be that extensivity is verified also when
proportionality with system size is of higher order. We do not allow this. An ob-
servable O(x;n)ocn? is not extensive. To make the claim clearer, extensivity is
found by requiring additivity for sub-systems. Then, we give a nicer definition that
accounts for all of these facts at the thermodynamic limit n — oo, which is in the
end what we implicitly study. It will however need the notion of density, which is
discussed in Remark[[2.23 below.

A quantity is

o extensive if O(x;n) = no(z) + o(n), i.e. it is made of a size times size-
independent term and a vanishing term in system size

o intensiwe if O(x;n) = O (1), i.e. it is constant wrt system size

Definition 1.2.21 (State Quantities). In a thermodynamic system, a state quantity
is a descriptor of the current “appearance” of the system. More formally, it is
independent of the dynamics that brought the system to its current form.

Example 1.2.22 (Ideal Scenario). In general, one can hope/verify/construct struc-
tures such that: Energy is extensive, Entropy is extensive, Temperature is intensive.
All of them are state variables. An example of a variable that is not a state variable
1s heat, but we will not deal much with it.
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Remark 1.2.23 (Extensivity implies density notion). When a quantity is extensive,
its thermodynamic limit n — oo diverges. Fvaluating it is problematic, but the
definitional property is helpful. Let an observable be extensive, then

o(x) = lim M

n—o0 n

(1.2.24)

is a well defined object. It is the per-particle equivalent of the original observable,
and it is of constant order.

Definition I.2.25 (Conjugate quantities). Some extensive quantities are conserved
(e.g. energy), others are allowed to vary (e.g. entropy). Notably, if we split a
system into subsystems (i.e. consider an isolated system, at fized volume), changes
in energy will always be balanced out, while changes in entropy need not to. When
the latter happens, an intensive quantity of reference varies as well. In the current
entropy-energy comment, it will be temperature. Another example is volume and
pressure (volume being extensive, pressure being intensive). When such a pairing
between two quantities is found, these are called conjugate, and are denoted inside
the brackets {-,-}.

Developing additional tools, we will formally see that the relation {7, 8} holds.

Remark 1.2.26 (Entropy Desiderata). It can be noticed that Entropy as per Def.
is extensive. Indeed when we considered two systems there were Ny (Ea) NB(EB)
possible micro-states, with associated entropy In (N4 (E4) NB(EB)) = L4+ SB. By
being the logarithm of a natural number, it is also positive. By analogy, any candi-
date notion for a comparison must at least satisfy these principles.

1.3 Ensembles

We are now drawn to a presentation of how micro-states constructions lead to
different global scale phenomena. Recall Ex. [2.2] The set of possible micro-
states, i.e. the sample space €2, will depend on the choice of some parameters
ab-initio. In the construction carried out to define Boltzmann’s Entropy and the
temperature we built it such that total energy, number of particles and volume were
fixed. Furthermore, it is not the only choice, and different constructions will lead to
different collections of micro-states, also known as ensembles. An ensemble is made
of systems, that can be thought of as different identical copies (i.e. realizations
w € Q) of a probabilistic system. They were first introduced by (Gibbs [1878]). We
restrict ourselves to two types:

e in the micro-canonical ensemble each system has fixed energy, volume and
sample size: this is what allowed us to define entropy;

e in the canonical ensemble each system is in contact with a large (imaginary)
reservoir of heat with which it can exchange energy, with volume, temperature
and sample size fixed.

It is crucial to understand that the two are just toy examples and serve for
the purpose of understanding what will be the equations that describe the sys-
tem, especially the probability law. Therefore they must be interpreted as thought
experiments.

1.3.1 Probability Distributions

Let A (n,&) = A (n). We ignore the volume since it will always be fixed, and will
not serve for any discussion.

Since we treat the subject from a Thermodynamics perspective, there is not much
to say here in the micro-canonical case. We already know that there are equal a

priori probabilities so:
1

Plz] = ———.

[] = — @)
In the most immediate terms, the important object in the micro-canonical ensemble
is the entropy, not the probability distribution, which is trivial by assumption. On

(13.1)
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the other hand, a system obeying such construction presents non-trivial properties
arising from first principles, and is fundamental to aid the derivation of the canonical
probability law, as we will see in the next discussion. To vindicate the usefulness
of micro-canonical ensembles independently of others, we report one early result in
the box below.

Maxwell-Boltzmann Distribution

In a micro-canonical ensemble of non-relativistic classical mechanical par-
ticles with mass m at equilibrium the distribution of velocities ¥ in space
is:

dP [¥] = dmv? (Zlﬂ) e 7 4w (1.3.2)
s

Moving to the canonical ensemble, we remove the constraint on energy, which is
now allowed to fluctuate. The construction starts with the observation that fixing
part of the energy to &; we get a number of possible micro-states of A (& — &;) with

associated probability P[i] = % Thus, in such a thermodynamical system

one can say that P[i] ~ e7#% where i is a collection of states subjected to some
constraint on the energies allowed.

It will be shown that the above concept can be greatly generalized to non-physical
particles, if one considers the celebrated principle of maximum entropy by Jaynes
(Jaynes [1957). However, to stick to the simplest discussion possible, we keep the
timeline to before Information Theory.

The heat reservoir exchanges energy with the system. The system alone is then a
closed system, and the dynamics of energy are established by letting it in thermal
contact with the reservoir[]

Before going deeper, we stress again that when we consider such perspective, all is
a thought experiment. Accepting this, we imagine that the bath is so big relative to
the system that, despite exchanging energy, the exchange is negligible on its scale,
while greatly noticeable on the scale of the system. In some sense, zooming out,
the system + reservoir is interpreted as a micro-canonical ensemble where d& = 0,
whilst still most of & is in the bath. Clearly, the temperature change of the whole
system will be negligible, since most of the contribution is from the reservoir, but we
are now allowing the energy to vary through the process in the scale of the system.
In this context, we wish to evaluate the probability distribution of the energy of
the system &sys(w), where we explicitly denote its randomness. Again recognizing
that the total energy is fixed, it holds &.cs(w) = & — &sys(w). For the moment, to
avoid using w explicitly, we use lowercase €, £5ys, £res letters, to denote that we are
dealing at fixed w. It is then safe to say that:

Plw € Q|&sys = sys] = Plw € Q|&res = € — 5ys] (1.3.3)
OC</Kﬂes(éares =€ - Esys) (134)
= </%’es(£J - é{;ys =& — gsys) (135)

where we have fixed the values to “collect” all micro-states into their realizations.
The purpose now becomes finding a polished expression for the energy of the system,
by exclusively working at the scale of the heat bath to exploit thermodynamic
properties at n — oo.

Knowing that the heat bath is by construction larger, c,cs » €5ys. Thus, we can
use € — €5ys X E5ys to Taylor expand the number of micro-states of the reservoir.
The clearest way of doing so is to directly expand its logarithm around e:

hlJ%"es(5 - 5sys) ~ lnf/%"eS(g) - Vs

Eays + ho0LL. (1.3.6)

Eres=€

where, we have denoted |higher order terms (h.o.t.)l Neglecting their contribution
for small enough €,,s and recalling that at the reservoir level we are dealing with a

7Sometimes the reservoir is referred to as a heat bath
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micro-canonical ensemble one gets that at equilibrium via Eqn.
In Aes(e—€sys) = InAjes(€)—Pesys == Nres(e—€sys) = e/%«es(s)efﬁesy**. (1.3.7)

Reconciling with Eqn. and isolating the system terms the following expression
is derived:

.
Z(B)

1

Plw € Q|Eays = £ays] = e

e Pevs Z(B)c (1.3.8)

where Z(3) is a normalization factor to allow the probability to be well defined (i.e.
to have total mass one). Recalling that ¢ is really fixed and &4y is instead a random
variable, by the arbitrariness of w and the postulate of equal a priori probabilities,
the random variable & has a well defined distribution. Indeed we have the scaling
~ e P and know that the rest must be set to make it a valid distribution. A
careful retraction of the steps leads us to the following very important remarkEI

Remark 1.3.9. From now on, we drop the reservoir notion since we found a for-
mula that is independent of it. The symbol & will denote the energy of the system.

Definition 1.3.10 (Boltzmann Canonical Distribution). The Boltzmann canonical
distribution, in short Boltzmann distribution is the|probability density function (pdf)
of the energy in a canonical ensemble at the equilibrium temperature. Concisely:

P[&; 8] %aw 2(8) = Y e P (L3.11)

i

where Z(f) is the normalization factor, also known as partition function.

When averaging wrt the Boltzmann distribution, we denote the expectation as {-) 5
or (- if the temperature is clear from context, constant or redundant.

Remark 1.3.12 (A first word about the partition function). Most of this document
will be focused on the complications that arise when computing different partition
functions. The most formal justification of such claim is in Section [[I.3.1. For
the moment, we just notice that the sum can be rearranged into different forms.
Assuming that the degeneracy function is available, if & takes discrete values in an
alphabet:

Z(B) =D e P =N (&)e P4, (1.3.13)
Q &
while if & is so fine grained that it is continuous:
Z(p) = f«/V(@@)e_ﬁ‘g dé. (1.3.14)

Remark 1.3.15 (Probability cross-post). In Bayesian probability the partition
function would be the normalization factor. Some textbooks also use the same ter-
minology of Physics. The scope of Z goes well beyond Thermodynamics (as all of
its ideas). It is not a coincidence that the problems in Bayesian Probability involve
computing the very same object. Incidentally, for the same reason, we are taking
this starting detour to introduce the terminology and historically justify some tricks.

We avoid discussing the structural properties of the last object, which will be
dealt with at the right time, and opt to continue with the physical interpretation.
It is however crucial to informally state one concept, which will be justified later in

Section I3}

The Partition Function is all you need

By manipulating the partition function a statistician can access all the ther-
modynamical observables, especially the key ones.

8 As a side note, it also allows to discard completely the thought experiment we carried.
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Example 1.3.16. In the canonical ensemble energy is random. Let & take values
in an alphabet. Notice that this is|without loss of generality (wlog). Then:

=05 Z(B)
—Bé; 1 de~Péi 1 ” A_ dln Z(B)
&N P =Y 65— = = - B _ _
O LM = L b ~am s T EE 28
(1.3.17)

where we have used 0 to ensure that the expression is general.

Remark 1.3.18. As discussed previously, energy levels are just a simplification for
expository treatment, we will gloss over the complications of the continuous case, but
one can consider the energy levels to be so close to each other that macroscopically
they look like a continuum.

In many problems of interest in inference, a realization of the energy is related
to the phenomenology of an assumed-to-exist model, and in particular to some
“teacher” variable. To make it explicit, we will often use the object below. Notice
that it is not the exact Physics definition of Hamiltonian but it will be sufficient for
our purpose.

Definition I.3.19 (Hamiltonian). Consider a random variable X . If such random
variable is the sole descriptor of the energy of the system, then its randomness is
described by how it induces different values of the energy. We make it explicit with
the relation & (w) = F(X (w)). In this case, the distribution of the random variable
reads:

P[X =] = P[x; ] = %e‘ﬂ‘”(w) 2(8) = Ye 5 = Y e 7@ (13.20)
i X

If the random variable X has a measure v we allow ourselves to write:
Z(B) = f e P@) qu(x). (1.3.21)
x

In particular, we will consider only the case in which X is a continuous random
variable for simplicity, but it can be extended.

Remark 1.3.22. Notice that we are moving from a discrete energy to a continuous
Hamiltonian when X is continuous. We are not making energy levels continuous.

Remark 1.3.23. In some sense, X can be seen as the sufficient statistic for in-
ferring the behavior of the Hamiltonian. There is no need to access the abstract
micro-states (w) discussed in the preliminary section. At the same time, X can be
on its own high dimensional, therefore making the task of retrieving it non-trivial.
When X € R* and d » 1 is large, it can be thought of as a micro-state on its
own, which carries all the information about the system. At the same time, many
configurations can map to the same energy value!

Notice also that nothing says it will also be necessary. As a matter of fact, in
some regimes, it will not be.

1.3.2 Entropies

We first notice that the Boltzmann Entropy (Def. is the adequate entropy
notion for a micro-canonical ensemble at thermal equilibrium, where one can exploit
the property that all micro-states are equally likely in the only manifested macro-
state. Concerning the canonical ensemble, a natural question would be finding a
function that can describe settings with non-uniform probabilities. A generaliza-
tion achieving such objective was argued by Gibbs. We outline below the quickest
argument to derive it.

Assume that instead of completely indistinguishable particles, we group them into
i € [m] groups of size n; such that >~ n; = n. This super-construction can be
thought of as a set of macro-states, each with probability p; = 7*.

Even though the original entropy is %, = In(n), we assume it is impossible to
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measure a priori due to experimental limitations. We instead consider the entropy
at the level of some « super-sets, denoted as .#4. A statistician with less knowledge
could conclude that it is the entropy of the system. Fortunately, a statistician with
more fine grained tools arrives. These instruments reveal a tree structure on the
a-level micro-states, so that each a there are n; sub-micro-states. By the combina-
torial argument made previously, the total entropy will read .¥ = .4 + .5 where
B is the entropy of one of the n; sized subsets. By assumption it is impossible to
measure it directly, so we resort to its mean across subgroups, which is expressed
as B = >, pi’5 = 2, piIn(n;). Hence, letting kg = 1:

& =lIn(n) = YA—FZ])Z&% — Sy = ln(n)—Zpi% = Zpi(ln(n)—%) = —Zpi In(p;)

7
(1.3.24)
where in the last equality we used the definition In(n) — In(n;) = In () = In(p;).

Remark 1.3.25. A closer look at how we deal with the different macro-states shows
that the energy varies over them, identifying it with a canonical ensemble.

Another derivation is as follows. Letting the energy vary, we assume it takes
a values on a discrete collection, indexed by i. If we had access to a very large
number N of copies of the same ensemble, the number of ensembles with energy
&; would be almost surely NP[&;;n] by a simple application of the
[Large Numbers (SLLN)| Combinatorially, the number of ways in which one can
arrange the values of N copies into energy levels P[&;; n]N is:

N!
GG

N = — SN =kslnA ~ —kpN ) P[&;n]InP[&;n],

' (1.3.26)
where we have used Stirling’s approximation. By extensivity of the entropy, the
entropy of the N copies expression suggests that for a single copy:

1
S = N = —kB;P[é"i;n] InP[&;n) (1.3.27)

Before giving it a formal definition, we trivially check that it is extensive and always
positive, according to the comments below Remark Additionally, we notice
it can be viewed as an extension of Definition which appears for the equally
likely distribution p; = % and m = |Q| = 4.

Definition 1.3.28 (Gibbs Entropy). The entropy of a canonical ensemble at equi-
librium is:

S = kaZ piIn(py) (1.3.29)

where i Tuns over the realizations of the energy &;, and p; is its probability, which
follows a Boltzmann distribution.

Remark 1.3.30. Notice that the canonical entropy is a function of temperature,
differently from the micro-canonical one, which is a function of energy.

Remark 1.3.31. While we have restricted the discussion to energies, it takes little
time to understand that the concept of canonical entropy extends without loss of
generality to any distribution. Potentially on a more subtle note, if energy varies,
we find that the entropy depends on Temperature. By analogy, we expect that at the
right scale of units of measure, any random variable will have entropy dependent on
a parameter (a temperature-like parameter), which itself can be seen in the flipped
perspective as the random variable of a (micro-canonical-like) ensemble where such
parameter is uniformly random in its domain, and has entropy dependent on the
random variable (entropy of the micro-canonical ensemble will depend on the energy-
like-random wvariable). This can be seen as a first taste of the notion of conjugacy

introduced in Definition [I.2.25

Remark 1.3.32. The concept of Gibbs entropy adapts to any object that is governed
by randomness. In this case, we have opted to represent the entropy of energy levels,
but might as well discuss the entropy of the variables X over which the energy
depends on.
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Remark 1.3.33. Unless otherwise stated . will always be a Gibbs entropy. The
choice is made to simplify notation. Also, most of the time we will ignore the kg
term in front.

Later in Sections [[II.3 and .34 we will argue more connections that will nurture a
deeper understanding of the ensembles.

It worth stating that as of now entropy is just a measure of complexity of micro-
states. Certainly Gibb’s entropy is equivalent to Shannon’s, an object that we will
see in Section [[TI.T} but the two starting points are different. It was not until Jaynes
(Jaynes|1957)) that the two were reconciliated.

Keeping our eyes on the objectives of this Chapter, we postpone the discussion
to the moment when connecting arguments will be possible. In the timeline of
Thermodynamics, we are now ready to define a very important object, that properly
highlights the importance of the perspective of Statistical Physics.

1.3.3 Free Energies

In an inference problem, the common example brought forward to explain the fal-
lacy of point-estimation (e.g. Maximum-Likelihood, Maximum a Posteriori) is very
intuitive. A simple plot of a bimodal distribution is sufficient. As a matter of fact,
any researcher interested in inference would like to find solutions that have stability
properties, to be understood as valleys of the configuration of the object of study
where local variations do not affect the global performance. Such trade-off is exactly
matched by the notion of free energy, which is studied extensively in Thermody-
namics since its early foundation. In words, it is a representation of the randomness
of the problem that “characterizes” itﬂ and underlines how the competition between
Energy and Entropy needs to be balanced. The former, in the wide sense, is the
observable object of interest. The latter is the un-observable disorder of the con-
figurations induced by the randomness and the structure of the problem. For a
random problem, the two have to be considered to strike typical arrangements.

Definition 1.3.34 (Helmoltz Free Energy). The free energy is a quantity

F(B) =<(&) — %y =U — %5/. (1.3.35)

We use the fraktur symbol since we will mostly deal with its adimensional version
Z and identify (&) := % . Free entropy # := —f§ is more common in Computer
Science derivations of the subject. We will present the Computer Science object
when needed, and favour free energy for the moment.

As evident from its definition, the free energy/entropy captures the competition
between energy and entropy in a common ground of units of measure.
In the next paragraphs, we will see that it is closely linked to many of the quantities
we saw earlier. We will also statistically justify why it makes sense that the free
energy is as good as observing the system directly (see Sec. which will give us
for free an additional interpretation of Legendre transform.

Fact 1.3.36 (Free energy is extensive). As per the entropy, we can see it by com-
bining two canonical ensembles A, B. Their free energy will be the log of the product
of the partition functions. Mathematically:

Sam(B) =(Zap) =n(Z42Z5) =InZs + nZ5 = Fa(B) + §p(B). (1.3.37)

If we instead take a more formal route, the assumption that the Energy is extensive
is sufficient. From extensive energy we have that ln Z(f3) is extensive as well, being
the logarithm of the sum of exponentials of an extensive quantity.

9as we will see in Section and throughout all of Chapter m
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Canonical Ensemble Version Expanding the Gibbs entropy we find that:

= —Z pi In(p;) (1.3.38)
__y L e, (L e
Lz (zw> ) (1.3.39)
e—Béi
:-—215@5<—6&—4m20%» (1.3.40)
— —In(Z(B)) + B(E) . (L3.41)

A re-arrangment of the objects in the equality allows us to define a very important
object in Statistical Physics.

Proposition 1.3.42 (Canonical Helmoltz Free Energy). In a canonical ensemble
the free entropy is the logarithm of the partition function, and the free energy follows
stmilarly. Mathematically:

mmzf?mamxnﬂm=mzw» (13.43)

Proof. Rearrange the above chain of equalities. O

Adding Variables Allowing for the energy to vary is sufficient for the topics
we will encounter. Different generalizations that let the Volume or the number of
micro-states vary lead to different ensembles. For some ideas, see (S. J. Blundell
and K. M. Blundell [2009; Schwartz 2021)). The key point to inspect is always the
connection between the free energies, partition functions, duality transforms and
learning problems. These will be partially cleared out in the next Chapters, as
different ways to generalize the Thermodynamics models we presented. In simple
words, to follow the classical result, we should assume that we also allowed the
volume V' to vary, with its conjugate (in the sense of Def. variable being
the pressure, and entropy being dependent on both (V,&). In practice, the state
variables (Def. wrt which we could express partial derivative equations
all depend on each other but on nothing else. Mathematically, a classical model
assumes:

E=EM,V,), S=SE,nV), n=n&,S,V), V=(SEn) (1.3.44)

From these, quantities like temperatur@ will be derived. The inherent difficulty of
considering only the above state quantities is that they depend on values that are
not straightforward to measure. For example, energy depends on entropy and vice
versa. Contrarily, the free energy (which is the log of a normalization function) is
independent of these and depends on the derived quantities such as 8 = %, which is
easy to measure. We derive dependence by setting aside additional dependences.
To begin recognize from Eqn. [2.T1] that the following holds:
07 1
ds = <M> d{(&) = d(&) = d(&) = BdY, (1.3.45)
where the expression is rather general because the identity for temperature is in
partial derivatives, and the entropy could have depended on other terms. Then,
taking the differential:

1 1
dF = d(&) — BdY—yd (5) = —7dT, (1.3.46)
where we used Eqn. [[.3.45] and can conclude that free energy/entropy depends on
measurable (derived) variables.

Remark 1.3.47. From the Physics perspective, it is evident that § = §(8). How-
ever, the process is somewhat more convoluted than a Bayesian approach, where one
realizes that the partition function Z will depend on the conditioning variables and
parameters only, by definition.

101f we allowed for more variability, Pressure and chemical potential would be in the list.
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Mathematically, this problem switch from easy to write & hard to measure to
easy to measure & hard to write is a well defined concept, that was largely studied
in the theory of Legendre Transforms. We will see some fundamental results in

Section [[IL4]

Local Versions Notice that it is straightforward to re-express the probabilities
in the canonical ensemble as:

p; = eB8B)=%) Z(8) = e~ P88, (1.3.48)

where the last term can be thought of as the free energy being an energy if only
one micro-state is present.

On a similar note, consider a canonical ensemble at constant temperature and vol-
ume. Results in Statistical Mechanics show that the Helmoltz free energy, which is
only related to the systeijI will be minimized. Such fact can be understood in at
least two ways.

The first and most direct one is by derivation. It holds that § = (&) — T.¥, so
since d. = 0 and (&) is fixed the free energy will be such that dF < 0.

The second one is borrowed from (Kittel 2004} Young [2012)), and has wider gen-
erality at the thermodynamic limit. Taking kg = 1 in the canonical ensemble, we
have:

3(8) = L InZ(3) = L In) e fo = 1 In ) A (&) Pe. (1.3.49)
B B~ B=

Then, assuming that the Gibbs entropy counts the exponential order of the number
of configurations (more details about the assumption in the next Section), it holds
that 4 (&) = exp{#(&)} (the degeneracy function of Def. [[.2.3), since the RHS
expression effectively counts the number of micro-states at energy &. Then, the
free energy expression becomes:

3(8) = —llnEey(g)’w _ 1 1n26*5§(5§£)7 (1.3.50)
B = B3

where we put emphasis on the fact that § is a generalized free energy, for a system
not necessarily at equilibrium, constrained to have energy &. Similarly, .7(&) is
not necessarily at equilibrium. Defining;:

&* = arg max e PS(5:6) — arg minﬁ(ﬂ;éﬁ), (1.3.51)

by extensivity of the generalized free energy and large size n — 0, it is safe to sa
that the maximum of the first expression will dominate the sum, with In(n) error

and the free energy takes form: "
BE(B) = —In . e A5 " 573, 67). (1.3.52)
&

In words, the free energy at equilibrium on the LHS is the minimum of the general-
ized free energies on the RHS. Recalling also that in a canonical ensemble P[i]oce=#¢
for a single state and P[&;]oc. 4 (&;)e ¢ for an energy level, the probability of the
energy can be written down as:

P[&)oce P8 (B:6), (1.3.53)

so the most probable value of the energy is the one that minimizes the generalized
free energy, which in turn is up to vanishing corrections the equilibrium free energy,

1ot also the heat bath

12this is a simple principle, the mazimum term method. Consider a sum of N exponentials,
increasingly ordered as e"Vmar < Sp = 3, €™ = eMVmaz (1 43 e(v=Vmaz) < NetUmaz
Applying the In and using continuity, one can show that the limiting density is squeezed by the
two limiting densities which are both vmqes. Notice that N = O (Inn) usually since n ~ 1023
while the number of energy values is implicitly assumed to be bounded, or at least that to a single
macro-state there correspond an exponential number of micro-states.
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where the dynamics stop. Any system initialized out of equilibrium is drawn to get
to &* and minimize the free energy, at least in a local neighborhood sense.

In the next subsection, we give more details about the assumption that the Gibbs
Entropy can be regarded as a counter of configurations, in analogy with the entropy
for micro-canonical ensembles.

1.3.4 Asymptotic Equivalence of micro-canonical and Canon-
ical Ensemble

Before getting into the details, we need a very quick digression on heat. Recall that
in (P4) we stated that heat, denoted as 2, is energy in transit Logically, it will be
an extensive variable, and heat capacity, defined as C := dT 2 will be extensive too
Skipping some details, and simplifying for kg = 1 as always, we observe that for a
canonical ensemble:

M (?an(

¢= = (&%) = (&) —=—= = B((6*) = (&) (1.3.54)
where the only informal passage is giving a justification for the first equality, which
can be seen to follow from the first law of Thermodynamics (Eqn. [[.2.17)) at constant
volume. The last term on the RHS is a variance wrt the Boltzmann distribution,

so we can say that
cC

?7
and in the thermodynamic limit n» — o0 using extensivity of the quantities, the
fluctuations of the energy will be

Var [£], = (1.3.55)

Varl€ls 1 ve _0 (\/ﬁ> n=p () (1.3.56)

v B U n

In other words, as n — oo the average energy will concentrate on a single mean
value. Such result solves the potential ambiguity between using the symbol <o@>5
and &, concluding that it will be a constant, up to vanishing fluctuations. Being
that the energy is constant, at the thermodynamic limit a canonical ensemble “is”
a micro-canonical ensemble, and the Gibbs entropy inherits the counting properties
of Boltmann’s entropy (Def. .

A crucial point we have ignored is how to ensure extensivity. In our applications,
it is sufficient to take the energy to be extensive, so we will need a Hamiltonian of
order ##(X) € O (n). In general, neglecting long-range interactions makes the
system well defined, with a convex in (n,.”) energy % and concave in T' entropy

S

Other topics With some care about evaluations of the integrals, one could also
have shown this by a saddle point approximation, which will be overviewed in

Section [L6}

Further References

For a more formal treatment, one can use Large Deviation Principles (Sec.
, where a nice reference is (Touchette . Relaxations to the princi-
ple hold in more generality but are not commented on. A review of modern
approaches is found in (Tsallis . A quick and clear note on Equivalence
of ensembles from the Physics point of view is (Teitel 2021)).

For simplicity, we will take equivalence of ensembles as an assumption to deal
with the next chapters
In the coming subsection, we introduce the basic terminology to tackle a problem
in Statistical Physics.

13 A fraction of extensive and intensive quantities is extensive
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1.4 Phase transitions

In Physics, Phase transitions are phenomenons of co-existance of equilibrium states.
They are the result of competition between microscopic effects. Roughly, one will
tend to order the system, while the other will induce disorder. The generality of
this concept is well understood upon having presented the words used to describe
it, as we do below.

By phase we mean a region of the phase space that can be summarized under
the same macroscopic properties. An order parameter is a macroscopic quantity
with the further property that it differs greatly across phases. In other words, it is
a characterization of the different regions of the phase space, and knowing it allows
to be aware of the system phenomenology. When changes in a set of parameters are
the cause of the change in the order parameter, the system has a phase transition.
If the parameters are more than one, there will be a phase boundary rather than a
point. Often, everything is visualized in a phase space, which is just a plot in the
Cartesian plane of the parameters that highlights when the order parameter varies.
A word of caution is needed here. The free energy is an analytic function of the
parameters (Def. , and cannot exhibit non-analytic behavior in a system of
size n, as we will see in the next Chapter. Nevertheless, the n — oo limit of an
analytic function need not be analytic, and can have points where it is not. We will
refer to these as singularities, and identify a phase transition in their location. In
other words, an abrupt change in the order parameter is identified when there is a
non-analytic behavior of the free energy.

Coming back to our main discussion, we recall that a canonical ensemble is a
collection of energy configurations with a Boltzmann distribution. It is at fixed tem-
perature, and has fluctuating energy levels with asymptotic guarantees. In perfect
alignment with the order/disorder competition in Phase transitions, its Helmholtz
Free Energy (Def. [I.3.34] Propll.3.42) is sufficient for a full understanding of its
macroscopic properties, and expresses the energy/entropy antagonism of the sys-
tem. It is then natural to claim that free energy will be a good descriptor of the
system’s phases, and that it will depend on the order parameter(s), identifying
phase transitions.

Classifications, Examples Ehrenfest (Ehrenfest et al. |1960) designed a classi-
fication that will be sufficient for our purposes. Being at the thermodynamic limit
of an extensive quantity, it is natural to work instead with the free entropy density
f to have an intensive quantity.

Definition 1.4.1 (Erhrenfest classification of Phase transitions). Let the order pa-
rameter be m, and the parameters of the phase space be 9. Consider f(m,d) =
limy, o0 2.7 (m, 9), which is intensive.

o A first order phase transition happens when the derivative (% =m s dis-
continuous.

(}2
6’192 =m

e A second order phase transition happens when the second derivative
is discontinuous.

e Phase transitions of order k follow analogously.

Example 1.4.2. One can easily see that % = .7 so if the phase space parameter
is the temperature then the discontinuity is in the entropy, which serves as order
parameter. Boiling temperature of water is a practical exzample.

Similarly, second order derivatives of the free energy are often associated to suscep-
tibilities, which are order parameters that (roughly) measure the variance of some
observable. A second order phase transition will relate to the discontinuous behavior
of these quantities.

The minimization of the free energy depends on the realization of the parameters
on which it depends. Often in this context the optimization leads to equations of
the form:

m = fi(m;v), (1.4.3)
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for which one wishes to find a fixed point. By the usual fixed point theory, different
regions of values of ¥ may make certain fixed points stable, unstable, attractive or
repulsive. Moreover, the dynamics of the iterative map m!*! = f(m!) give great
information about the dynamics of procedures to find these non-analytic points.
However, on the phase space, the free energy, despite being convex, can be non
strictly convex, and develop local minima. We term these sub-optimal points
metastable states: despite being stable fixed points, they are not global minima.
Out of the thermodynamic limit, they are states of the system that will eventually
be escaped in exponential time in size t € O (e™), to reach the global minima. Each
of these hops is the result of overcoming an energy barrier. Additionally, in some
cases, variations of ¥ make metastable states disappear, and the boundary in the
phase space for which the local minima disappears is termed spinodal, with symbol
19spinodal-

We report below a summary of one of the first examples in (Krzakala and Zdeborova
2021)), which has many of the phenomenological aspects discussed.

Example I1.4.4 (Curie-Weiss Model). Details are found in (Krzakala and Zdeborovd
2021, Chap. 1, App. 1.A). We also provide a similar Example in Subsection .
Assume there are n particles, each with spin o; € {£1}, placed in a fully connected
graph. The Hamiltonian of the system reads:

1 n n
H(o;n) = _%i;ai% —hi;m—, (1.4.5)
where h € R is a scalar external magnetic field. In the canonical ensemble:

1
Plo = v;n, B,h] = 5——e P ), 1.4.6
[ = vim. .0 = g5 e (1.4
A good order parameter turns out to be the empirical mean of the magnetization,
which is the Boltzmann mean of the random variableE

1 n
g=—Y o eR 1.4.7
o nZJE (1.4.7)

It is crucial to notice that () is extensive when seen as a function of & and

that the control parameters for the phase space will be (8, h) since g—f = m, where

L —
m={(T)s.
After some calculations, one finds that:

lim f(8;n) = max ¢(m) o(m) = gm +6hm+7—l( m71+m>

n—00 me[—1,1]
(14

(1.4.9)

1—-m 1+m l-m_, 1-m 14+m_, 14+m
H , = In + In ,
2 2 2 2 2 2

where the function above is defined with a symbol consistent with future notationE
and we have used as order parameter m = (7). Setting the derivative of ¢(-) to
zero gives a function in m of which we seek a fixed point:

1 1+m

ilnlfm = fB(m+ h) < m =tanhB(h +m). (I.4.10)

First of all, we notice that despite ¢(-) being analytic, its extremization could lead
to non-analyticities. Also, there is a more general phenomenon of energy-entropy
competitition, which can be observed by the normalized expression for the definition
of free energy f = e — Bs. We split the results into some subcases, which are the
phases in the phase space values (8,h) € Ry x R.

Mnote the tricky fact that we take the mean of a vector along the particles, therefore obtaining
a scalar
15it is the Gibbs entropy (Def. [.3.28) of a system with two states and probabilities

(52145
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e paramagnetic, h = 0,5 — ©
as B — 0%, s dominates, and it has a unique minimizer at m, = 0

e ferromagnetic h =0,5>1

the point m, = 0 becomes a maxima, and two symmetric local minima appear.
The first derivative remains continuous since it is proportional to the entropy,
suggesting a second order phase transition, which is indeed verified. While at
8 < 1 magnetizations sampled were null, at B = 1 the samples “spontaneously”
break symmetry, and are either positive or negative. By “spontaneously”, we
mean without inducing preference, since the symmetry of the Zy group in the
spins (i.e. flip all the spins) is still satisfied.

e explicit symmetry breaking h # 0
we lose the group symmetry and favour some alignments by construction. The
behavior are distinguished into two cases:

— B8 — 0%, convex free energy, single minimum at full alignment with the
external field h = m

— B — o yet another split in terms of a well defined value:

* h < hgpinodal, @ local minima exists as a metastable state, in which
the system can be temporarily trapped depending on the initial con-
ditions

* h = Ngpinodal, the local minima disappears

Remark 1.4.11. When dealing with phase transitions, the definition of free energy
as a simple Legendre transform is inexact. First of all, we are at the thermodynamic
limit, so it is infinite, secondly, there are problems with its derivative. For this
reason, we must resort to the more general version of Legendre-Fenchel transform.
More comments are provided in Section [IIT.J)

In the last subsection, we provide a simple interpretation of mean field models
through a fundamental inequality. While the definition of mean field models is not
well-established in inference and machine learning, it serves the purpose of a bonus
idea of easy results derived from first principles in Thermodynamics.

I.5 GBF type Inequality and the Mean-Field Ap-
proach

It is often the case that a system with Hamiltonian J# is difficult to solve. We will
provide a method that gives an approximation and later show how this is justified in
an Information Theoretical sense (see Secs. [[I1.2] and [IT1.3.1)). Let the randomness
follow a Boltzmann canonical distribution. Assume that we can define a different
Hamiltonian that satisfies:

(X)) = <<%7(X)>~ — AH =H - A st. (AH(X))_ =0, (L5.1)

where we emphasized that the expectations are wrt the new Hamiltonian. In a
canonical ensemble, the partition function would read:

208) = [P @ 40 — 2 L sr@) g L5.
®- e z (B)JZ(B)e z (15.2)
~ 1 B 7> vt
_3 1 @A) -2 (X)) g 153
® | 55 @ (15.3)
N B () ~
_3 C —B(AH ()~ A () g 1.5.4
D) Fm ’ .
_ Z(8) <6fﬂAﬁf(X)> (15.5)
> Z(B)e AKX (XD). Jensen’s Ineq.  (1.5.6)
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where in the last passage we applied the centrality of the “error” Hamiltonian com-
ponent. Moving to the free energy, the statement is reformulated as:

F(8) <3(B), (L.5.8)
which is a termed a |Gibbs-Bogoliubv-Feynman (GBF)| type inequality.

In greater generality, assuming simply that S = H + AJ we inherit all the
passages until Eqn. [.5.5] To proceed, it is worth seeing the object from a different
perspective, since it is not anymore true that AJ#Z is null in expectation. We observe
that:

<e—BA%’(X)> =<e—B<A%’<X)+<A%<X)>~—<AL%0<X>>N>)> (L5.9

)
= ¢ HAH D (oxp (~HAA(X) — (AA(X)) D). (15.10)
> e HEH D exp (B (AA(X)). — DA (X))} (I5.11)
_ AR (X)) (1.5.12)

)

>0, (L5.13

where the first inequality is by Jensen’s. We have thus retrieved a more general
Gibbs-Bogoliubv-Feynman type inequality, which is:

H = A+ A — Z(8) = Z(B)e PO XD (L5.14)

For sure, it will be the case that the GBF inequality holds in the free energies, but
the bound could be tighter or less depending on A7 and its randomness. This is
the basis of the variational approach, which we will briefly review in Section [[II.3]

The best example of an application is given in the context of interacting particle
systems and the mean-field theory approximation. There we consider a Hamiltonian
such as that of the Ising model over a graph G = (V,€):

H(o)=J Y. oioj+hy,oi JheR, (5.15)
(i,7)€E i

where the spins o € {£1}? are sampled from a Canonical Boltzmann distribution
with energy 7, i.e. Plo = v; ] = e P for v e £{£1}<.

The first term is very difficult to deal with in general. A mean-field approximation
consists in allowing each spin to feel the mean spin & = %ZZ o; from its neighbors,
instead of the neighbor itself. Therefore, we would derive the new Hamiltonian:

H(o)=(h+h)> 0, (1.5.16)
where in particular for a d-regular graph h = d.J (o).

I.5.1 Sketch of the Mean-Field Solution of the Ising model

For a relevant example, consider the discussion in (Krzakala and Zdeborova [2021]
Chap. I), especially in Section 1.1, where the reasoning is the same, but with a
—% in front of the Hamiltonian object, and the coupling term J reabsorbed into h.
There, the Curie-Weiss model is treated, which is a complete graph, and the average
field is actually a full descriptor of the dynamics, making the solution exact.
We purposely present a different formulation in Equation [[5.15 to stimulate under-
standing of the various ways in which these models are presented. We reported part
of the argument in Example [.4:4]
Here we opt to give the quickest derivation of the approximation in a setting in
which it proves to be possibly inexact. It can be found in (Evans 2009), or with
more justification in (Utermohlen [2018). A fairly recent and interesting result in
these topics is (Basak and Mukherjee [2017)).

Following the approximation done, without assuming a d regular graph, we
unroll some steps. Starting from the equation of the Hamiltonian, each spin j can
be seen to be subject to a “local” Hamiltonian

h(o;)=Jo; Y. oi+ho; H(o)= k(o). (1.5.17)

i€Neigh(j) j=1
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The mean-field approximation amounts to postulating that the difficult local sum
over neighbors, which will be site—dependentm is replaced by the average of the
spins across the spatial model. Mathematically we do the following replacement:

1 n
. i = n I1.5.1
i~ m - k_21<ak> o = (0k)r_1 (1.5.18)

therefore vindicating the expression mean-field, since each spin is supposed to be
subject to the mean external field instead of the j-dependent the force exerted. A
little thought then shows that under such construction, if we further require the
number of neighbors to have some regularity (as in d-regular graphs), then the
computation will greatly simplify. For the sake of the Example, we take d-regular
graphs. Hence, we are led to the explicit approximation:

FL(O‘j) = Jdmo; + hoj = hmro;  hme == Jdm + h. (1.5.19)
As a by product, the Boltzmann distribution of the approximated model is very
easy, since it factorizes, i.e. for v € {£1}™

Plo =wv;8,n,(J,h) ~] = HIP’[Uj =vj; B,m, (J,h),~] = (Plo =v; 8,m, (J,h),~])",
j=1

(1.5.20)
where the two steps are feasible since the mean-field choice makes the distribution
iidE To make matters clear, we have also expressed after the *;” what are the pa-
rameters of the local and global probabilities. The expression inside the parentheses

1S:

P o = v; Bym, (), ~] = e P80 58)= ) e (1521)
5(8) ve(21)
e—Bh(v)
= B o B (1.5.22)
where we have denoted the local partition function as 3(3). For a model, we need
to specify (J, h, 8). Since we do not know m in the equations, it is essentially a free
parameter. Therefore, two very important remarks must be made.

1. Logically, one degree of freedom must be enforced, as the probability derived
in Equation must be such that Eqn. is satisfied.

2. The efficacy of the approximation will depend on whether the predicted phe-
nomenology of the model, at some triplet (J,h,3) € R? x R, and some m
is reasonable/exact wrt to rigorous solutions. A key object in the conclusion
will be the inverse temperature, by which the Boltzmann distribution is effec-
tively modified in the way it puts weights on configurations. Since the m is
not given by the model, but rather part of its phenomenology, we will judge
the accuracy of the approximation by comparing m at given (J, 3, h).

For the former, we find that, since we have imposed a ‘“vertical” average over j € [n]
in Equation we obtain that a “horizontal” average over the spin values must
be satisfied. Indeed, in our notation for the surrogate model:

m = % Z O %n<0j>~ ={(oj)_, (I.5.23)

by the decoupling, where o; € {£1}. Using the expression for the probability in
Equation [[5:22] with less daunting notation:

m= Y, Plo=vifm,(Jh)]v (1.5.24)
ve{t+1}
eBhvr _ o—Bhwvr
= Phwr 1 o Bhwr (1.5.25)
= tanh(Shwr). (1.5.26)

16for each j, the sum depends on j
17In Physics, the procedure is termed “decoupling”.
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Eventually, m must satisfy a so-called self-consistent equation:
m = tanh(Bh + BJdm). (1.5.27)

Concerning the latter point, we redirect the reader to the nice plots and comments
in the references (Evans [2009; Utermohlen [2018)); for Curie-Weiss (Krzakala and
Zdeborova [2021, Chap. I); and (Basak and Mukherjee 2017) for more advanced
topics.

Remark 1.5.28. The factorization property is an aspect that will return, on a
different light, in C’hapter when we will discuss Variational Inference (Sec.

L3

Remark 1.5.29. In classic sources, it is always implicitly assumed that the prob-
ability depends on (B,J,h,m). In other models, the same will be done for their
respective parameters. The choice is often forced: many objects come into the ex-
pressions at the same time, and the equations would become too convoluted. As a
consequence, the reader must keep in mind that often trivial dependencies are sup-
pressed in notation. To align with the other works, we will do the same from this
paragraph onwards.

Having discussed the foundations of a statistical definition of matter, we move
to the foundations of the tools for analyzing it. In Chapter [, we will present some
methods that are summoned frequently by Researchers. To give context, we will
also try to be as self-contained as possible, outlining the basis and motivations for
them.

Further References

For Statistical Physics and Thermodynamics (Arovas 2019; Cross [2006
Mehran [2023alb))
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Chapter 11

Tools and Techniques in
Statistical Physics

In this Chapter, we will overview some often ignored aspects of the theory underlying
results in Statistical Physics. While we will spend sufficient time on each, by no
means the following is a comprehensive review.

In Section we report the basic Gaussian integrals used throughout com-
putations in literature. From these and other first principles, other results can
be derived. In Section we provide a self-contained introduction to Complex
Analysis, for the purpose of explaining the nature and peculiarities of an analytic
continuation, which is an essential step in the Replica formalism. The idea is to
reach the criticalities of the method, to shed light on arguments that involve such
continuation when reading about papers that develop the heuristic replica method
to retrieve the Thermodynamic properties of a model. Then, in Section [I[I.3] we
link the notion of free entropy to a purely statistical object, vindicating the claims
mumbled in Chapter [} Section proceeds the discussion with the treatment of
similar objects: integral transforms. While we do not spend much time on them, we
argue the main principles behind the techniques, which are just nearly sufficient to
grasp their power in conjunction with the Legendre Transform, which is discussed
in Chapter Continuing, the content of Section is mainly a presentation of
Dirac’s delta distribution and two nice results involving it in Physics works. The
former often appears in replica computations, while the latter is mainly a way to
adjust units of measure in computations. Lastly, in we present two methods
to perform integrals when n is large and influences the computations. As in other
Sections, this method is often one of the many steps of Replica Theory.

II.1 Some useful Gaussian Integrals
The purpose of this collection is providing the less experienced reader with note-
worthy mathematical results.

The starting triplet is directly derivable from the first, or indirectly, using the
fact that a normal density sums to one, and reworking the coefficients. Many more
Gaussian integrals can be derived using similar techniques.

Fact I1.1.1. It holds that:
© —z2 —

1. §7 e dr =/

2. Siowe_mzdx =T VYa>0

3. Sofoo e~z +be qg — \/fe%a, Ya >0

Proof. (Claim #1) Let T = {* e dr = §° e~v* dy since the summand is a

25
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dummy index. Then:

72 = (Jio e dx) ( f; eV’ dy> (I1.1.2)
= fc e (f; e—f) dy dz (I1.1.3)

O('}m o0 5 5
= J <J ety )> dy dz bring inside x argument as z 1 y
—0 —o0
(I1.1.4)
21 roO R
= J e " r drdy change to polar coordinates (x) (II.1.5)
o Jo
01
= QWJ 565 ds substituting s = —r?, ds = —2rdr
—00
(I1.1.6)
0
= Wf e’ ds (IL.1.7)
—00
=n(e® — e ™) (I1.1.8)
0
=71 = VI?2= e da = /7. (I.1.9)
—0o0
In (%) we mean:
r =/ +y>?
¥ = tan"'(¥) . (I1.1.10)

|J| =7 Jacobian determinant
Warning: we have overlooked some improper integrals to give a sketch of ;uhe
proof. A more formal treatment is as follows. Let y = xs,dy = xds. Since e™*" is

even we have the identity SO_OOO e~ dz =2 Sgc e~ dz. In the positive half plane of
2 = 0 the variables (s, x) have the same sign. By the symmetry observed:

0 0 5 5 Q0 Q0 5 5 0 o0 5 5
I2=4J. J e +y)dydm=4j f e (s )mdsdx=4j J e~ U+ de ds
o Jo o Jo o Jo
(IL1.11)
= 4Jm e (1+5%)
e\ —2(1 + s2)

where in the first line we have used Fubini’s Theorem.
(Claim 2) Rework the integral as follows:

r=® 1 (™ 1
ds :471 72ds = 2arctan s
20 2)y 1+s

0 o] 1
J e Qg = J e*“27 du  substitute u = v/ax, du = /adzr (I1.1.13)
a

—00 —00
! ro —u® g (IL.1.14)
=— e u 1.
va )
1
= %ﬁ Claim #1 (I1.1.15)
(Claim 3) We prove the result in Lemma [II.1.16| which is equivalent. O

Lemma II1.1.16. Let X ~ N(0,1). Then another perspective for Fct. [[L.1. 13 is:

Ex ["%] = 3~ (IL1.17)
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Proof. Expanding the expectation:

o 22
Ex [e"] = f e dr (I1.1.18)
[e¢]
= f ez T dy (II.1.19)
27r
f 3 (e =2k7) (I1.1.20)
1 2 2
J e zlle=r) =, qg completing the square (11.1.21)
= J —c —3l@=m)le=3(=r%) qp (I1.1.22)
L i@
— et ez dz (I1.1.23)
27
. ~ -~
z~N(k,1) density
= 3%’ (IL.1.24)
O
Lemma I1.1.25. The following equality holds:
*© (=)
J (x —p)e” 207 da=0% Vu,oeR. (I1.1.26)
—a0

Proof. Proceed by substitution, letting:

— )2 _
u = —% = du = —xoz'udx — —o?du = (z — p)dz.
We have:
0 _ 2 o0
J exp{ —% } (x_— w)dz = —0’2J;) e du = o2. (I1.1.27)
TS

=Uu

II.2 A primer on Complex Analysis

Further References

Some resources are (Arfken and Weber [2013)), (Evans 2006, Lect. 2), (Weber
and Arfken 2004)), (Rudin [1987)).

In this Section, we collect some important results to develop a theory for free
energies, their phase transitions, and the saddle point method.

Definition I1.2.1 (Analytic Function). A function f : R — R is analytic on an
open set D < R if for xy € D:

o0
Z (x —z0)" (cn) R Yz € By, (I1.2.2)

Namely, the function admits a convergent power series expression in a neighborhood
of xg. Similarly a function is complex analytic, or simply analytic, when the previous
sentence replaces R with C.

Remark I1.2.3 (Direct property of analytic functions). A careful evaluation of Def-
inition[II.2.1) shows that analytic functions are infinitely differentiable functions that
admit a Taylor expansion at xo that is convergent point-wise in x to f(x). This
gives the trivial counterexample that a non differentiable function is non-analytic.
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An analytic function is differentiable in every neighborhood. While the notion
is stronger than simple differentiability at a point, we will see that for complex
functions it is equivalent.

Definition II.2.4 (Cauchy-Riemann conditions). Two functions u,v : R? — R
satisfy the Cauchy-Riemann conditions when:

0 ov 0 0
w_ovoow_ov (I1.2.5)
dr Jdy Oy ox
Definition I1.2.6 (Laplace’s Equation). For a function in two variables f : R? —
R, we define Laplace’s equation as:
orf  0*f

ot 0 (11.2.7)

Having introduced some starting objects, we choose to express an analytic func-

tion f: C — C (Def. as:
F(2)=R(f(2) +iS(f(2)) == u(z,y) + iv(z,y) z=x+iyeC, (I1.2.8)

and aim to define analogues of real-valued functions with real domain in the com-
plex domain-codomain setting. As an example the derivative naturally extends to
complex analysis, while the integral needs some care.

Definition I1.2.9 (Derivative of complex function). Let f : C — C. Its derivative
at zg € C is defined as:

fI(ZO) —  lim .f(ZO + h) — f(ZO)

11.2.10
h—0,heC h ’ ( )

which as a byproduct, requires that the limit on the LHS does not depend on the
path taken to approach 0. Indeed, f(z) can be interpreted as a function of two real

variables (z,y) via Eqn.

Fact 11.2.11. A complex function as above is differentiable at a point zy if and
only if it satisfies the Cauchy-Riemann Conditions at zg and (u,v) have continuous
partial derivatives.

Proof. By definition. O

Definition I1.2.12 (Complex integral, contour integral). Let 7 : [a,b] — C be a
parametric curve, piecewise differentiable, taking values in the complex space. We
define the integral of a complex function f: R — C as:

b
J f(z)dz = J Fy@®)y (t) de. (I1.2.13)

To unravel the RHS, we further define for f(t) = u(t) +iv(t) the integral:

b b b
J f)de :J w(t) de +1J u(t) dt. (I1.2.14)
a a a
Lastly, a contour integral is a complex integral that takes place on a closed path
across the complex plane, we denote it as §. To have a closed path, we will need
an orientation, and it will be always anti-clockwise, meaning that v revolves
anti-clockwise in its evolution.

Definition I1.2.15 (Holomorphic function). A complex valued function taking com-
plex values is holomorphic on an open set if it is complex differentiable for every
point in that set. It is holomorphic at a point if it is differentiable in every point
on some neighborhood of it.

Fact I1.2.16. An analytic function is holomorphic.
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Proof. Functions admitting a power series representation in the sense of Def. [T.2.1]
are differentiable, see Rem. O

In the discussion below, we present a collection of proved & unproved statements
to give sufficient acknowledgement to the roles in deriving some foundational results.

Proposition I1.2.17 (Green’s Theorem). Let C = R? be a countour, that closed,
piece-wise, smooth, and simple. It can be seen as the boundary of the region it
enclosed, i.e. C = OR of a region R — R?, where R is bounded by OR. Further, let
f, g have domain D open, and such that R < D, with continuous partial derivatives
in R. Then:

igf(a:,y)dx + jgg(x,y)dy = H (ag(;; Y _ afg;’ y)> dzdy. (I1.2.18)
C C R

Proof. We refer to (Greenlee [2005; Zenisek [1999). O

Remark I1.2.19. For further intuition, we suggest to consult (Weber and Arfken
2004) and (Arfken and Weber 2015, Chap. 1.11). In particular, we report some
comments of the latter, and (Arfken and Weber|2015, Eqns. 1.101a-1.104).

Seen from the practical perspective, the Proposition claims that the integral over a
surface of the vector field (f, g) is equivalent to the divergence of the vector field over
the whole enclosed region. The notation often seen starts from Gauss’ Theorem:

ﬁF ~dv = Jf V . Fdr, (I1.2.20)
oR R

and applies the following equalities for scalar valued functions:
V- (fVg)=fV-Vg+ (Vf) (Vv) (I1.2.21)
V- (gVf)=gV-Vf+ (Vg (V). (I1.2.22)

Indeed, subtracting the two, and integrating over (x,y) € R, one obtains the expres-
ston:

Hf(fv Vg9V Vid= #(Wg —gVf)-dv, (11.2.23)
R oR

which is the same as the statement above, but with different notation, hopefully
highlighting the interpretation.

Proposition I1.2.24 (Cauchy-Goursat Theorem). If f is holomorphic on a con-
nected domain %, and C is a closed contour inside the domain. Then:

jgf(Z) dz =0. (11.2.25)
C

As a consequence, if v is a curve in % that has endpoints [z1, z2] then:
f f'(z)dz = f(22) = f(z1). (11.2.26)
~

Namely, the integral is independent of the path. And one can deform it as pleased.

Proof. We prove the statement here for continuous partial derivatives, reporting
the standard computation. For the full result, an option is (Moore |1900)).

Let f(z) = u(x,y) + iv(x,y), in its real an imaginary part decomposition as in
Definition Its integration will then be in terms of dz = dx + idy, with an
integral that can eb written as:

%f(z)dz = %(u +ivd(z + iy) (I1.2.27)
c

c

= fﬁudx — %vdy +1i ﬁ;vdx + fi;udy , (I1.2.28)

c C C C
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where the negative coefficient appears since i2 = —1 and we stress that v =

u(z,y),v = v(x,y). Applying Green’s Theorem (Prop. [II.2.17)) to both parts re-
turns two “volume” integrals over R, the region enclosed by C = 0R:

%udx — %vdy = Jf <g; - gz) dzdy (I1.2.29)
R

c c

fﬁvdx + fﬁudy = JJ du_ Qv dzdy. (I1.2.30)
or oy

c c R

Recalling Definitions [[1.2.4] [[T.2.6] and [[[.2.11] the function f must satisfy Cauchy-
Riemann’s conditions, which in this case are:

Ju(z,y) _ odv(x,y)  du(z,y)  dv(z,y)

(11.2.31)

ox oy Oy or

Pluggin the first condition (resp. the second) into the second (first) result of Green’s
Theorem, we find that the integrands are null, and:

f(z)dz = ¢p0dady +idPp0dzdy = 0, (I1.2.32)
- fos . f

R R
as claimed. O

We provide two instrumental examples for a (potentially) non-zero complex
integral along a contour.

Example 11.2.33. For any n € N, let the contour C be at fixed distance r from the
origin. Then:
27 . . 627Tin -1
3€z"dz = f re™irel?dp = pntl = (I1.2.34)

0 n+1
c

where the first step applies the substitution z = rel® for § € [0, 27],dz = irel?de.
We will see that the only removable singularity of this result is n = —1.

Example I1.2.35. Let a € R be contained in a contour C which is a ball with radius
r centered at the origin. Then:

1 1
§ dz = %—dw substitute w = z — a (1I1.2.36)
zZ—a w
c c
2 1 . .
= J —e Yirelfde = 2mi (I1.2.37)
o T
= 2mi, (11.2.38)

which shows that if the n is chosen before integrating the integral of z* over a closed
curve is non-zero. We will use this result in the next Theorem, that also tells us
that the other n # —1 will return null integrals.

With the above results, we can quickly derive the celebrated Cauchy’s integral
formula.

Theorem I1.2.39 (Cauchy’s Integral Formula). Let f : A — C be a holomorphic
function on an open subset of C, and C be the anti-clockwise oriented boundary of
a region R. Then, for any zg € R:

f(z0) = 1 4; S dz. (I1.2.40)

)= 2w ) 2z — 29
C

More in general, it is also true that the functions are automatically infinitely differ-

entiable (see Fct|I1.2.49 below) and:
!
F0 () = 12 Fﬁ (f(z) dz (I1.2.41)

2mi J (2 — z)7tt
c

where f*) is the k" derivative of f.
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Proof. We prove the first statement. The second can be shown by just applying the
definition of limit, and observing that it can be brought inside the integral since the
denominator is never zero in the Formula of Cauchy when a displacement i — 0 is
added to the input.

By the Cauchy-Goursat Theorem (Thm. , any arbitrarily small closed curve
around zo returns the same integration result. Therefore, we choose a circle with
radius e, arbitrarily small. Since f is continuous (by f being holomorphic, this
follows by Definition), the value of f(z) will be arbitrarily close to f(zp). Notice
also that by the previous examples, we have:

2mi

1
27l = § dz = f(z0) = § dz. (I1.2.42)
Z— 20 Z =20
C C

Therefore, for arbitrary z € C in such circle of radius €, we can express the difference
with the usual polar substitution z = z(6), with € fixed:

0< |2 LB pas (I1.2.43)
21 ) 2z — 29
C
_ 2%{; f&) = (=) (Zi:;(“)dz (IL.2.44)
C
2T £ (2(0)) — f(z '
_ % O F0) = f(z0) )e)ew (20); o gg (IL.2.45)
27
<5 | W) - s, (11.2.46)

where the inequality is the simple triangle inequality for integrals. It suffices then to
observe that zy is at the center of the circle, and z(0) lies on the boundary, therefore
|2(0) — zo| = € is constant, and we can bound by the maximum value attained on
the circle, i.e.:

1 2

| reO) - Fed < max  {FG0O) - f)}. (11247)

2w 0 0:z(0)—zo|=¢€

By continuity of f, as € — 0 the terms f(z(0)) and f(zo) get closer: for each set
resolution € on the functions there exists a resolution € > 0 on (z, z9) that attains
it. Then:

lim  max  {|f(z(0)) — f(z0)|} = 0. (I1.2.48)
€—00:|z(0)—2z0|=¢
By positivity of the modulus, the difference of the objects in the claim, found just
after the first inequality, is squeezed in between null expressions. O

Fact 11.2.49. Let f be holomorphic on a set. Then it is infinitely differentiable on
that set and it can be expanded as a power series. By combining the two arguments,
it 1s analytic on that set.

We are eventually brought to consider in any case the words analytic and holo-
morphic to be equivalent for complex-valued functions.

Theorem I1.2.50. A complez-valued function f is analytic if and only if it is
holomorphic.

Proposition I1.2.51 (Morera’s Theorem). Let f : C — C be continuous in a
stmply connected regiorﬂ such that any closed countour integral within the region is

null, i.e. §, f(z)dz = 0 for all C in the region. Then f is analytic (Def. in

the region.

this is a notion in topology, it roughly means a space with no holes. We can take it for granted
and assume it is the non-degenerate case.
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Proof. We report the proof since it is very quick. It is a rewriting of the one in
(Weber and Arfken 2004, Sec. 6.4), and build on an explicit construction of the
antiderivative. Let z5, 27 be the endpoints of a curve in the region. By Cauchy-
Goursat Theorem (Prop. [[1.2.24), integrals only depend on initial and final values
of the contour. Then:

F(z9) — F(z1) = Jzz f(z)dz (I1.2.52)

is well defined. By continuity of f and construction the following equalities hold:

lim M — f(z1) = lim Szf f(2) = f(z1)dz

Z2—21 Z9 — 21 2221 Z9 — 21

— 0. (I1.2.53)

Then, by definition of complex derivative (Def. [[1.2.9) we have that rearranging the
above result:
b Fl22) = £(21)

22—21 Z9 — 21

—F'(2)| = flz). (I1.2.54)

zZ=2z1

By arbitrariness of z5, z1, the claim is proved for any z in the region. Now we claim
that the Cauchy integral formula generalized to higher derivatives (Thm.
guarantees that taking F' on the outer contour, an analytic function has analytic
derivatives. So by F’(z) = f(z) and F being analytic (it is holomorphic), we get
that f(z) is analytic since it is the derivative of an analytic function. O

Having derived some basic results in complex analysis, we can proceed with
those that we actually need for our narrative on Statistical Physics and Machine
Learning/Inference.

Analytic Continuation

An interesting property of functions is the possibility of extending them to wider
domains. The natural question that comes into mind is if such extension is just
arbitrary or unique. We will briefly discuss the continuation scheme for analytic
functions since it is fundamental for the theory of Replicas in Statistical Physics.

Definition I1.2.55 (Continuation). Let f : C — C have domain U < C, where U
is open. Let g have domainV o U. If g(z) = f(z) for all z € U, g is a continuation

of f.

Analytic (equivalently, holomorphic) functions require a mild condition to be
uniquely continued from one set to a larger one. The sufficient condition relates to
the smaller set having an accumulation point in the larger one.

Proposition I1.2.56 (Identity Theorem for analytic functions). Let f,g be ana-
lytic on a domain D, open and connected. If f = g on & € D where S has an
accumulation point in D then f = g on the whole domain.

By the above result, functions that are equal on a set that is able to arbitrarily
approximate values in another larger set makes the candidates equivalent on the
latter. We emphasize that the notion of analytic function (Def. is however
stronger than simple differentiability. As a corollary, one obtains that analytic
continuations are unique as long as two continuations agree on a well behaved set.

Corollary I1.2.57 (Analytic continuation is unique). Let f : C — C be analytic
on a domain U open. Let two candidate continuations gi,gs be analytic and satisfy
Def. [IT.2.53] for a set U > V. Then necessarily g1 = g2 in V, and continuations are
unique.

Proof. Let g = g1 — g2. By the hypothesis, it vanishes on the open set U. The zeros
of g are not isolated in V since the subset U is open. By Prop. g=0onVY
and g1, g2 are identical. O
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In the case we will see, the condition is not satisfied since we will want to perform
a continuation from U = N to R which is not open in V = R. Nevertheless, a field
of study has explored such question and led to some sufficiency statements. We
report two of them below with a counterexample. While the literature is out of the
scope of this document, these three instances should satisfy the reader wishing to
understand if uniqueness of analytic continuations holds from the natural numbers
to the real line.

Proposition II1.2.58 (Carlson’s Theorem). Let f : C — C satisfy the following:

1. f is holomorphic and of sub-exponential type, i.e. |f(z)| < Ce™ for some C, T
and all ze C

2. there exists k < m such that |f(iz)| < Ce*l*l for some C and all x € R
3. f(n)=0 for alln e N.
Then f =0 on C.

Corollary I1.2.59 (Relaxations to Carlson’s conditions). The same conclusion of
Prop. |I1.2.58 holds when #1 is replaced with f being analytic in R(z) > 0 and
continuous in N(z) = 0 with the same exponential bound. One can also relax #3 by
requiring that f is null on a set A < N such that:
An{0,1,....n—1
lim sup = AOAOLm =B (I1.2.60)
n—o0 n

which was formulated by (Rubel|1956).
If one substitutes these in the statement, the result is sharp. As a consequence, if
the updated requirements are not satisfied, the function is not identically zero.

To verify the power of the statement, we briefly outline how to use it. Consider
a function f on the natural numbers and two candidate continuations g;, go which
agree on the natural numbers. If #1, #2 are further satisfied by g = g1 — g2, then
the continuation is unique since g = 0 on C. Replacing the statements with the
relaxed conditions, we also conclude that if the requirements are not satisfied, then
the continuation is not unique.

A similar condition is derived by another combination of statements. To apply
them, we will anticipate the Fourier Transform (Def. [[L.4.4).

Theorem I1.2.61 (Paley-Wiener Theorem (Rudin|1987)), Thm. 19.3). Let f satisfy
the following:

e f is holomorphic on C and square integrable, i.e.

[ uwra<s (11.2.6)

—00

e f(2) < ce®l for some ¢,C and all z € C.
Then f is the inverse Fourier transform (Fct. of some h e L*([-C,CY)), i.e.

mn our notation

f(z) = J-_CC h(z)e**dx VzeC. (I1.2.63)

Corollary 11.2.64 (Uniqueness of analytic continuation from Naturals II). Let f
be defined on the natural numbers. Consider two continuations gi,go to the set R.
If g1, g2 satisfy the hypothesis above, then g1 = go on R.

Proof. Let g = g1 —go. By construction g satisfies the requirements of Thm. [[T.2.61}
Then there exists some h € L?([—C,C]) such that h = gf!. Being continuations,
they agree on the domain of f, so:

c
f(n) = J_C h(z)e™*dz =0 VneN. (I1.2.65)

As a consequence, h = 0 by the arbitrariness of n and g = 0. O
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A straightforward counterexample is the evidence that there is more than one
extension of n! to the real numbers. The classic is the Gamma function, but one
can also derive the Hadamard Function, and other exotic objects. For historical
references, see (Luschny [2010)).

The problem in Statistical Physics In Replica Theory, the continuation of a
certain Representation of the free energy In Z will be needed. There, the free energy
In Z = lim,,_,» In Z,, is in general hard to compute. To overcome its computation,
the replica trick is implemented
Zr—1
InZ, = lim = , (I1.2.66)

r—0 r

where powers of partition functions are instead easier to compute as products of
integrals. As evident from the expression, while powers over the natural numbers of
an integral are well defined, the " power for r — 0 requires to peform an analytic
continuation of the function from the naturals to the real line.

However, one will need to apply the limit n — oo first to obtain a reliable free
energy (since it is an object that exists at the thermodynamic limit), inducing all
the potential singularities (phase transitions) discussed in Section In practice,
it amounts to exchanging lim,,_,4 lim,_,o Z;, which would be the mathematically
right but physically meaningless object with lim,_,g lim,,_,o, Z;, = lim,_,o Z", which
is representative of the right object, but potentially incorrect from the perspective
of Mathematics.

To finally justify why the partition function is such an important object, we
take a full Section, discussing very important objects in the Theory of Statistics
that provide a different interpretation, with apparently no link with the energy-
entropy competition argument.

I1.3 Cumulants

In this Section, we give a formal justification of the claim that the partition func-
tion/free energy/free entropy is a complete descriptor of the system. The justifica-
tion is in statistical terms and applies to problems well out of Statistical Physics.

As a first step, we present three objects with very peculiar properties. Despite
being very similar , and equivalent in their power in many cases, they appear in
different procedures, and thus may provide different perspectives. These are the
Moment Generating Function (MGF)| the |Characteristic Function (CF)|and the
Cumulant Generating Function (CGF)|

Definition I1.3.1 (Moment Generating Function). For a random variable X we
define:
Mx(t) =E[e*] teR, (I1.3.2)

provided that in a neighborhood of t the expectation on the RHS is computable.

Definition I1.3.3 (Characteristic function). Given a random variable X, define:
px(t) =E[e*] teR. (I1.3.4)

A series expansion wrt ¢ of the exponential inside the MGF around zero gives
the following nice interpretation:

Mx(t) = 1 +tE [X] + gE (X2 +... =1+ ) E[X"] ni, (11.3.5)

n=1

which suggests without the need of a proof that it is possible to determine the
moments of the random variable by differentiating:

E[x"] = L)

-4 11.3.6
g (IL.3.6)

t=0
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Independency or random variables also ensures that the MGF of the sum is the
product of the MGFs, thanks to the elementary property of exponentials

Mxiv(t) = Exy [et(X"'Y)] — Ex [¢"X]Ey [¢™] = Mx(t)My (). (IL3.7)

The characteristic function enjoys similar properties, but is also guaranteed to al-
ways exist since e!’X is always integrable for any distribution X might have. We
will see it is as a (weaker) consequence of Fct. since the measure of a random
variable is always integrable and |e'™*| < 1.

Surpsingly enough, these properties extend to the logarithmic equivalent in a more
comfortable way.

Definition I1.3.8 (Cumulant generating function, and cumulants). For a random
variable X the CGF is the logarithm of the MGF.

Kx(t) :=InE [¢"]. (11.3.9)
Cumulants are the Taylor series expansion of the CGF around t = 0

B dn
T dn

Kx(t) (I1.3.10)

t'n.
Kx(t) = Z /@na Kn

n=1

t=0

Remark I1.3.11. The previous identity relating the MGF to moments does not
work. Indeed:

Kx(t) =lE[e"] =In (1 + Y E[X"] n) : (I1.3.12)

|
1 n:

The immediate reason is that since the logarithm argument is a sum, not a product,
nothing much can be done. In other terms, cumulants are not the logarithm
of moments.

Nevertheless, calculations show that the cumulants are moments of the random
variable up to n = 2. For n > 2, cumulants are functions of the moments up to
the n'". We report below a summary of properties of the three with appropriate
references to the proofs. After this list, we will establish the existance conditions.

Proposition I1.3.13 (Properties of the MGF, CF, and the CGF). The following
results hold:

1. The MGF and the CF uniquely determine the distribution of a random vari-
able.

2. the MGF and the CF of the sum of independent variables factorize
3. the MGF and the CF are linear operators

4. the CGF is translation invariant and homogeneous wrt constant factors c € R,
namely for a random variable X we have:

Kxsolt) = Kx(t) Keox(t) = PKx(t), (I1.3.14)

5. the CGF exists whenever the MGF exists and uniquely determines distribu-
tions

6. the m* moment of a random variable admits an expression in terms of the

MGF and CF derivatives of order m

7. the m*" moment of a random variable admits an expression in terms of the
CGF derivatives of order m for m < 4 and < m for above the third moment

Proof. Claims #2, 3, 4, 6 are trivial. Claim #7 involves tedious calculations but is
trivial as well. Claim #5 is implied by Claim #1 and noting that the CGF is just
the logarithm of the MGF by definition.

Claim #1 is implicitly proved in Fcts. and the discussion just below

their statements. O
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We motivate the usefulness of the three generating functions by inspecting Prop.

ML313l

e Firstly, the expressions are in bijection with the distribution they refer to.
This allows to use them without ambiguities.

e Secondly, they provide closed form expressions for the moments of the original
random variable. Moments describe the shapes that a function has: the mean
is the center, the variance is the spread, the skewness is the third, the kurtosis
is the fourth, and so on. The more, the better, and having access to all of
them is equivalent to being able to draw the distribution in a heuristic sense.
More formally, having access to more moments means that the shape of the
distribution is easier to explore with dynamics.

e Lastly, they obey some nice properties that go beyond. Independent vari-
ables factorize in MGFs and CFs when summed. While the evaluation of the
distribution of a sum might be daunting, multiplying functions is not.

In the main model of Equilibrium Statistical Mechanics, they provide a clean jus-
tification of some of the claims we made in Chapter [, as we will see in the next
Subsection.

I1.3.1 The Generating functions of the canonical ensemble

In a canonical ensemble the random variable is the energy. Assuming for simplicity
that it can take only discrete values the form is as in Chapter [[|

pi = p(&) = %e‘w" dipi=1 (I1.3.15)
i=1

The MGF is easily found to be:

tEN e _ L N gene _ 2B 1)
Me(t) = (e éa>B—;p(é”l)eéa = Z(ﬁ);e B=D& Z06) (I1.3.16)

By the discussion above, the moments admit an expression as derivatives of the
MGF. A trivial calculation makes the claim explicit.

d’ﬂL dm
_ 1y a2 (B — t)' _ oy a5 2 (P)
Z(p) t=0 Z(B)
(I1.3.17)
where it is useful to notice that the derivative is now wrt 8. The identity allows us

to write nicely the first moment of the energy:

&my = L wr)

dz™

1 o

o = %atﬁz(ﬂ*ﬂ

t=0

(8)

Remark 11.3.19. We will see later (Subsec. [[I1.2.2) that the identity in Eqn.
IT.3.17 shows that up to normalization energy and temperature are conjugated (Def.

1.2.25).

From Eqn. [[I.3.16] we can directly express the CGF as:

(&Y = _Zl 622(55) = Z(lﬂ) ;&-e*%"i = ;é’;pi. (I1.3.18)

Ks(t) = In Mgy = In Z(8 — ) — In Z(8), (I1.3.20)

and report below the first three cumulants for completeness.

d 1 d 1 d
K1 zaKg(t) t:O = —%WZ@ —t) = _M@Z(ﬁ) = (&) by the result of Eqn.
(I1.3.21)
2B (20
48 _ [ 48 _/e2N 2
2 ="Z0) ( Z0) ) (&%) —<(&) (11.3.22)
Ky =...={(&—(&))*). (11.3.23)
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A simple argument allows us to reconcile the partition function with cumulants.
The derivative wrt t can be expressed as a derivative wrt 8 upon a change of sign
in the definition of CGF.
Assigning to the CGF Kz (8) = In Z(8) we recover the same cumulants of before
via a slightly modified definition:

dn

Ky = (4)”*1%1{5(5). (11.3.24)

From now onwards, we will use such perspective when dealing with cumulants.

Remark I1.3.25. Notice that in the new assignment of the CGF and the cumulants
the CGF 1is the Free Entropy %, defined just below the free energy (Def.|.5.54).

Here the jargon becomes daunting, but it is easy to conclude that the free en-
ergy/entropyEl happens to be the CGF of the canonical ensemble. This explains
briefly why working with the partition function/free energy/free entropy is bene-
ficial. In simple terms, we are able to recover any average over the randomness
we might desire, and Thermodynamic quantities (i.e. derivatives of the partition
function) are just functions of the moments of the random variable of the system.

Remark I1.3.26. Having assumed no thermodynamic setting, the result extends
to any partition function object. Such conclusion is very important in the general
sense since most of Bayesian statistics seeks to answer questions around Z, even
without taking the limit n — 0.

I1.4 Integral Transforms

Further References

A non-exhaustive collection of useful resources is (Figueroa O’Farril [1998
Weber and Arfken |2004)), (Evans [2006} Lect. 12).

To begin, we define an object which will be of great interest.

Definition II.4.1 (Laplace Transform). For a function f defined on the positive
real axis, its Laplace transform is:

L[f](s) = LOO ftestdt seC. (I1.4.2)

In a similar way we define the bilateral Laplace transform for functions over the
real line taking values on the compler plane as:

a0
Li[f](s) = J ft)e stdt seC. (I1.4.3)

—00
Up to constants, the bilateral Laplace transform is strongly related to the Fourier
Transform, which we reported below to choose one of the standard formulas for it.

Definition I1.4.4 (Fourier Transform). Given a function f:R — R, define:

Ffl(w) == fFou(w) = % Jjo f(z)e ™" d, (I1.4.5)

whenever the integral is computable.

Remark I1.4.6. The connection between bilateral Laplace transform and Fourier
transform is seen as:

2 F[f](iw) = L1 [f](w). (I1.4.7)

Fact II.4.8 (Sufficient conditions for Laplace and Fourier transform). Let f : R —
R be a function on the reals. Then:

2discarding a f factor if needed
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1. if ||f||§ = Siooo(f(x))z dz < oo then the Fourier transform exists

2.4f |f(z)] < Ce*® for all x and R(s) > « the Laplace transform exists at
L1f1(s)

Fact II1.4.9 (Inverse Laplace and Fourier). One can show that the inverse trans-
formation for Laplace integrals is given by the formula:

1 y+iT
LTfP(s)] = 5= lim fFP(s)etds  TeR (I1.4.10)

27 700 y—iT

where f-2° is the Laplace transform and ~y is big enough as to have it defined every-
where
Similarly, if f is square integrable and continuous, one has:

f(z) = F fFeu(w)el™® dw (I1.4.11)

Sometimes, the function might only be square integrable, and we resort to the
more general result below.

Fact 11.4.12 (Fourier Inversion Theorem). Let f be in the L*(R) space. Then:

” Fou iwz _ f(Q?) f e C!
LD [ w)e dw = {; limp, f(y) + & limy,. f(y)  else (413

An immediate observation is that the Laplace and Fourier Transform generalize
the MGF and CF in the following sense:

e the CF of a distribution p(z) is the complex conjugate of the Fourier Transform
of p(x)

e the MGF is the bilateral Laplace transform of p(x) with a —¢ in the argument.

Additionally, Eqn. [[.3.14] can be now reinterpreted with the statement that the
canonical partition function is the Laplace transform of the microcanonical entropy.
We gloss over the discussion on the conditions of existance, but stress on one very
important fact: the Laplace transform of L? functions is analytic. This is a con-
sequence of its continuity and it being zero on closed countours, which allows to

apply Morera’s Theorem (Prop. [I1.2.51]).

I1.5 Dirac Delta Distribution, Hubbard-Stratonovich
Transformation

Further References

To begin, it is possible to consult (Krzakala and Zdeborova 2021; Salasnich
n.d.), (Evans 2006} Lect. 6).

We now turn to present two objects that are widely used in Physics.

Definition II.5.1 (Dirac Delta Distribution). The dirac delta distribution is such
that:

+o =0 ©
0(x) ~ .t. 6(x)dx = 1. I1.5.2
(@) {O Ty s | swas (1152)

One can see that is is not really a function (i.e. the first equation would make the
integral zero), but rather a generalization in the sense of limits of valid functions
where:

JOO 6(z)dz = lim B dc(x)de, lim d(x) = {OO v=0 (I1.5.3)

e—0t —0 e—0t 0 X 7'5 0
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These comments are largely indicatory and serve for an understanding. For rigorous
definitions, one can resort to Measure Theory or the Theory of Distributions, al-
lowing for some less applicable constructions but more rigor (see (Strichartz|2005)).
For what will serve here, we can take it a a heuristic. Also & extends in the most
natural way to its multidimensional equivalent.

Example I1.5.4. An infinite number of functions satisfies Definition [[I.5.1] One
interesting case is the Gaussian measure with vanishing variance

1 a2
_eﬁe ’

or in the more friendly form T g Alternatively, the simple constant van-

(I1.5.5)

ishing function:

oc(x) = {i ol <5 (IL5.6)

18 valid.

Lemma I1.5.7 (Dirac Delta Property). for f:R — R continuous at x:

Jf(m) —z)dm = f(z Jf §(nm — ) dm = %f(x). (I1.5.8)

Proof. We provide a sketch. Depending on the level of formality it can be made
more rigorous.

The Dirac delta is concentrated at 0 in its Definition. For the case §(m — x) we use
the second example above for simplicity.

S+a
lim | 8.(m—2)f(m)dm — lim - f fm)dm = f(z),  (IL5.9)

e—0t J_ e—0t € —t4w

by continuity of f. The second equality follows analogously. We recognize that
n is fixed and thus dnm = ndm and that 6(nm — ) = §(m — £) as they both
concentrate at © = nm. Clearly:

Jf(m)&(nm —z)dm = % Jf(m)&(nm —z)dnm = %f(:r) (I1.5.10)
O

Remark I1.5.11. The second result of Lemma is the most used version by
Physicists. Notice that if we take the logarithm we find that:

log @ _ log f(x) . lOgn n:)»OO IOg f(l’)

I1.5.12

Therefore, the n at the denominator can be neglected.

We also derive the relation between Fourier Transform (Def. [II.4.4) and Delta
distribution by direct computation. If the distribution is centered at xg, then

Fo(x — z0)] J d(x — xo)e' " dr = 21 fwo (I1.5.13)
7r

which by Fourier Inversion (Fct. [I1.4.12)) leads us to the integral representation for
the Dirac Delta distribution centered at xg:

Sa—a0) = @) = [ 5w dw = S—ao) = 5 [ e dw,

27
(I1.5.14)
A better interpretation in the Statistical Physics sense is provided by deriving the
identity with the Hubbard- Stratonovmh transformation (Stratonovich|1957)), which
is based on the exact 1dent1ty

—lzy g . II.5.1
”27raj y, a>0 (I1.5.15)

3to prove it, one just completes the squares in the exponential and finds a Gaussian integral
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In general it is used to change from a particle theory to its respective field theory.
In other words, it is applied to decouple the sites x;,z; into a system of particles
x interacting with a field yE| The cardinal example for Statistical Physics is found
in the steps of the replica method, where the powers of Z” entangle configurations
across replicas, and such a transformation will represent them as dis-entangled.

To reconnect with Fourier, for a Dirac delta distribution the Hubbard-Stratonovich
transformation recovers the integral representation via the Gaussian approximation:

» 1 (* . >
5z — z0) = §(x —x9)dz = li —2c(z=20)" g 11.5.16
(¢~ 20) fw (@~ a0)da Eggg ] e ST

— lim J f exp —w? 3 +1w(x—x0)}dwdx (I1.5.17)

2T e—0+

1 (©
=5 etw@=To) qop, (I.5.18)
s

where in the last equality we used dominated convergence.

Remark I1.5.19. We are effectively relating the Hubbard-Stratonovich transforma-
tion and the Fourier transform for the delta function.

Remark 11.5.20. Neither the delta distribution mor its Fourier transform are
square integrable!

A suspicious Dirac; intuition on its meaning

In Physics, the dirac delta is often taken as a way to enforce a hard-constraint on
an integral. For example, in some cases we might want to restrict the integration
of a function f:R? — R to vectors of some norm, say v/d. There are at least two
options to express this. On one side, a spherical integral SSd,l( va) is natural. On

the other, we might as well perform the integral over R?, and enforce the selection
of « such that Hng = d, which would be written as:

|, r@stial} - aaz. (1521

For the latter, Physicists develop tools to approximate the integral especially when
the dimensions are large.

On a related note, some papers present a peculiar expression involving the Dirac
delta. Without much context or motivation, we present below an example compu-
tation. Let us keep the matters simple, and imagine that we are working with
real-valued functions on the reals, since the reasoning extends naturally to R? inte-
gration. Fix a resolution A. A collection of n discrete variables {x1,...,x,}, where
for each i € [n] we have x; = ¢A, approximates in the Riemann sense a continuous
line x € [0, L], with L = nA. As usual, we might write the integral as the limit of
the Riemann sum, i.e.

i S (z;) = T (IL5.22)
Jim Z]l flz) = LA x. .5.
Similarly, in the same limit, we can “identify” for two indexes i, j € [n] the limit of the
Kronecker delta normalized by the discretization as Dirac’s Delta. We explain
this as follows. While Kroenecker’s Delta d;; is a-dimensional in {0, 1}, Dirac’s delta
possesses the dimension of the inputs over which it is evaluated. Intuitively, if x;, z;
are in units of length, the dirac 6(z; —x;) will be in units of length. A little thought
then reveals that the correct assignment is:

lim ié}] = lim %&j = 0(x; — xj), (I1.5.23)

n—o0 A n—o0

4Understanding formally what a field is can be avoided. It suffices to notice that the entangling
on the LHS is lost on the RHS, and the y is integrated out. The RHS integral will turn out to be
easier.

Snotice we are being sloppy here and leaving A on the RHS despite taking n — o
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and in particular, choosing i = j, we obtain:

lim — = 8(0). (I.5.24)
n—o0
Therefore, we can say that:
n L
flz;) = lirréo Z 0; i f(x;) = f O(x — xj) f(z)dx, (11.5.25)
S 0

and regarding Equation [[T.5.22] the most formal result would be:

fL 5(0)f (x)dz. (I1.5.26)
0

Remark 11.5.27. On a mathematical basis, we are just performing Riemann inte-
gration. On the Physics side, the 8(0) term serves the purpose of ensuring the same
dimensional meaning on both sides of the equation.

Remark I1.5.28. In the inverted direction, when some Dirac distributions appear
in the form 8(x_—x;), they can be non-rigorously transformed into %Jm to simplify
the equations into sums, and then brought back to their original limit taking A — 0.
Obuiously, this requires reverting an integral and applying the limit A — 0 after
some operations, and must be taken with care in the formal sense.

I1.6 Asymptotic Integrals

Remark I1.6.1. Notice that throughout the section and the document we do not
perform analysis at the boundaries of integration and think of the integrals as eval-
uations in the interior of the extremes. The discussion could be generalized, but at
the cost of increased space. For related ideas, see (Akbari, Bury, and th’llz’ps

Wong 2001

Further References

The topic is very wide but the following are three useful resources (Akbari,

Bury, and Phillips |2015; Miller [2006; Wong 2001)) and (Evans [2006)).

We will just provide the basics of the two methods. The latter is especially
quite advanced and involves some knowledge in complex analysis. For the sake of
understanding when it is used in the replica computations, we will briefly present
it, and always assume that it holds in its simplest form. A satisfactory discussion

is carried out in (Miller 2006, Wong 2001)).

Assume we wish to perform the integral of a function that has exponentially
decaying terms in some parameter. Explicitly, in our case will be n. We present a
result that is at the basis of two widely used tools.

Lemma II1.6.2 (Watson’s Lemma (Watson [1918])). A more recent reference is
(Miller[2006)[Chap. 2, Sec. 2.2].

Assume the following conditions hold:
i) 0 < R < 0 fized
ii) f(2) = 2g(2)
iii) g(x) is C* at x =0 and g(0) # 0
) A>—1
v) either |f(z)| < Ke*® for allz >0 and K,b L z or S? |f(z)|dx <

Then:
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1. an integrability condition holds for the exponentiated function, i.e.:

fR e " f(z)da

0

< o, (I1.6.3)

2. and most importantly, the integral of the exponentiated function admits an
asymptotic expression in terms of a series expansion of its content:

fo gD O (A +t+1)
fo e " f(x Z t,nmﬂ (n>0n—m). (I64)
Proof. See (Wong [2001, Chap. I, Sec. 5), (Miller 2006, Chap. 2, 2.2). O

Remark I1.6.5. Notice that we are giving an asymptotic approximation of the
Laplace integral!

The statement could be expanded to Laplace types of integrals, where the x in the
exponent is replaced by a function of x.

Consider the following type of integral:

b
T, - J 6(2)(f(2))" da. (I1.6.6)

Especially with transforms such as the Fourier or Laplace, some steps require these
types of computations. We provide an example of (Wong |2001)) below as a motiva-
tion, but others are found in Thermodynamics and Statistical Physics.

Example I1.6.7. Let {X;}?_, be #id with pdf f(x). Their sum has density f, =
*I_, f, where %k denotes the convolution opemtorﬂ By independence, characteristic
functions (Def. d(¢) multiply with each other and the characteristic function
of the sum is ¢, (C) = (#(C))™. Applying the inverse Fourier Transform theorenﬂ
one finds a representation of the sum pdf as:

1

fue) = o0 [ e oo ac, (16.5)

2

which is of the form of Eqn. [II.6.6,

Heuristically, for sharply peaked functions inside an integral, with peaking-
asymptotics-exogenous parameter n, we should expect that the integral value con-
centrates around the dominating value as n — c0. Laplace’s result, which is of this
type, roughly says that for a function f which over the domain of integration is
unimodal concave with maximum at . € (a,b) one has that:

1 2

T(x) "7 gl (f(a)"F2 () (I1.6.9)

Equivalently, expressing f(z) = eM*) and assuming that h is unimodal at z, and
concave, the result is:

b n— o0 1 2
ZJ d(x)e"® dz "RP (x, )e @), [— (I.6.10)
a *

Notice that the argument of the square root is positive since h”(x,) < 0 by concavity.

6 As a reminder, for two measures y, v on the same sample space 2~ < R% absolutely continuous
wrt a reference measure p, the convolution operator is defined as:

(1 v)(2): J f(@)g(z — z)dp(z),

where z € 2 and f, g are the respective densities. Equivalently, f,g convolve in the reference
measure dp.

7i.e. the function of interest can be recovered from its Fourier transform, the characteristic
function
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We will report an informal justification and a rigorous Theorem. The former is
achieved by a Taylor expansion around the max z, of ¢ and h(z), extending the
integration to R, and using properties of Gaussian integrals (Sec. [II.1)). Despite
being unjustified, it gives the same result.

J o(x)e™ @ dz ~ J Pz, )erh @)+ v gy Taylor (I1.6.11)

* LXAEN)
~ p(x,)em ) J en(@=es)? dz domain of integration
—a0

(I1.6.12)

—2
= p(z, )@ W(Z) Fet. [TT1  (IL6.13)

Another very nice set of considerations and exmples on the heuristic method can
be found in (Shalizi |2024]). Below, we report a formal Proposition.

Proposition I1.6.14 (Laplace’s Method). We provide a statement sufficient for
our uses, a more general one is found in (Wong |2001, Chap II, Thm. 1.1), or
(Miller (2006, Chap. 4). Also (Krzakala and Zdeborovd |2021, Chap. 1, Thm. 2)
provides a brief presentation.

Let h(z)— L log ¢(z) be twice differentiable on [a,b] and unimodal, with a mazimum
at 2. € (a,b). Then:

b nh(z) d
i 0@ A (IL6.15)
n—w0 o(z, )enhia) _—2m
: nf"(z.)

which is the same as the heuristic guess we computed just above.

Proof. The general statement proof is based on a rearrangement that gets to the
Laplace transform. Then Watson’s Lem. [[[.6.2) is applied. So a precise series of
sums is found, and the approximation can be made as tight as desired by adding
terms. 0

I1.6.1 Steepest descent

We do not dwell much into the theory because it is extensive, but for complex inte-
grals one can consider as references (Rudin 1987, Weber and Arfken 2004) (Arfken
and Weber 2013, Chap. 6, 7). In particular, we build on a combination of argu-
ments from (Wong 2001, Chap. III, Sec. 4), (Akbari, Bury, and Phillips 2015]),
(Evans 2006, Lect. 5), and (Weber and Arfken |2004) Sec. 6, 7) which present many
aspects of a method first devised by Debye (Debye |1909).

Consider integrals of the following form:

7, - f #(2)e"Pdz n»1, zeC, (11.6.16)
C

where C is a contour as the one in Def. and ¢, h are analytic functions (Def.
11.2.1). We can evaluate it via a combination of the Laplace method and the method
of stationary phase.

Letting f = u + iv, we know that v is maximized in the Laplace method and v is
stationary, so that oscillatory contributions cancel far away from it and not close
to it (Evans 2006, Lec. 5), (Wong 2001, Chap. II, Sec. 3)(Cohn [2007; Rozman
2017). We will therefore argue that the integral above is dominated by the argument
evaluated at the stationary point of f.

Remark I1.6.17. While this is just a heuristic, the references explain in detail the
various levels of understanding of such idea.

As a first step, we notice that the extremas of f, R(f) are saddle points.

Fact I1.6.18. The conditions of mazimization of u and stationarity of v imply that
the extremas of f,R(f) are saddle points.



44 CHAPTER II. TOOLS AND TECHNIQUES IN STATISTICAL PHYSICS

Proof. Cauchy-Riemann conditions imply that u, v satisfy Laplace’s Equation (Def.
11.2.6). The statement is easily seen by:

@ N Oﬁi 0u N i v\ 0%y 0 ov  %u 0 odu
ox2  oy2 oz dy

—— == -—====-=—=—=0 (11.6.19
ox 0r2 oOxody 0x2 Oxox ( )
Where we have just exchanged derivatives and applied the conditions multiple times.
The result extends to higher order k > 2 derivatives. O

Thanks to the above result, we know that if 02u > 0 then 6§u < 0 at a point
of interest. The opposite result also holds (negative, positive). If we denote the
point as z,, we may apply Cauchy’s Theorem to deform the countour and let it
pass across z,. The fact that the imaginary part is stationary gets us to evaluating
the integral over a real countour that passes through z, and has constant imaginary
portion:

T, = | #(2)e"@dz=e™ | ¢(z)e"*dz n»1, zeC, (I1.6.20)
c c

where v is independent of z.

We now wish to find the path of steepest ascent of the real part to the stationary
point z,. Some thought leads to the conclusion that it is exactly realized when the
imaginary part variation is null. Indeed:

dh = h(z) — h(z.) = du +10v = |du| < |dh/, (I1.6.21)

and du is at its steepest when dv = 0, i.e. the imaginary part is kept constant and
Zx = (T, Yx) attains a constant value when plugged into v. We further say h has a
saddle point of the k** order at z, when:

dnlh d'f”/h
o =0 Vmelk] o

Z2=2Z4 ‘z—z,

£0 Ym>k (11.6.22)

Therefore, at a k order saddle, the Taylor expansion of h reads:

korlh k+1

(2 = 2)
+ dzk+1

h(z) ~ h(z) Ui 1)

+ h.o.t, (11.6.23)

Z=2Zx

over which we perform the following change of variables
z—z, = re? h(kH)(z*) = pelt 9,6€e0,2n],p,7 €R. (I1.6.24)

Focusing on the Taylor expansion, the expression becomes:

PR iR+ 1)0 (eae o PhH,

h(z)—h(zs) ~ Wpe = [cos(§ + (K + 1)9) +isin(€ + (k + 1)9)] ik
(11.6.25)

Thus, imposing stationarity of the complex part:

S(h(2)—h(z.)) = isin(E+(k+1)9) = 0 —= E+(k+1)9 = qrqe N — o = 7ki+1+q%, gen,
(11.6.26)

and from such condition, we can directly derive the steepest ascent direction:

R(h(z) —h(zs)) <0 <= cos(E+(k+ 1Y) <0 < 9 = _ki—i-l +(2¢ + 1)%_“,
(I1.6.27)

and the steepest descent direction:

R(h(z) —h(z4)) >0 = cos(§+ (k+1)0) >0 = ¥ = _kiﬂ + 2qu+1'

(I1.6.28)

Using such technique, we consider the simplest case in which ¢ is of constant order
around z, and the saddle is of order k = 1, so that we can apply Fct. and
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know that the maximum of the real part at stationary imaginary part is a saddle
point. Taylor expanding the functions inside the integral we set:

1d2h 5
0(2) = d(z4) h(z) = h(z) + Sq2 . (r — z:)7, (11.6.29)
and write the heuristicf]
b
T, ~ ¢(z)en =) J B () (=20 (IL.6.30)

To evaluate the integral we perform a change of variables into polar coordinates
with:

z—z, =1’ RB'(z) =M (z)]e¢ 9,€€(0,2n],7r e Ry (11.6.31)

where 9 is the free to choose angle at which the countour passes through z,. The
integral in polar coordinates is now:

Q0
Tn ~ ¢(z*)e"h(z*)f ez h (Ol r?eM? gid gy (I1.6.32)
0

where the integration has moved to arbitrary r» € R, without breaking the approx-
imation. This can be verified in terms of the result of Watson’s Lem. [[T.6.2] which
roughly says that the integral will be dominated by the terms close to r = 0.

A clever choice, which turns out to be the one of steepest descent from the saddle
is £ + 2¢ = 7, for which ¥ = ”Tff This can be verified with the above reasoning or
in (Arfken and Weber 2013, Chap. 7.3). The integral now becomes:

T, ~ ¢(Z*)enh(z*)el19j;) exp{2n|h”(z*)|r2}dr —00 ¢(Z*)enh(z*)eu9 m 9=
(11.6.33)

The above approximation result can be made rigorous. A more systematic approach
is carried out in (Wong 2001, Chap. II, Sec. 4).

Remark I1.6.34 (General remarks). We give four further heuristic comments.
1. If there are multiple saddle points, the contributions sum up;
2. the direction in which z, is approached is important;

3. in absence of a saddle point (e.g. if the function h is monotonic), the biggest
contribution is at the boundary, as stated at the beginning;

4. in our applications, we will blindly believe that the saddle point method may
be applied in the simplest case possible, by which we replace an integral in the
form of Eqn. with its maximum/minimum argument of the exponent
depending on the sign that the exponential has. Checking the reliability of the
method would be tedious, and we rather hope for n to be large enough as to
branch out all the unfriendly cases.

Having introduced some fundamental mathematical notions, we now turn to
explaining the connections between Information Theory and Statistical Mechanics,
through the lens of the work of Jaynes (Jaynes|1957) and Shannon (Shannon |1948).
The loose aim is to give a justification as to why the physical laws just discussed
are, in the words of Jaynes “merely an example of statistical inference” (Jaynes
1957). Reconnecting with the discussions in Chapter [I we will still be concerned
with describing thermodynamic-like properties of a system at equilibrium, but with-
out seeing it. Subject to some truth-revealing obsevations, we will understand that
statistical inference and information are treated under a surrogate of the concepts
derived earlier, but this time starting solely from a notion of entropy. The discus-
sion about physical laws and equations of motions mentioned will be latent in the
analysis, but still present. As an informal result, Statistics, Information Theory
and Thermodynamics have a large overlap.

8note that we are not taking out the imaginary component S(h) = v explicitly, but inside the
general form
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Chapter 111

Mathematical Topics in
Statistical Physics

In this Chapter we formalize and extend some of the statements found in the pre-
vious discussions. In Setion [[IL.I} we report the original axiomatic construction of
Entropy by Shannon (Shannon . To continue and reconnect with Thermody-
namics, we overview the Maximum Entropy Principle of Jaynes and the comments
therein about the comparison with Boltzmann’s formulation (Jaynes [1957). In
Section [[IT:3] we move the narrative to a more grounded justification and contextu-
alization of Free Energy, with an eye on Machine Learning and Bayesian methods.
In a related way, we summarize properties and ideas behind the Legendre-Fenchel
transform, an extension of the Legendre transform, in Section [[II.4 To conclude,
we just briefly overview two very important fields: large deviations and all of In-
formation Theory. For the former, we do relegate to extensive references the ideas.
For the latter, we do still bring some value to the document, by providing a broad
validation of Kullback-Leibler divergences and entropy, thanks to their ubiquity in
Inference.

Further References

On a similar note, two recent articles by the same author provide a three-

way concise jusification of entropy (Lairez [2022)), and a quick derivation of
fundamental Thermodynamical objects from first principles (Lairez [2023),
which is useful in the context of Chapter [}

II1.1 Formalizing Uncertainty

We will first take an Information Theoretic approach, which was initiated by Shan-
non in a foundational publication (Shannon [1948]). The Thermodynamics construc-
tion can be shown to be equivalent on many terms.

Remark ITI.1.1 (Units of measure). The Physics perspective on entropy is at first
sight impossible to reconcile with Shannon’s notion due to kg, Boltzmann’s factor .
However, a careful inspection shows that it is merely a by product of the reference
system used, which endows physical quantities up to constants to estimate. A setting
in which kg =1 can be used, without loss of generality.

We take the discrete case for reference. Therefore, a random variable X takes
probabilities p; over a discrete space 2 = {z1,...,xz,}, where |2"| = n. The aim is
finding a nice measure of uncertainty H, or of “how much choice is involved in the
selection of an event” (Shannon Sec. 6) for a probability distribution, denoted
wlog as {p;}?"_;. Tautologically, the nice notion depends on some properties stated
ab-initio. We present those used originally below.

47
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X, X,

X1 /\‘ Y ~ Bern (2)
X N /\ .

Figure III.1: Two “equally entropic” processes. Source (Shannon |1948| Fig.6)
Two sampling systems that are statistically equivalent should exhibit the same
entropy.

2

Shannon’s Uncertainty Properties

A good measure of uncertainty satisfies the following properties
(Shl) tractability: continuity in {p;}?_; holds

(Sh2) monotonicity: if X ~ Unif(Z") then it is monotonically increasin
in | 2|

(Sh3) additivity: for an event decomposed into sub-events, the entropy of
the original event is a weighted sum of the entropy of the sub-events

“to an increasing number of equally likely outcomes corresponds increased uncertainty

To understand (Sh3), the example of (Shannon 1948, Fig. 6) is instrumental.
We report it below.

Example II1.1.2. Given two outcome systems:

X1 wp% X, wp% 5
X={X, wpi X=1{Xo ifY=1 Y ~DBern (3> , (I11.1.3)
X3 wp % X3 ifY =0
depicted in Figure[III.]]

It is easy to see that an information measure for the former would obey the
expression 7—[(%, %, %), while the coarse grained version amounts to having entropy
H(%,1) on the first step (either X1 or one of X2, X3) and H(3,1) on the second
step (when the Y coin is thrown). Given that the probability distribution of X is
phenomenologically the same, property (Sh3) enforces that:

111 11\ 1 /21
S VN [ RV (e I11.1.4
H(z’s’a) H<2’2)+2H (3’3)’ ( )

where the % factor is a weighting for the sub-event since it happens only half of the
time.

At first sight one might think that there are plenty H obeying the uncertainty
principles. It turns out that the three are sufficient and necessary for a characteri-
zation.

Theorem IIL.1.5 (Shannon’s Uncertainty Measure Characterization, Thm. 2
(Shannon [1948)). There exists one and only one H satisfying (Shl)-(Sh3), and
it 1s: .

H({pi}i—1) = —K ), pilogyp; K > 0. (IIL.1.6)

i=1

Proof. We report the proof for the sake of completeness since it is self-contained
and nice to read.
Let A(n) := H (%,...,1). Observe that by (Sh3) we have that A(t") = nA(%),

n’

since t" equally likely events decompose into n choices of ¢ equally likely events.
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For any pair (n,t) where ¢ is fixed and n is arbitrarily large, there is another pair
(s,m) such that s™ < t" < s™*1. Taking logarithms and dividing by nlogs one

finds:
m _logt m
<

1
— < <=+, (IL.1.7)
n logs n n
or the nicer expression:
logt
m_ log < € € arbitrarily small since n arbitrarily large. (I11.1.8)
n logs

An application of monotonicity (Sh2) and the previous discussion on (Sh3) ensures
the chain of inequalities holds after applying A(-)

mA(s) < nA(t) < (m+ 1)A(s), (II1.1.9)
which divided by nA(s) gives:
At
% - A((s; < € € arbitraily small. (I11.1.10)
Combining Eqns. [[IT.1.10] we reach the expression:
A(t)  logt
— . II1.1.11
‘A(s) log s €=0 ( )

Since t,s were arbitrary, it must be that A(t) = Klog(t), A(s) = K log(s) where
K > 0 is the constant that cancels out in the division. Note that K > 0 is ensured
by (Sh2) and the expression is enforced since the bound is for arbitrary ¢ > 0.

In general, for a clusterization of events ¢ with relative frequency n; we have that an

Uz

uncertainty /information measure should satisfy for p; = ST the following identity:

Klog Y ni = H ({piticrm) + K Y. pilogn,, (I11.1.12)

where the choice was broken down into n possibilities and n; is the second (uniform)
number of choices.
Eventually:

H({pi}ie,) = =K ) pilnp; (I11.1.13)

by the simple observation that In > n; = >, p;In > n;. Requirement (Sh1) ensures
that the definition of p; is wlog, since by continuity in p; we can always approximate

any p; by rationals, and obtain Eqn. [[II.1.13 O

Definition IIT1.1.14 (Shannon’s uncertainty, or entropy). For a discrete random
variable X its entropy is

1(X) == —E [In(P[X])], (IT1.1.15)

where by abuse of notation we write H(X) without referring to the probabilities. In-
deed, the entropy should be in terms of the distribution but we will mostly use it for
random variables. Whenever the focus is on a general distribution with probabilities
{pitiemy we write it as H(p) or H({pi}ie[n))-

Notice also that the logarithm is in base e. Despite being originally formulated in
base 2, a trivial calculation shows that the two definitions are equivalent up to con-
stants[]

The terminologies entropy, uncertainty and information measure are used exchange-
ably. The third and second are opposites (high uncertainty, low information), the
first will be shown to be uncertainty in the next Section. By the previous discussion,
we are also setting K = 1 wlog.

Note that up to a constant factor we have recovered the expression of Def.
which has Def. [2.15 as a special case. Despite being equal, it does not mean that
they describe the same concept (Jaynes|1957). We will equivalence in a very peculiar
way, by establishing a relation in terms of performing least-biased inference when
approximating a distribution.

1t suffices to use the identity log;, a = ﬁiizz for b = 2,a = P[X],d = e to see that the constant

is always In 2
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I11.2 The Maximum Entropy Principle

When doing inference, the objective is to minimize the bias of the procedure carried
out. In a Physics environment, the concept can be briefly explained as follows. It
is often the case that a measurement of an unknown function is available, but the
randomness of all the realizations is not. If the random variable takes n finitely
many values, the randomness is encapsulated in {p;}"_;, and the measurement is
expressed as a weighted sum:

E[f(X)] = Zn]pif(xi). (I11.2.1)
i=1

With this information, we would like to estimate the mean of another function
g : Z — R, hoping to minimize the bias and be rightfully representing the truth.
Unfortunately, the available information is only in Eqn. and in the fact that
probabilities normalize }}; p; = 1. The number of constraints is 2, the number of
variables is n: we are facing an undetermined problem. In particular, an infinite
number of distributions satisfies the constraints.

Historically, there have been many attempts to inject structure as to derive a
unique result. The main idea is that one needs to supplement the observable reality
with additional hypotheses that make sense. Since inference is on the probabilities of
a random variable, the path splits at two main branches, the frequentist-objectivist
(Cramér (1999} Feller 2009) and Bayesian-subjectivist (Jeffreys [1998; Keynes [2004)
interpretations of probability. Given the unsatisfiable nature of our question, we
are forced to implement the latter.

Summarizing, our task is to find a collection {p;}?_, that satisfies the constraints
and carries no more overflow of information coming from structural assumptions.
Maximizing the entropy, to aim for the highest possible amount of uncertainty, is
a principled way to solve the search problem. Remarkably, an object that we have
already presented appears.

Proposition IT1.2.2 (Maximum Entropy Principle leads to Boltzmann Distribu-
tion (Jaynes [1957))). Consider a random variable X, taking values in a finite dis-
crete space X = {x1,...,x,}, and a function f: 2 — R of which the expectation
E[f(X)] is known. Let uy be the expectation of f, and {p;}}_, represent any as-
signment of probabilities to the alphabet 2 . Then, the program:

{argmaX’H(X) s.t. Zn:pi =1, E[f(X)] = Uf} (I11.2.3)
{pi}isy i=1

is solved by a set of probabilities {p;}_, with canonical Boltzmann distribution (Def.
1.3.10) parametrized by (£9,&1). The optimal value of entropy is:

H(X) = &o + &y (111.2.4)

Proof. We introduce a Lagrange optimization problem for arbitrary distribution
{pi}?_,. Following the usual formalism:

L(pi; S0, 61) = H(X) + &o <Zpi - 1) +& Ef(X)] —pr) o6 eR.(IIL2.5)

Solving for VL(p;; &0, &1) = 0:

oL Olnp;
% = — ZJU lnpi — Zpi aI;p + fo Z 5ij + fl (Z 51]f($z)> = 0, (11126)
J 4 i J i i

where 0;; are Dirac deltas, along with the two constraints mentioned above. The
solution to this problem is:

—lnp; —1+& +& flz;) =0 = p; = e S0~8/(@) j, (111.2.7)

N~~~

~&)
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To continue, we use &y in place of &) since it is a constant. Working on the derivatives
wrt the multipliers:

& _ Ze—élf(xi) =Z(&) = &H=mZ(&), (I11.2.8)

and
0
oG

The set {p;}I'_; is the specification of a Boltzmann distribution at temperature &;
and mean energy % = E|[f(X)] for the canonical ensemble (Def. [[.3.10). If we
evaluate the entropy we find:

E[f(X)] = Y e @00 (@) = (f(X)g, =~ Z(Q).  (11.29)

n

H(X) == pilogpi = Ze*ivfif@i) (o + &1 f(w1)) (I11.2.10)
=1

- 5026 fo—&uf(@i) 4 ¢ Ze So=&uf(®s) £ () . (I11.2.11)

~ ~~ - ~ ~~ -
=1 =ps=E[f(X)]
O
Corollary II1.2.12. The result is readily extended to a set of means (u; )7 .. ,u} ))

of different functions (f), ..., f%)), for which one finds that the mazimum entropy
distribution is:

k k
pi = exp{—fo - Z&zu?)(%)} Z(&,- -5 8k) Zexp{—Z&uy)(xi)};
=1 =1

(111.2.13)

€ =I(Z(&,....6)) ) = —?Z(gl,...,gk), (I11.2.14)
with attained value: .

H(X) =&+ ), &, (IT1.2.15)

Therefore, the distribution that maximizes uncertainty under the constraint of
fixing the expectation of one or more functions is Boltzmann-like, with a well defined
structure. However, it should be noted that the second Lagrange multiplier equation
is not easy to solve. In the next computation, we show it is implicit.

Fact I11.2.16. One Lagrange multiplier is easy and unique if the other is available,
since & = In Z(&1). Regarding & it:

(fzi) — pp)e~ 81 @)=ns) — o (I11.2.17)

IE

k(&) =

=1

where h is monotonically decreasing and continuous in & and thus has only one
solution. Unfortunately, the solution has no closed form for any n, and is difficult
forn > 1. The expression extends to multiple constraints naturally.

Proof. Starting from the probability expression p; = e~$0~¢1/(#i) i easier. We left
and right multiply by f(z;)ef?, then we sum over i € [n]. It gives:

2 Gopie® = 3 et OO e gy = ) fae .

(I11.2.18)
Using the expression for & and noticing that the LHS is also Y, e~/ . 1y we
can express everything on one side to get:

2 @) = pp)em ) =0 = B (f(wi) = pg)e” @7 <0, (111.2.19)
where in the last passage we have multiplied and divided by eé*#/. Continuity and
strict monotonicity are trivial. O
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From Prop. [[II.:2:2] Cor. [II.2.12] and Fct. [[IL.2.16] it is understood that a set

of contraints by means of expectations on a probability distribution is represented
in the least biased way by the Boltzmann distribution. Moreover, the parameters
are uniquely identified, but not explicitly given. Such an approach covers the miss-
ing constraints in the problem presented at the beginning of the subsection. The
philosophy is being “maximally noncommittal with regard to missing information”
(Jaynes [1957).

Following the approach of Chapter [[, and allowing for different energy levels &;, we
can also recover the dimensional-aware expressions for Thermodynamic quantities.
Considering for simplicity the case in which only one mean is given, we find that
pr=E[f(X)]=(&E)¢ =%,8 =& and F(B) = _%’ or more explicitly:

1 1
& =8= s U — By = 3(B) = —kpTIn Z(8); (II1.2.20)
0
S = —@ = _kB ZZ:pl ll’lpi7 (111221)

where the two entropy concepts differ by a multiplicative constant, K (arbitrary)
on one side, kg on the other. As already argued, the two are just a by product of
which measurement units are chosen for experiments, and we could just set them
to unity.

An immediate consequence is that if the functions { f(l)}f:1 depend on further
parameters of interest (p1, p2,...), then it is possible to recover the force associated
to any p; via the expression:

10
F, =——1InZ. 111.2.22
Pj ﬁapj ( )

Example I11.2.23. In Physics, one often considers as additional parameters vol-
ume, electric/magnetic fields, and associates to them forces such as pressure or elec-
tric/magnetic potentials. Under a different light, conjugate quantities introduced in

Definition reappear.

Via simple arguments, we have shown that starting from entropy the thermody-
namics arena is established, in a much more straightforward manner. Previously,
we had to present various principles and approaches, while such last method just
requires a maximization of Shannon’s Entropy. The conclusion is that, when con-
sidering systems at equilibrium, the laws of physics do not bring any added value
if measurements (i.e. means) are availableﬂ In the next Subsection, we widen the
comparison by narrating the foundational differences of Statistics-based Scientific
Methods.

II1.2.1 Subjective, Objective Probability, and the concept of
macroscopic uniformity

We briefly touch upon one principle that is best explained in (Jaynes|1957, Secs. 3,
4).

In Thermodynamics, there is a correspondence of rules derived from stated laws of
nature, and experimental facts. At first, the maximum entropy principle lacks the
latter, but we will explain why it is incorrect to say so.

A crucial aspect is that it is an inference structure built upon partial information,
and therefore implicitly makes use of the subjective interpretation of probability.
A more refined argument is that, if we allow to consider Entropy as a measure of
information, at each stage the process guarantees that probabilities sharpen towards
clear predictions, that should be in line with experiments only when information is
sufficient.

Such information, seen as “amount of knowledge”, is clearly governed by the number
of states n. A little abstraction eventually leads to the observations that:

2This specific comment is not alone valid if time is allowed to flow. Allowing particles to move
across time requires a specification of rules (equations) of motion.
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1. the perspective of maximizing the entropy is a sort of ergodic hypothesis
(Jaynes [1957));

2. the sharpening of predictions is to be interpreted in terms of the broadest
assignment of weights possible that the method ensures;

3. when all micro-states share the same macroscopic properties, sharp predictions
arise, and must be compared with experiments.

Conclusion #3 is referred to by Jaynes as macroscopic uniformity (Jaynes [1957)).
A direct consequence of applying it is also that misalingnment of experiments and
sharp predictions is evidence for wrongful counting of states. This latter fact is
understood as follows. Sharp predictions are one to one with abundance of in-
formation, which means that the maximum entropy principle is not flattening the
macroscopic distribution due to lack of data. On the other hand, experiments dis-
agree with the theory. Clearly the theory should be wrong, and it is wrong in a
specific sense: given the generality of technique, it is implied that the issue is how
the entropy was evaluated.

Since enumerating the states of a system is the only step of the process in which laws
of Physics are used, such counting process is wrong and the experiments-maximum
entropy disagreement is evidence of existence of new laws of physicsEI

I11.2.2 Conjugate quantities

The result of the previous discussions motivates the following comment which is
related to the next topic; Legendre transforms. Reconsider the heat bath in Chapter
for two systems (A, B), where we are given the mean energy of &4, and the entropy
of system A is only an extensive function of it, i.e. #4(&4). Then, we could define
its temperature as 8 = % d.%s. The way in which temperature is measured is by
means of considering the two systems as a whole, with transitions of the type i — j
for system A and | — m for system B, that preserve the total energy. As before we
would then enforce d& = 0; or equivalently

&ia+ & =Ej A+ Em,B, (I11.2.24)

where a state of the joint system is denoted as (il) and in this case it transitions
to (jm). In practice, given the overwhelming number of states, having access to
the matrix of transitions is impossible, but conservation of energy enforces that
Py is a function of the total energy &; a + &) p. Therefore, the maximum entropy
principle for the mean of &4 and the conservation of the total energy allow to write
the partition function and associated condition on the Lagrangian parameter:

Z(&) = Y e 0atdin) - z,(6)Zp(&1) (ba) = _(?% InZ4(&). (IT1.2.25)
(il)

Thus, the Lagrangian parameter is recovered by invoking the equation of the max-
imum entropy as & = % =p.

Looking back at how we formulated the canonical ensemble, the last argument shows
why it makes sense to assume that the average energy will be fixed, and shows that
the two quantities are strongly related, in the sense of being conjugates (Def. .
In the next Section, we will generalize this last fact with Legendre-Fenchel trans-
forms, that incidentally also allow for the extension of Legendre transforms to a
larger class of functions.

Example II1.2.26 (Entropy via free entropy). It is possible to establish the relation
between free entropy and entropy. Indeed for a random variable & with Boltzmann
distribution we find

0F 0F

— = ——. I11.2.27
0B oT ( )

3A folkloristic example which we do not treat in any formal sense is the appearance of the
classical vs quantum mechanics dichotomy.

H(E) = —(InP(E)) = B(&) + I Z(B) = B
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Remark II1.2.28. As arqued before, Shannon Entropy has the same expression of
Gibbs’s entropy (Def. . Provided that a random variable has the Boltzmann
distribution, it will return Helmholz free energy-like (Def. [I.3.34]) quantities.

We can then eventually say that the free entropy and the Shannon entropy are
related by a very nice duality relation via Legendre Transforms (see below at Def.
111.4.2{ Prop. and we can express the free entropy as the CGF of the model.
In mathematical terms, it is understood via the equations:

F(B)+H(E) =pE  Ke(B) =F =53 (I11.2.29)

Remark I11.2.30. For the interested reader mention three recent papers. The first
(Zupanovic and Kuic |2018) connects with Jaynes’ work in the modern context of
Boltzmann-Shannon Entropies, putting emphasis on their differences at finite size.
On a similar note, the authors in (Chakrabarti and De|2000) present different ax-
iomatic derivations of the two versions, in the spirit of (Csiszdr|2008). Differently,
the interesting result of (Gao|2022) is that Boltzmann’s distribution can be derived
from more general concepts of ensembles. There are also concerns about the Maxi-
mum Entropy principle that are worth exploring (Cardoso Dias and Shimony|1981)).

I11.3 Free Energy, Energy, Variational Representa-
tions

We report here a collection of arguments that should strengthen further the con-
nections betweeen the various principles. To begin, we remind the reader that the
maximum entropy principle has showed us how the canonical ensemble can be re-
covered from maximizing entropy. In Thermodynamics, it entails the dimensionless
relation:

f(B) = inf{fu + o} (ITL.3.1)

Therefore, for constant entropy systems, the (average) energy will be minimized,
while for constant average energy systems, the entropy will be maximized. Similarly,
one could derive different relations between the free energy, the internal energy, the
entropy and temperature. Rather than dealing with this topic, which is somewhat
dependent on thermodynamic arguments, we will comment on a different perspec-
tive on free energy, that might be useful for deriving a stronger connection with
Bayesian methods. Let us begin with a statement that relates Shannon’s Entropy
to the “log-sum-exp” function, which is again nothing but a free energy.

Proposition I11.3.2. In this proposition, we are going to give an independent proof
that the log-sum-exp is the convex conjugate of the negative entropy. Namely, for
any v > 0 and p a probability distribution, considering the optimization problem:

max  {p,q) +7H(q) = 7In [2 epf] : (I11.3.3)
i=1

qe[0,1]7; > qi=
where the mazimum is attained at:

e

Zj:l e

We further remark that the optimal distribution is just a Boltzmann canonical dis-
tribution and the whole statement is very much linked with the maximum entropy
principle discussed earlier.

Proof. For a given index ¢ € [n], the derivative of the objective G(q;p) is:

0 *G(q;p) L i=j
D) = e — ~(Inla] + 1 &GP )Ty 111.3.
aqu(q,p) p; —y(In[g;] + 1), 34; 0a; 0 otherwise (ITL.3.5)
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It is easy to conclude then that the zeros of the gradient will be maximas, since the
Hessian is diagonal with negative entries. The solution is easily found to be:

T ="' = ¢ = — = — Vie[n], (I11.3.6)

where in the last step we have reparametrized q to be a probability distribution,
without losing anything since we scaled it by a constant (i.e. it is still a stationary
point). Such choice makes g* lie automatically in the space of discrete distributions
of n-sized sample space (the R™ simplex), making it a maximum of our objective.
A tedious calculation allows us to conclude:

Gap) =2 ap-1 ) | — = |In| =—= (I1L.3.7)
i=1 izl | Xy e e
\_\/_J

Remark IT1.3.10. In the above statement, v > 0 plays the role of a regulariza-
tion term, where the regularization function is Entropy. The result is the Cumulant
Generating Function of a Boltzmann canonical distribution where the inverse tem-
perature is played by B = % We are effectively dealing with a Thermodynamical

notion.

I11.3.1 Mean Field Methods and Bayesian Learning

As a first result, we derive an important inequality by Gibbs.

Proposition II1.3.11 (Gibbs’ Inequality). Let {p;},,{q:}_, be probabilities of
two probability distributions. It holds that:

H{pitiern]) < HUPitiem) 1@iiem]) = — Z pilog q;. (II1.3.12)
=1

Further, the expression are equal if and only if {p;}7_; = {¢:}'_,. The RHS of the
inequality is often termed cross entropy.

Proof. By Jensen’s inequality applied to the log the first result is established:

H{{pitiep)) + Z pilogg; = Z pi log i < log Z q; =log1 =0, (I11.3.13)
i=1 i i=1

=1

where we have used Y\ | ¢; = 1.
Given that log is strictly concave, equality holds if and only if the fraction of weights
are all equal (maximum of the convex combination), which leads to the added

condition 1% =... Z—Z = k. The two conditions hold when:
Na=Ykpi=k=1 = -1 vie[n] (I11.3.14)
. . qi
=1 i=1

O
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The proof technique extends well to countable spaces for the distributions, and
needs just some additional details for a measure theoretic statement, which is out
of the scope of these notes and will be briefly commented in Section A proof
can be found in the blogpost (Siegel [2019). Additionally, from the result of Gibbs’
inequality, it is possible to derive a second proof of the [GBF]inequality from a more
information Theoretic starting point. Before doing so, we take the opportunity for
a Definition.

Such composite view on entropy is suggestive of introducing a very important
object in Statistics, Machine Learning and Information Theory.

Definition ITI.3.15 (Kullback-Leibler Divergence). For distributions (p,q) on a
sample space X the|Kullback-Leibler (KL ) Divergence is:

dkL(pllg) == H(p,q) — H(p) = >, p(x)log p(@), (I11.3.16)
xe X Q(m)

with the convention that 0log0 = 0. By Gibbs’ inequality, it is always positive. It
is also known as relative entropy.

Remark II1.3.17. By the Neyman-Pearson Lemma, the best test for distinguish-
ing probability distributions is the likelihood ratio test. The KL divergence is the
expected value of such ratio if the data were distributed according to the density of
p. Recently, there has been a burst in attempting to connect Statistical Inference,
Statistical Physics heuristics and computationally bounded Inference heuristics that
arose in Average Case Complexity literature. There, the likelihood ratio plays a piv-
otal role. For a starting reference, see (Kunisky, Wein, and Bandeira|2019). While
the topic is out of the scope of the current document, it might be treated sometime
in the future.

Remark II1.3.18. As we will arqgue and see across the lines, KL divergence is
the most natural generalization of Entropy to continuous distributions that satisfies
the constraints to some extent. A more formal discussion can be found in (Hobson
1971)).

A proof of GBF-type inequality is then just a rewriting of properties of the KL.
We place it in a statement here to reference it later.

Proposition IT1.3.19 (GBF inequality). For two systems with Hamiltonians ¢, A
on the same randomness X it holds:

~

Z(B) = Z2(P) exp {=B{AH (X)) _}. (IT1.3.20)

Proof. Let p be the canonical distribution of A and q be the distribution of 7. The
positivity of the KL divergence, which holds by Gibbs’ Inequality, is a restatement
of the claim. Indeed:

_ Lefﬁjf(w) o 6753%’7(1:) Z(ﬂ)
dkw(pllq) m;% 2(5) log z(ﬂ) e P () (I11.3.21)
= log 2 > Pl (2)|B(H () — A (). (111.3.22)
Z(ﬁ) zeX

By positivity, we get:

2(p) ;
log 5o 2 ~B(H =)= Z(0)> Z(O)exp (-pAH(X)).).

(I11.3.23)
O

Corollary II1.3.24. Gibbs Inequality and the GBF inequality are the same state-
ment. One holds if and only if the other holds. In particular, we can establish that
the following equality is true:

H(g,p) — H(p) = log ;E? ; +{(BAA (X)) _, (I11.3.25)

where p is the set of probabilities ofifz and q is the set of probabilities of .



I111.3. FREE ENERGY, ENERGY, VARIATIONAL REPRESENTATIONS 57

Corollary II1.3.26. As a by-product of the construction, one can realize that for

an approximating Hamiltonian €, another relation holds. Letting Tapp be the ap-
prozimating free energy, defined as

Fapp(B) = §(B) + <%(X) — j?(X)>~ : (IT1.3.27)
then the GBF inequality introduced in Sec. [I.3 holds, i.e.:
Sapp(B) = (8), (I11.3.28)
and in particular, the displacement is:
k -
Fapp(8) — 5(B) = FBdKL(.uHﬂ) >0, (I11.3.29)

as argued previously, now by positivity of the KL divergence.
Proof. Using the definitions of Chapter [[} it is just a matter of computation. O

The GBF procedure, and the use of the KL divergence, are very akin to the
concept of variational Bayes inference, briefly outlined below.
When performing Bayesian inference we suppose there exists a joint distribution of
some signal & and some vector of observations a. Furthermore, we place ourselves
in the situation in which we wish to infer unobserved z; for i € [n] from a data
matrix A, that stores independent (a;)"_;, paired to the single signal, implicitly
allowing for the existence of a likelihood. Then, Bayes’ theorem gives an expression
for the posterior:

PIAIX]P[X] PIA[X]P[X]

P[X]A] = = Al " S PlARIPRldE (111.3.30)

However, the partition function at the denominator is often hard to compute, and
one resorts to an approximation of the posterior by a more tractable distribution
Q[X] ~ P[X]|A]. The approximation is in the simplest case evaluated by the KL
divergence:

log Q[x]
(@) = 3, 0l (lgp[mm> (1113.31)
_ . log Q[] o
= gg]{ Q] <1ogp[x,A] +1 gIP’[A]> (I11.3.32)
= . Qlz] (log Q[x] — log P [z, A]) + log P [A] (I11.3.33)
re X
=Ex-g[logQ[X] —logP[X,A]] + logP[A]. (I11.3.34)

After a careful inspection, defining the canonical mean energy as:
B (Q) = —Exq[logP[X,A]], (I11.3.35)

we have recovered a notion of free entropy—likeﬁ object #(A,Q), which is how-
ever dependent on the choice of Q. Such term .% (A;Q) is often called variational
Gibbs free entropy (Krzakala and Zdeborova 2021, Thm. 4) in literature, and we
can express it in two ways, either via Bayesian objects, or via Information The-
ory /Thermodynamics objects. For completeness, we report both explicitly:

B LF(A;Q) =Exg[logP[X,A] —logQ[X]] (I11.3.36)
=logP[A] — dk1.(Q||P) Bayes (I11.3.37)
=H(Q) - B '%(Q) IT/Thermo.  (I11.3.38)

Having recovered a closed form approximation of the true model, we wish it to
be as tight as possible. The formulations of the Gibbs Inequality/GBF inequality

4in the Machine Learning literature, it would be the |Evidence Lower Bound (ELBO)|
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state that an approximate model is at best a lower bound on the true free entropy,
so it holds that for the same temperature:

F(A;Q) < F(A), Qergzzﬁn)f(A;Q) =Z(A). (I11.3.39)

Obviously, we are only restating the problem up to now, and the computation is
just as hard. Indeed, the principled Bayesian approach is not just to establish this
relation, but also to choose an approximation over a space @ < Z(R™) which is
easy to deal with, to obtain an achievable lower bound. The most trivial way to
make the distribution Q tractable is assuming that it factorizes over i € [n], so that:

n

Qlz] = [[a(z:) qe 2®), (I11.3.40)

i=1

which is equivalent to assuming that the approximate Hamiltonian in the canonical
ensemble is:

ﬁ(w)=§]hi(wi), hi(-) =logq() Vie [n]. (II1.3.41)

A little thought shows that the analogy underlined in the computations of Mean-
Field Approach (Sec. is very well known in Statistics. The former is an approxi-
mation of the Hamiltonian, the latter is an approximation of the distribution leading
to an equivalent formulation in a different perspective. Moreover, it is important
to stress two facts.

1. On one side, the results we saw apply to general approximations of distribu-
tions or Hamiltonian.

2. On the other hand, the words mean-field are self-explanatory, and refer to the
precise approximation of assuming that there is a ﬁelcﬂ that acts on particles
in place of their interactions. It allows for a nice interpretation, and makes
sense in many cases with the appropriate adjustments. One above all, it serves
the purpose of being an often-accurate first approximation of a phenomenon.

In addition to this, the equivalence provides a nice interpretation: assuming that
the distribution factorizes for each i € [n] is like assuming that each ¢, despite being
interacting with all the other coordinates, is seen as a particle that is subject to the
mean-field of the neighbors, reducing the degrees of freedom from n — 1 to 1.

Further References

An interesting more Physics-oriented review of the story of mean-field meth-

ods is (Kadanoff [2009).

II1.4 Legendre Transforms

Remark I11.4.1. For some statements, we will work on the extended real numebrs
R. Their definition is intuitive and just requires adding some algebraic rules to have
nicer sets to work with, and be able to treat the real line as having endpoints.

Further References

A classic reference is (Zia, Redish, and McKay [2009), but also (Deserno

2012; Touchette 2014; Zanghi [2013). General discussions in (Krzakala and
Zdeborova |2021; Mezard and Montanari |2009)) are worth consulting.

We take a slightly more mathematical route and aim to present results that
specialize to Physics and especially Thermodynamics with nice interpretations.

5a field is a proper mathematical object, it can be loosely seen as a constant force at each point
of the ambient space
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Definition I11.4.2 (Legendre-Fenchel Transform). For a function f: 1 — R with
I c R its |Legendre-Fenchel (LF) transform is given by

elf(w) = fF(w) = sup {wz — f@)} T I SR, (IIL.4.3)

xel

where the domain of the transform is I'Y = {w € R|f“(w) < o}. Compact
notation is obvious in the sense that fY¥ = (f)'F is the LF transform of f. The
double transform is:

L) = sup {wz — L[f](w)} . (ITT.4.4)

welLF

We also extend the notion naturally to multivariate real-valued functions f : I — R
such that I — R? as

Llf|(w) = 515) {(x,w)— f(x)} wel"F ={weRYL[f](w) < w0}, (II14.5)

where (-,-) is the inner product.

The definition can be extended further, but due to its easy form, we will stay in
the one-dimensional case.

Fact II1.4.6. An equivalent definition of LF transform is

Llf(w) = inﬂg{wx — f(x)} (I11.4.7)
TEe
Proof. While the statement might be confusing, some changes of variable just give
the result. Indeed:

— M (w) = - sup{we — f()} = inf{—wez + f(2)}, (II1.4.8)

and for a choice g(x) = —f(z) and ¢*F(w) = — f“F(—w) one gets the identity. [

We say that the Legendre-Fenchel transform is involutive when the double LF
transform of f is f. This is not guaranteed a priori; an interesting question is
exactly which functions present such property.

With such target in mind, we give some operational definitions. Throughout, f :
R — R for simplicity and f < oo by assumption unless otherwise stated.

Definition II1.4.9 (Graph and Epigraph). The graph of a function f: 2" — R is
the collection of its tuples, i.e.

graph(f) ={(z,y) e Z xR |y = f(x)}; (111.4.10)

the epigraph is the set of values above a certain graph, i.e.

epigraph(f) = {(z,y) € Z" x y |y = f(x)}. (IIL.4.11)
Fact I11.4.12. A function f is convez if and only if its epigraph is convex.

Proof. The easiest proof is graphical. We give an equivalent mathematical state-
ment. Assign F := epigraph(f).

(=) Let f be convex, and consider a collection {(z;,v;)}’, € E. For arbitrary
{A\i}"_, such that > | A\; = 1, inspect the point (@,y) = (3, Niwi, 2, Aiyi). It
holds:

Y= i Ay = i Nif(xi) = f (Z /\iﬂcz) = f(=), (I11.4.13)
=1 7

i=1

where in the first passage we used the definition of epigraph and in the second the
assumed convexity. The set F is convex since the convex combination (z,y) is in
E.

( <) Let E be convex. Proceeding in a similar fashion, it is not hard to prove
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that for a convex combination of the points in E for which y; = f(x;) (i.e. the
boundary points), one has the following chain of inequalities:

f (2 )\iwi> = fl®)<y= Z Ay = Z f(s), (IIL.4.14)
-1 ‘

where in the first passage we assign some «, in the second we use the convexity of
E to say that f(x) < y for some y and in the third we redirect it to the convexity
of E. The fourth passage is by construction and f is convex. O

Definition I11.4.15 (Supporting lines). A function f has a supporting line at x € R
if:
JaeR|f(y) = f(z)+aly—z) VYyeR. (I11.4.16)

The line is strictly supporting if the inequality is strict for all y # x.

We report next a nice implication of the existance of supporting lines, which
connects them to convexity.

Fact I11.4.17. If f admits a supporting line for all x € [a,b] then it is convex in
[a,b].

Proof. Define a region:
R = {(z,v) € [a,b] xR, Yz € [a,b],v = f(z) + a.(z — )} (I11.4.18)

Notice that by being an intersection of convex sets R is convex. Additionally, one
can see that R is the epigraph of f. Then f is convex by Fct. O

A quick glance at the Figures in (Touchette 2014) provides a geometrical in-
tepretation of supporting lines. In words, for a point =, we have the affine function
9(y; @) = f(z) + a(y — x), where z is fixed, for some o € R. Whether the function
is supporting or non supporting says many things about the shape of f. The line
is supporting if it is always below the function. If it is intersecting the function
at one single point z, then it is a strictly supporting line (y is any other point of
the function in Def. [[I1.4.15)), and the function is strictly convex at z. For another
point, we have that the supporting line is not beneath the function, and f is not
convex. Therefore, we can infer another statement for free.

Fact I11.4.19. If f has a supporting line at x and the derivative f'(x) exists, then

a = f'(x), where « is that of Definition II1.4.15]

I11.4.1 A non-exhaustive collection of results for the Legendre-
Fenchel transform

The following statements provide a good understanding of what the LF transform
does. Their proofs can be found in (Rockafellar [1970). Eventually, we will showcase
how to recognize involutive functions.

Proposition II1.4.20 (Convexity guarantees). It holds that:
1. fY¥(w) is always convex;
2. (fYMY (2) is always convez.

Hence, both admit a supporting line for any point in their respective domains. As
a byproduct:

(bonus) if f is not convex then (f*¥)MF % f,
which is trivial, and not all functions are involutive.

Proposition II1.4.21 (Duality of supporting lines and strict supporting lines).
Let f admit a supporting line at x for a constant w € R, i.e. Yy it holds f(y) =
f(@) +w(y —x). Then;
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Figure I11.2: Convex envelope in dashed blue of a function in red.

1. fYF admits a supporting line at point w for constant x;

2. if the assumption is changed to strict supporting, then the statement is that
FYF has derivative w at x, so the supporting line is the tangent as in Fct.
[[IT.7.19 Namely, strict support in the original function implies differentiabil-
ity of the LF transform in a specific “dual” way.

Proposition I11.4.22 (A partial version of the Fenchel-Moreau Theorem). A char-
acterization of transforms point-wise is:

(fYNY¥ (2) = f(x) < [ admits supporting line at x. (111.4.23)
If f&F is differentiable in a point w, then f(x) = (f*)“F(z) where z = (fX7)(w).
Combining the two results, it is trivial to prove the Corollary below.

Corollary II1.4.24. Let fXY be everywhere differentiable, then f = (f“F)MF ev-
erywhere.

One of the most important properties of LF transforms is also reported below.

Theorem I11.4.25 (Convex envelope). (fLF)MF is the largest convex function such
that (fYF)L¥ (2) < f(x) for all .

For this reason, the double transform is called the convex envelope of the function
itself. Namely it is convex whenever f is convex and approximates in the convex-
best possible way f for each non-convex point (i.e. points with no supporting line).
A depiction is Figure [[I[.2] More discussion examples for many cases can be found
in (Touchette |2014). Briefly, we find a structure of transforms for a function f that
obeys:

f— fHF e (fEEEE (111.4.26)

where the symbol «— denotes a bijection. A little thought shows that the state-
ments are already self-explanatory. We report below a step-by-step list:

e the first arrow not coming back is because f is general,

e let f1“F = g, by Prop. |[11.4.20 applied to f, it is convex for any w;

e g"F is convex by the same proposition applied to g;

e by Thm. [[I1.4.25] (¢F)LF is the convex envelope of a convex function, so it
is the function itself. Then f“F and (f“F)LF are in bijection by invoking the
triple transform.
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Instead, to establish the bijection f «— (f"F)L¥ one necessarily needs f to be
convex, for which the two are also equal. This is greatly used in the topics we
encountered via the special case Definition of the LF transform, which we report
below.

Proposition I11.4.27 (Legendre Transform). Let f be convex and differentiable
at each point of its domain, and let f' be an invertible function, then the Legendre-
Fenchel transform is simplified to the Legendre Transform:

Llfl(w) = wz — f(z) st. z=f"Yw), (T11.4.28)
which for distinction we will call f*°&(w).

Proof. By convexity, and the definition of LF transform, the superemum is attained,
possibly at the boundary. Taking the derivative of wx — f(z) wrt z, and isolating
T, the optimal value, we find the condition claimed on Z, which is well-defined by
assumption. O]

The special case of the transform is greatly used in Statistical Mechanics and
Statistical Physics, and works in conjunction with the saddle point/steepest de-
scent/Laplace method, seen in Section We see below an example where we
provide a different point of view on ensemble equivalence, overviewed in Subsection
Recall that micro-canonical entropy is extensive, i.e.

L&) =lnAN(&;n) =ns(e) +o(n), (I11.4.29)

where we emphasized that the micro-canonical energy density depends on the per
particle energy, again by extensivity. This suggests that the entropy depends on the
energy density solely. Considering the partition function of the canonical ensemble,
we can equivalently write it as

Z,.(8) = J N (e;n)e™™ de, (IT1.4.30)

where the summation is now over the densities, and not the attained energies, but is
formally the same as long as we do not give a specification of what kind of integral
it is. Then by the method of steepest descent and some structural assumptions (see
Sec. , we find that the free energy density admits the expression:

1

f(B) = lim. —=Z,(8) = inf{Be — s(e)}, (111.4.31)
n— n e

which by Fct. is the Legendre Transform of the micro-canonical entropy

density. In other words, s™°& = f.

Remark II11.4.32. Important cases where the thermodynamic ensembles do not
give identical results include:

e microscopic systems (n small);
e large systems at a phase transition (free energy has a non-analytic point);

e large systems with long-range interactions (energy becomes non extensive).

I11.4.2 Interpreting the Legendre Transform

The Legendre transform can be seen as a tool to display information from a different
point of view. In the interesting paper by (Zia, Redish, and McKay [2009)), it is
made very clear. We will outline their argument below. Throughout, we refer to
the function f and the input x as dependent and independent variable, like in the
economics-based description of linear regression. The terminology choice is not by
chance, and underlines even more the power of the contribution of Legendre and
Fenchel.

The peculiarity of transformations in general is that of encoding the relation-
ship of two objects differently. Since for the moment we restrict to the Legendre
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transform, we will implicitly assume that the function is strictly convex and differ-
entiable. In particular, it implies the existence of a well defined Legendre transform
(see Prop. for which we assume slightly less).

An immediate implication is that the input and the derivative of the dependent
variable % are also unambiguously linked. In fact, we will see that the Legendre
transform allows to express the information of f(x) through an encoding, with as
input the derivative of f. To begin, express the derivative as h(z) = %. By strict
convexity, it will be strictly monotonic. Further, by trivial calculus, one can show
that h(z) is invertible, and that its inverse is a well-defined function xz(h). Then,
an equivalent form of f is obtained as f(x(h)) for each value h.

The idea, however, is slightly more convoluted, as one must enforce well defined-
ness via affine functions. In what follows, we reroute the reader to (Zia, Redish, and
McKay [2009, Fig. 3), and the discussion in text. Alternatively, one can reproduce
the drawing, since the most direct interpretation is established geometrically. In a
point z, with slope h(z) = h, the rectangular triangle formed by:

e the tangent line;
e the projection to the x axis;
e the y = f(x) axis;

has a peculiar property. One can graphically show that hx = f + g, where g is a
second term in the sum, that depends on how the tangent is oriented wrt the two
axes. Since such structure is always verified, the relationship (z, f) is equivalent to
the relationship (h, g).

With enough care, we claim a direct translation to the dimensionles{ information
equivalence in Thermodynamics between entropy .7, and free entropy 8§ = %. In-
deed, previous calculations showed that they are related via a Legendre Transform:

S (&) + F(B) = Bé, (111.4.33)

where the identity is to be intended with only one of (8, &) as independent variable,
since {., B} are conjugates in the sense of Def.[[.2.25] Then, the differential relation

is expressed as &(5) = %é@ or (&) = d‘f:éfm). We can therefore encode the

information either via {.#, &} or {#, 3}, as the two are in bijection by the result
of Prop. and the reasoning just made.

To corroborate our reasoning, we again go backwards in the computation of the
microcanonical-canonical equivalence at n — 00, discussed originally in Sec. [.3:4]
and in the subsection just above. Suppose that the expressions for A4 (&) and Z(8),
defined in Chapter [[} are available. Then, the inverse Laplace transform to retrieve
the former from the latter is a complex integral:

7 = ¥ (8) = f Z(8)eP dp = f T PIBE g, (I11.4.34)
C C

where we have explicitly placed known objects. Assuming further that the free
entropy is extensiveﬂ and that the energy is extensive as well, we can use the
steepest descent method. The saddle point condition is:

d(ﬂ‘(ﬂ)ﬂé")’ TN dﬁ(ﬂ)‘
dg B=8. B ls=p.

where . is a function of &. Plugging it into the integral after the saddle point
result we find:

=&

, (I11.4.35)

N (E) "R exp{F(B) ~ pub) = S(E)+ F(B) = BoE fu=B.(6),
(111.4.36)
where the identification of S, is in terms of Eqn.
To conclude, we slightly anticipate two very important names in the Theory of
Large Deviations, which is treated in part of the next Section.

6ie. with kg =1
Tthis is true for the canonical ensemble
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Proposition IT1.4.37 (Donkser-Varadhan Duality Variational Formula). Consider
a measurable space (X, F), endowed with two probability measures p,v : Q& — Ry.
Without loss of generality, let v be absolutely continuous wrt u, i.e. v < ,uﬁ Suppose
h:X — R is integrable wir=th respect to (X, F,u). Then:

lnfeh(m)du(a:) = sup {f h(z)dv(x) — dki, (I/||/1,)} . (I11.4.38)
23n
Moreover, the supremum becomes a mazimum (i.e. there is an explicit v attaining
it), if and only if:

dv as. M=)

— () @ ana) in (X, F,p). (111.4.39)

dp
In particular, we notice that:

e the first claim is a free energy (dual) “equal to” LF-transform of an energy
minus entropy term, where the role of entropy is differential, being that it is
the KL divergence;

e the RHS of the latter expression is a tilted measure, so a generalization of
Boltzmann distributions still maximizes entropy under the constraint of a fixed
energy, as pdr the classical arguments.

Furthermore, integrability of the exponentially weighted function e"(-) allow for a
short proof.

Proof. We argue by direct plug in, and first principles of the KL divergence, which
we will show below. We aim to use the fact that the KL divergence is a valid
divergence, and satisfies non-negativity, with nullity if and only if the arguments
belogn to the same equivalence class, here identified by v* *= v in (X, F,u). For

this purpose, we define the candidate optimal measure:
as e

dv*(x) : Wdu(m). (I11.4.40)

By construction, one has that v* « p, and that for any other v « pu:
dxr (v||v*) = dxr(v||p) = — fh(w)du + an.eh(”’)d,u. (I11.4.41)

Reordering the above expression, we can isolate the argument of the suprematization
on the RHS of the claim, to find:

f h(@)dv — dicr,(v]|j1) = In [ f eh(m)du] — d (W) (IT1.4.42)

<In [ J eh(m)du] : (I11.4.43)

where the inequality is a simple application of the non-negativity of divergences.

Such fact established the first claim, by the RHS being the supremum over any

absolutely continuous measure. To obtain the second claim, it suffices to observe
a.s.  x

that equality holds if and only if ¥ "= v* in the space induced by u, again by the
Kullback-Leibler divergence being a divergence. O

Remark II1.4.44. The careful reader will have noticed that in all the steps the
only steps used the property that divergences are non-negative. Consequently, the
Donsker-Varadhan formula extends to any of these, in the sense of a variational
link between:

e a free-energy type term;
e an entropic term;

e an energy term.

8 Absolute continuity guarantees that the Radon-Nykodym derivative 9% is well-defined for each

dup
xeX.
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II1.5 Spot Topics Deserving More Space

We now turn to the final comments on the path we embarked into in this Chapter.
With the aim of justifying partially the results of Chapter[l, and using the Theory of
Chapter [[T, we had to introduce many objects and partially formalizing properties
of earlier ones. However, there are still gaps between modern research in Statistical
Physics-inspired Machine Learning and all of the above. In this Section, we briefly
overview two very important fields. Each would require a book on its own, so we
will refer to appropriate sources. As far as this Section is concerned, we hope to
at least discuss the terminology, which appears often in publications, and the main
objectives. The box below will serve as a useful starting point for further details.

I11.5.1 More about information Theory and some Statistics

Further References

A comprehensive book in preparation is (Polyanskiy and Wu . There,
many of the claims to be presented here can be found. In this document,
some proofs are skipped, but hopefully only those that are easily found
online. A quick way to understand the connections between the objects we
will present, and many that we even avoid nominating, requires just glancing
at the map of information distances (Nielsen . The perspective of
Information Geometry can be experienced from the eyes of two books (S.-i.
Amari S. Amari et al. [2007), which also contain material to gather
some omitted proofs.

The first quick remark is related to what we saw in Section [[IL.2] i.e. that the
least biased choice of probability distribution is always Boltzmann-like, without
the need to discuss ensembles and their validity. One could indeed argue that the
construction of the entropy by the properties (Sh1)-(Sh3) could be ad-hoc, but it
turns out that the same conclusion can be derived starting from different axioms.
A very good survey in the matter is (Csiszar 2008).

Having established this, we proceed with other issues.

To expand further the applications of Information Theory, we would like to use
it for continuous random variables. Unfortunately, the straightforward expression
for entropy

Q0
—f p(x) In(p(x)) de (I11.5.1)
— 00
is not appropriate (see (Marsh for a discussion). Many properties are trans-
ferred instead if one considers the KL divergence (Def. here, or “relative
entropy” in (Marsh [2013)). We now present a set of objects and properties that
generalize the KL divergence greatly and provide some context to it.

Further References

The concurrent definition of Entropy by Kolmogorov is an interesting devel-
opment of Measure Theory, see (Walters Chap. 2) for a book exposition
and (Kong for a survey with applications. Another set of interesting
references and perspectives can be retrieved from the slides of (Guntuboyina

R012).

\.

Divergences

We first put into perspective the notion of KL divergence from a Statistics stand-
point.

Definition II1.5.2 (Divergence). For a differentiable mam’fol(ﬂ.//l with dim(#) =
n a divergence is a square differentiable function d: M4 x M — [0,00) such that:

9we avoid discussing Manifolds. It is sufficient to think of it as a space that is locally regular
enough to allow for classic calculus. For a reference, consider (S.-i. Amari |2016; S. Amari et al.

2007)
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1. (positivity) d(p||q) = 0 for allp,q € A ;
2. (identification) d(p||q) = 0 if and only if p = q.

In Information Geometry a third requirement is present. Informally, the divergence
supports the construction of an inner product space on the tangent at a point. For
the sake of simplicity, we will avoid it.

Remark IT1.5.3. Divergences generalize distances, since they do not require sym-
metry. For the same reason, they lack a priori a triangular inequality.

The main idea between divergences is giving different perspectives on how a
dissimilarity notion between objects (in such case, probability distributions) can be
defined. Being that different works started from different constructions, the result is
that there is a plethora of divergences, each coming with its advantages and disad-
vantages. Introducing the main three groups is instrumental to understand quickly
their strengths. In particular, we report some notions to justify the introduction
of the KL divergence. As a matter of fact, it was constructed in Definition [[T[.3.15]
only as a rearrangement of Gibbs’ inequality (Prop. [[I1.3.11)), and some notions in
Mean-Field interpretations, but it can be derived on different grounds. Our starting
objects bear the names of two influential Hungarian Mathematicians.

Definition III.5.4 (Csizar divergence). Let (u,v) on 2 be two measures such that
1 is absolutely continuous to v, denoted as p < v. Let f be a function f : [0,00) —
(—o0, 0] such that:

o f(x) < for all x;
e f(1) =0;
e fis continuos at 0, or the convention f(0) = limg_o, f(x) is enforced.

We define the Csizar divergence as:

dy(ulv) = L f (j’:) dv. (I11.5.5)

In some references, it is termed f-divergence.
Without absolute continuity, for a suitablﬂ p such that p < p,v & p one defines
densities p(dx) = p(x)p(dz),v(dx) = q(z)p(dx). By the observation that f is con-

vex and f(0) = 1, the function % is nondecreasing and the function limg o x f (%)
takes values in (—o0, ). Accordingly, we redefine the divergence as:

s (B5) plan) + Feuto =0 £ =timar (1),

q(x) zl0
(I11.5.6)
where it is agreed that pu(p = 0) = 0 deletes the second term regardless and we use
the standards:

e Of (%) =0y
e af (&) = af'() for all a > 0.

sl = |

p

The power of Csizar divergences is that for an appropriate choice of f, many
common divergences are recovered, as the next Definition shows.

Definition ITI.5.7 (Notable Csizar divergences). We recover the following well-
known objects:

e f(z) = |z — 1|, total variation distance drvy;
o f(z) =xzlnz, KL divergence;

o f(x) = —Inx, reverse-KL divergence;

10it suffices to take p = v +
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o f(x) = (1 —/x)?, Hellinger distance;
o f(z) = (1—1)2, chi® divergence.

The fact that we recover many well-known objects in Mathematics is not by
chance. As we will see next, the Definition is general enough to include important
special cases, without losing their fundamental properties. As an intermezzo, we
take the occasion to define a very important object in measure theory, and especially
the measure-theoretic formulation of probability.

Definition III.5.8 (Transition Kernel). For a good introduction, refer to (Cinlar
2011, Chap. I, Sec. 6).
Let (E,&) and (F,F) be measurable spaces. Consider the mapping:

T:ExF—>R,. (111.5.9)

We say T is a transition kernel from (E,&) into (F,F) if the following two condi-
tions hold:

o E-measurability: the mapping v — T(x,B) for any fited B € F is &E-
measurable;

e F-measuring: the mapping B — T(x, B) for any fized x € £ is a measure
on (F,F).

Let us pause a moment to digest such strangely complicated formulation. The
name is self-answering: we expect a transition kernel to explicit a change of mea-
sure/probability space. To better understand, we provide two progressively practi-
cal examples.

It is indeed possible to prove that for a function x : E x FF — R, that is £ ® F
measurable the mapping:

T(z,B) = fB k(z,y)dv(y) zre E,BeF, (I11.5.10)

where v is a finite measure on (F, F) is a transition kernel (see (Cinlar [2011, Chap.
I, Sec. 6)). Essentially, the transition kernel is the integral of a weighted function
that interpolates between the two measurable spaces, and for each element of the
source sample space outputs a measure on the target space, and for each element
of the sigma-algebra of the target space outputs a measurable event in the source
space. As a matter of fact, it is nothing but a “Hilbert-space” generalization of the
Markov Transition matrices, which are taught in basic Probability courses. To see
this, let E, F' be finite, respectively with m,n sizes. Then, a transition kernel as
above is completely specified by the pairs (x, {y}), where = € E, {y} < F, since we
want to have subsets in the second argumentB Consequently, T'(z, {y}) = Ty, can
be interpreted as a matrixm with positive entries, weighted such that the columns
sum to one (recall that for a fixed z, the kernel has to be a measure).

Having provided basic intuition about transition kernels, we proceed with our dis-
cussion of divergences.

Fact I11.5.11 (Properties of Csizar divergences). It holds that:
1. (validity) d; is a proper divergence in the sense of Def. [[I1.5.4 Hellinger

distance and total variation distance are additionally proper distances;
2. (niceness) dy is linear and jointly convex in the two arguments;

3. (DPI) for a transition kernel T (Def. it holds df (T'(w)||T'(v)) <
dy(pllv);

4. (bonus) further properties are found across the main references of this Chap-
ter.

Where the acronym is|Data Processing Inequality (DPI)

HFor a finite sample space, singletons generate the sigma-algebra (Cinlar [2011)).
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Further References

The direction we take is in some sense non-standard. For other notions of

Mutual Information quantities arising from Csizar’s construction, see (Sibson
1969)) for an example and (verduAmutualInformation2015) for a review.

Definition II1.5.12 (Csizar Mutual Information). Let (X,Y") be two discrete ran-
dom variables with joint measure (X,Y) ~ p and individual measures (u,v). For a
Csizdr divergence with associated function f define the Csizdr-mutual information
of (X,Y) as:

J/(XY) =ds(pllp@v). (IT1.5.13)
For continuous random variables, the definition is constructive (see Fct. .

Whenever f = xlnx and we have the KL divergence, we will just use the symbol J,
without subcript f.

It also turns out that Divergences and Entropy(es) are well related through
Mutual Information(s). To understand better, we construct one important object,
not to be confused with joint entropy.

Definition II1.5.14 (Conditional Shannon Entropy). Let (X,Y’) on spaces (2, %)
be random variables. If they are discrete:

HY|X) = 2 p()HY|X =2) = — Z Z p(x,y)In p(y|x) (I11.5.15)
zeX zeX ye? p(x)

Conversely, if they have measures absolutely continuous wrt the Lebesque measure

and joint density p(x,y) define:

p(ylz)
o) dy dz. (I1L.5.16)

We remark that the latter could be negative. To avoid wordiness, it will be termed
conditional entropy.

H(Y|X) = L{ J@ p(z,y)In

Fact I11.5.17 (Properties of conditional entropy). For the discrete version of con-
ditional entropy with generic discrete random variables (X,Y, Z), the following are
true:

1. H((X,Y)) is symmetric;

2. HY|X) =0 < Y = f(X) where f is deterministic;

3. HY|X)=HY) — X LY;

4. (additive chain rule) H(Y|X) = H((X,Y))—H(X) and in general H((X;)i<n) =
S HXG X, X))

5. (Bayes’ rule) H(Y|X) + H(X) = H(X|Y) + H(Y);

6.Y L ZIX = H(Y|Z X)=H(Y|X);

7. H(Y|X) < H(X);

8 H((X,Y))=HX)+HY)-T(X;Y);

9. I(X;Y) < H(X);

10. while #7 holds, it does not necessarily hold for fized y € %. Namely, the
inequality is true once weighting with (p(y))yew -

For continuous random variables, the facts hold whenever randomness is well be-
haved, meaning that the objects exist and are finite. When it is possible, we define
mutual information for continuous distributions using #8 as:

J(X;Y) = HY) - H(Y|X) = H(X) — H(X]Y). (I11.5.18)
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Fact II1.5.19 (Properties of Csizar Mutual Information). For random variables
(X,Y)

1. the Csizdr mutual information satisfies a DPI;

2. the KL divergence satisfies a chain rule of the form:

dice (e, )| V(2. 9)) = di,(u(@)[Iv(2)) + dicw (uy | 2)|lv(y | ©)), (ITL5.20)

wher v, i are measures on X X ¥ ;
8. the Mutual Information is always positive.

Proof. Claims #1, #2 follow by the properties of Csizar divergences, since the
Mutual Information is a particular divergence. The second property follows by
rearrangement. O

As a rough conclusion, the triplet:
e cntropy

e divergence

e mutual information,

requires only two elements to define the third unambiguously for non-pathological
cases. To give friendlier examples, we present other versions of entropy and diver-
gence next.

Definition II1.5.21 (Rényi Entropy). For « € R;\{0,1} and a discrete distribution
p of a random variable X, Rényi entropy is:

1 n
1 & 111.5.22
Lon () (115.2)

or when possible for absolutely continuous distributions wrt a dominating measure

I

Ho(X) =

Ha(X) =

In q p*(z) u(dx)) . (I11.5.23)

In particular, the latter suffers from the same problems of Shannon’s continuous
entropy.

a—1

Definition IT11.5.24 (Rényi Divergence). A Rényi divergence of order o € R4 \{0, 1}
is defined for discrete distributions (p,q) lying on the same common space as:

1 n &
——In <Z §11> , (I11.5.25)

i=1 11

da(pllg) =

or when possible for absolutely continuous distributions wrt a dominating measure
I |

dolplle) = [ 1 @) @h(ao). (I1L5.26)
In some references, it is termed a-divergence.

For boundary values a € {0, 1, 00} we extend the definitions applying the limits.
For example:

Haoat(X) = lim Ho(X), dacaa(plla) = lim da (pllo) (IIL.5.27)

where the « notation is kept to distinguish it as a Rényi divergence.

Definition IT1.5.28 (Notable Rényi Entropies and divergences). Let X be a ran-
dom variable with probabilities p discrete and finite.

o Hoo(X) =1n|Z"|, Hartley-entropy, also termed max-entropy;
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o Hy(X)=—InP[X; = Xo] with X1, X2 iad p, the collision entropy;
¢ Hooo(X) = —Inmaxep,) pi, the min-entropy;

o Ho1(X) =H(X), Shannon’s entropy, with associated divergence do—1(p|lq) =
dk1.(p||q), the KL divergence.

Fact I11.5.29 (Properties Rényi entropy and divergence). The following statements
are true.

1. For fized discrete finite random variable X with probabilities p, H,(X) is
non-increasing in .

2. for independent random variables X 1Y with distributions (p,q) that are a
partition of the phase spaceB

da(p(X; A)llg(X; A)) = da(p(X)]g(X)) + da(p(Y)[¢(Y)).  (I11.5.30)

3. Rényi divergences are proper divergences.

Accordingly, we find that the (Ha)a, where the divergent terms have to be treated
carefully, are ordered mon-increasingly.

Proof. (Claim #1) By simple differentiation:

dH.(X) 1 = 4
= — 2T <0 Vp. I11.5.31
(Claims #2, #3) The claims can be verified with simple computations. O

For further discussion on Rényi and Csizar divergences, we point the reader to
(Polyanskiy and Wu 2023]).

Definition I11.5.32 (Bregman Divergence). Let f : .# — R, where A is convez,
and f : M — R is continuously differentiable and strictly convex. The Bregman
divergence of points p,q € M is:

dere(p, q; f) = f(p) — f(@) =V f(a),p—a). (I11.5.33)

From the definition, we implicitly require a notion of inner product in the space M .
Remark I11.5.34. We provide two brief comments on the above construction.

o The requirement of strict convezity is enforced to make f have a unique min-
imazer, therefore allowing to avoid discussing which statements hold in more
generality.

e Intuitively, a Bregman divergence is the difference of a function and its first
order approximation.

Definition IT11.5.35 (Notable Bregman divergences). For different choices of (f, #)
we Tecover:

e Squared euclidean distance when f(p) = ||p||*, .# = R™;

e Squared Mahanobis distance for f(p) = %pTCp where C is positive definite
and M = R";

e Generalized KL divergence:
S D S =
dBre(P, @ f) = ). piln o Sipi— ) a (I11.5.36)
i=1 tog=1 i=1

for f(p) = —H(p) and A4 =R";

12j.e. there are well defined functions p(z), g(x), p(y), q(y)
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o KL divergence for f(p) = —H(p) and M = A, _1 the simplexlEl

Definition II1.5.38 (Bregman Projection). Consider a Bregman divergence for a
pair (f, #). Let U — M. For a point q € M the Bregman projection onto U is the
closest point to p in the set. Mathematically:

P..(p) = arg mindpye(u, p; f). (I11.5.39)

ueld

Fact II1.5.40 (Properties of Bregman divegence). The following results can be
established for generic dpye(-, -5 f) as in Definition|[11.5.32,

1. dpye(s, -5 f) is a proper divergence;
2. (identification) dpre(:, 5 ) = dre(-,59) <= f — g is affine[]
3. (convexity) it is strictly convex in the first argument;

4. (positive linearity) dpro(-,-;f + Cg) = dpre(, 5 f) + C(dBre(:, 5 9) for all
strictly convex differentiable f,g and ( = 0;

5. (duality A) for f' the Legendre-Fenchel transform (Def. |II1.4.2) of f we
have dpre(p™", g7 f7) = dpre(, g; f) where p™* = Vf(p),q"" = Vf(q)
for arbitrary (p, q).

6. (duality B) It holds:

dpre(p,q; f) = f(@) + M7 (¢"") — (p.4"") (I1L.5.41)

for arbitrary (p, q).

7. (cosine law) for any (p,q,r):

dBre(P, @; ) = dpre(p, 75 f) + dire(r a3 f) — (P —7) " (Vf(q) — V(7))
(111.5.42)

8. (projections) If U is convezx, existence of a projection implies uniqueness.
In particular, if U is closed and conver and .# has finite dimension we have
existance and uniqueness of the projection;

9. (generalized Pythagora’s Theorem) for pe # and w el < .# it holds:

dBre(P,u; f) = dire(u, Pl}é{re(p)§ f)+ dBre(PzP:{re<p)7P§ 1) (I11.5.43)

Further References

A nice generalization that reaches a functional formulation of Bregman diver-
gences is (Frigyik, Srivastava, and Gupta |[2006]). There, the authors provide
also an accessible appendix that reviews necessary material.

In order to introduce our last object, we move to parametric probability distri-
butions. These live on a statistical manifold .# with dimension d (see (S.-i. Amari
2016; S. Amari et al. 2007) for context), and are represented as “points” p(X;8)
where 6 € R?.

13

in a vector space V a k simplex is generated by some k + 1 points. Precisely, if the points
form distinct segments wrt an origin point, i.e. the set of vectors {(u1 — wuo),..., (ux —uo)} is an
independency, then we define:

k k
Simplex({u;}%_) == {Z osui | o = 0 Vi, Z oy = 1}. (I11.5.37)
i= i=0

=0

The condition is also termed “affine independence”, and the simplex is also found in literature as
convex hull of the set.

1435 a refresher, a map between vector spaces h : V — U is affine iff it can be represented as
a linear transformation plus a translation, i.e. for each z € V one has h(z) = Az + b for some A
linear map from V to U and be U.
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Definition IT1.5.44 (Score). For a parametric model p(-;-) the score is the deriva-
tive of the logarithm of the model. It reads:

Volnp(X;0). (I11.5.45)

Assumption IT1.5.46 (Regularity conditions for parametric estimation). The fol-
lowing are standard requirements.

(R1) the gradient wrt @ of p(-;+) exists almost everywhere;
(R2) differentiation and integration can be exchanged;
(R3) the support supp|f(X;0)] is independent of 6.

Remark I11.5.47. Requirement (R2) can be verified by an application of Leibniz
rule, which is satisfied when the function inside the integral and its derivative are
continuous almost everywhere, but can also be assumed. Other sufficient conditions
are:

e (R3) and bounded support;
e or infinite support, (R1) and uniform convergence of the integral for all .
An alternative set of regularity conditions consists in requiring:

e identifiability: for each 0 # 0 the pdfs f(X;80) and f(X;0") do not coin-
cide;

e common support, i.e. (R3) above;

o well-posedness: the true parameter 8* is in the interior of the paramteric
space © < R?,

In what follows, we adapt standard proofs to our discussion.

Fact 111.5.48. Let Ass. |II1.5.46 hold. If X ~ p(-;0) for some 6 € R? the expected
value of the score function is null at 6.

Proof. A simple computation gives:

Ex [Veolnp(x;0)] = % de(m) (I11.5.49)
Vop(z:0) oo
g M@0 (I11.5.50)
= f Vop(x; 0)dx (I11.5.51)
pe
= ng p(z; 0)dx (I11.5.52)
X
— Vo1 (I1L.5.53)
—0, (LIL.5.54)

where we were allowed to cancel the densities because we assumed X ~ p(-;80) and
could exchange integral and derivative by the regularity conditions. O

Definition II1.5.55 (Fisher information Matrix). Given a statistical manifold .#
with dimension d made of parametrized distributions p(z;0) where € R? and
x € R?, define the |Fisher Information Matriz (FIM) as the variance of the score
when the true parameter is 0. Mathematically:

Fim(0) = —Ex [(Vg Inp(X;0)) (Ve lnp(X;O))T] e R4, X ~ p(-0).
(I11.5.56)

where the particular expression is a consequence of the fact that the mean of the
score is null.
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Fact IT1.5.57 (Fisher information additional form). Under the regularity conditions
of Ass. the FIM admits a nicer expression:

Fim(0) = —Ex [VgInp(X;0)] e R, (I11.5.58)

Proof. As with the previous proof, it suffices to carefully compute the outer product
of gradients in the definition:

Fu(®) = | (Volnp(a:0)) (Volnp(a:0)) pla: 0)ds (I115.59)
= n €T, n N T — 7vgp(w’ 0) X, xTr
—[%{(Vol p(x;0)) (Vo lnp(x; 6)) @:0) }p( :0)dz (I11.5.60)

}p(w; 0)dx (II1.5.61)

I
—

(St} (Yaptmr)”_ il

- f V3 Inp(x; 0)p(x; 0)dx (I11.5.62)
.

g

Z

~Ex [VgInp(X;0)] X ~p(+90), (I11.5.63)

where all the passages are trivial, except the second equality, which holds since for
X ~p(;0):

Vzp(X'O)] f Vop(z; 0)
Ex | —2—— 2| =| 2= _px;0)dx I11.5.64
X[ p(X;0) 2 p(:0) p(@;0) ( )
= f Vap(x; 0)dx (I11.5.65)

Ea
=V3 f p(x; 0)dx (I11.5.66)
x

=V3-1 (111.5.67)
=0. (I11.5.68)
O

Fact I11.5.69 (Properties of the FIM). Let Assumption|II1.5.46| hold. Denote the
p.s.d. order as <,>. Then the following statements are verified.

1. (Cramér-Rao Lower bound) For any estimator 6 : R"*% — R% we have
the inequality

R ~ T
CoVx [9] > Ex [0] Fim(0) 'Ex [9] ; (I1L.5.70)
2. (baby Cramér-Rao) In particular, if the estimator is unbiased, then CoVx [é] >
Fim (@)_1 holds;

3. (chain rule) For random variables (X,Y) the FIM admits a decomposition

similar to mutual information (Def. Fet. #Z}:
Fim0; X,Y)=Fm0; X) + Fim(0;Y|X), (I11.5.71)
where the second term is evaluated as an integral
Fim(0;Y|X) =Ex [Fm(0;Y|X = x)], (IT1.5.72)
which for fized x can be computed;

4. further properties are found across the main references of this Chapter.
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Fluctuation-Dissipation, FIM and Free Energies

To conclude, we link the Fisher information Matrix to Statistical Mechanics, with
the aid of a very insightful technical paper (Crooks [2012). Imagining that the
distribution of the model depends smoothly enough on a parameter 6. Further,
assume that the properties just listed hold for the FIM. If the distribution of the
random variable X is a canonical ensemble, we have:

1

p(x; 3,0) = Z03.0) e P& (=:6.9) (I11.5.73)
— exp{~ I[Z(5:0)] — 56 (x: 5.0)) (IT1.5.74)
= exp {B3(5;0) — B&(x; 5, 0)} (IIL5.75)

— {Vz (Inp(a; 8,6)) = V3 (83(5:6) — BE (23 .6)) (I1L5.76)

Ve (Inp(x; 8,0)) = Vo (BF(6;0) — 36 (x; 5,0))

For simplicity, we choose the former, which after squaring (outer product) and
taking Expectations leads to the FIM in the sense of Definition Mathe-
matically:

Fim(0; X) = Ex [(ve In p(X; 0))2] (IIL5.77)
~ BEx [ [Vo (§(5:0) — £(X:8,0))] [Vo (5(5:0) — £(X:8,0))]"].

(IIL5.78)

- B°Ex [[Vo(3 = €)1 [Vo(3 - 6)I], (I11.5.79)

where in the last step we have compactified notation. It is now customary to sum-
mon one of the main properties of Free energy we proposed in Chapter [} Precisely,
reminding Equation it is possible to conclude that:

VoF = Ex [Vo&] = Fim(0; X) = 82CoVx [Ve&(X;3,0)] € R, (II1.5.80)
In words: the Fisher Information Matrix is the covariance of the gradient of the
Energy wrt the parameter of interest for Boltzmann Canonical distributions. Fur-
thermore, there is an apparent relation with the so-called Fluctuation-Dissipation
relations (see (Mezard and Montanari 2009, Chap. II)), which we briefly discuss
below. To begin, let us translate the computation of (Crooks2012)) in our notation.
In attempting to derive a connection between FIM and Free Energy, it turns out
that one needs to focus on the second derivativeE In mathematical Equations,

some work gives as answer.

Fact I11.5.81 (Connection Fisher-Free Energy). Consider the model discussed in
the current Subsubsection. Then:

Fun(0:X) = 5 (Ex [V36(X:5.0)] - V33(5:0)). (ITL5.82)

which is a reqularized Hessian of the energy at the local point.

Proof. For the sake of simplicity, let us use compact notation. Identify
T =3(8;0), & =8E(z;p,0), Fim =Fim(0;x). (IT1.5.83)

Let us also precompute a quantity that will be useful in the calculation below. It

15Recall that the second derivative of the free energy is associated to a susceptibility term, and
to second order phase transitions.



II1.5. SPOT TOPICS DESERVING MORE SPACE (0]

holds that:
VoZ = J e PE(—pVe&)dx (I11.5.84)
X
= —BZEx [Veé&]; (I11.5.85)
—1
Ve ( f e P da:) e P ] = Vo [;e_ﬁg } (I11.5.86)
x
= f%(VE)Z)e*B‘f — Be=P¢ %vg(f (IT1.5.87)
e8¢ 1
= —5PEx [Vo&] - 56—%2%5. (IT1.5.88)
Then:
—BV3E = Va [m { J e P dw}] (I11.5.89)
z
-1
= (Vg ( f e P da”:) f e P Vgéad:n] (I11.5.90)
Z Z
i -1
=8| Vs < f e P d%) e P vgg] da (I11.5.91)
Fa | \J&
i -1 ] -1
=—B| Ve <f e_’B"@d%> e P [Vo&]' + [(f e_ﬁgd%> 6_681 [Ve&] da
Z | \J& | Z
(I11.5.92)
. B .
=-B| Ve (f e‘ﬁgd%> e P4 | [Vo&]' dX — 5J Less [V3&] da
x| \Ja | z 2
(I11.5.93)
6_600 —B& 1 T 2
_ _gf ——BEx [Vo&] - Be 7 Z Vo8 | [Voé]" da - fEx [V36]
Z
(I11.5.94)
— — 3 [Ex [Vo&1] [Ex [Vo1] " + °Ex [[Vo&] [Vo&] | - BEx [V3¢]
(I11.5.95)
= B°CoVx [Ve&] — BEx [V5é&] (I11.5.96)
= B°Fim — BEx [V5é]. (I11.5.97)
Reordering the last equality gives the claim. O

Remark IT1.5.98. Curiously, the Fisher Information defines a Riemaniann met-
ric, which is the starting point of Information Geometry (S.-i. Amari|2016; Crooks
2012), and can be furthher used to relate Thermodynamical principles with the

Cramer-Rao Inequality (Fct. |[I1.5.69#1), as pointed out in (Crooks |2012) and
the references therein.

Remark IT11.5.99. This last proposition is suggestive of an interpretation in terms
of Natural Gradient Descent. For more details, see (Martens |2020) and the blog
posts (Gibiansky |2014); Kristiadi|2024; Rosse|2015).

Fact I11.5.100 (KL-Fisher Connection). Let Assumptions|II1.5.46| hold. Consider
two parametrizations (0,0*) where X ~ p(-;0*). Then:

V3dir (p(X; 00 [p(X;0)| = Fi(6). (I1L5.101)
0=0~
Therefore, the local curvature of the KL divergence is the FIM.

Corollary IT1.5.102. In the above setting, the KL divergence is locally/asymptotically
symmetric.
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Proof. The FIM depends only on one of the two parameters, is well behaved, and
such that 8 ~ 0*. O

Remark IT11.5.103. More information about the connection between KL divergence
and FIM are found in the blogpost (Rosse|2013), and the references therein.

A meta discussion to justify the Kullback-Leibler Divergnce

The above constructions are amenable to highlighting how important the KL di-
vergence is, at least in terms of directly retrieving a large collection of results. In
the previous arguments, we reported the basic ones. On top of them, more results
are added; there are variational characterizations, inequalities between information
measures, and the whole line of research that Information Theory is. Obviously, no
summary gives enough credit to it.

As a final remark, we will summarize the results derived for the KL divergence,
and close some gaps between divergences.

Fact IT1.5.104 (KL’s uniqueness in terms of divergence types). The KL divergence
s such that:

1. if the space of probabilities is finite in size, it is the only divergence that is
both an Csizdr divergence and a Bregman divergence (Jiao et al.|2014);

2. in the formalism of Rényi, the Shannon-KL pair is the only one for which:

(a) the entropy satisfies the additive chain rule of Fet. |[IL5.171#4, i.e.
H((X,Y)) = H(X) + H(Y]X)

(b) the divergence satisfies the additive chain rule of Fct. [II1.5.19#2.

Proof. For claim #1, we reroute the reader to (Jiao et al. 2014). For the other
two claims, it suffices to notice that the properties mentioned are tailored to the
singular case of & = 1 in the sense of Rényi, and do not hold in general. O

We are then ready to draw a long list of conclusions. Kullback-Leibler diver-

gences (Def. [[11.3.15):

e can be seen simultaneously into three classes of divergences (Def. [I11.5.2):
in the sense of Csizér, (limiting) Rényi and Bregman (Defs. [[T1.5.4] [[11.5.24]

[11.5.32)), inheriting all their properties (Fcts. [[11.5.11] [[11.5.29), [[11.5.40));

e admit a notion of Csizar Mutual information (Def. [IT1.5.12)) with nice prop-
erties (Fet. [I11.5.19));

e admit a formulation of conditional entropy (Def. |II1.5.14]) which is well be-
haved and has nice properties specific to the KL in terms of mutual informa-

tion (Fet. [II1.5.17));

e have as local representation of their curvature in the space of parametric
probability manifolds the FIM (Def. [II1.5.55)), according to the result of Fct.
111.5.100[), which highlights also some thermodynamic-like behaviors of the

FIM (e.g. Fct. [[IL.5.81), as well as some Information-Theoretic results (Fct.
111.5.69). The last fact allows for some exchange of results between fields, such

as the local symmetry of the KL (Cor. [IIL.5.102));

e present uniqueness results when some properties are enforced, and no other
member of a divergence family can have them (Fet. [I11.5.104]);

e play a role in some Large Deviations Results (see e.g. in the next Section

Thm. [[T1.5.128).

It is then natural to say that the KL divergence is, for a large class of approaches,
a proper object to take into consideration.



II1.5. SPOT TOPICS DESERVING MORE SPACE 7

I11.5.2 Large Deviations Theory

Further References

A comprehensive collection of topics is found in (Ellis Krzakala
and Zdeborova Mezard and Montanari Touchette . For a
rigorous but more practical introduction, it is also worth checking out the
series of blogposts (Yeo [2013). A collection of examples in the span of a
dense course in Stochastic Processes is found in (Shalizi [2006).

Many of the results we have presented so far have been placed into rigorous
terms in the context of Large Deviations theory. Since the subject is very wide
and technical, we will gloss over it and just briefly explain its foundations. For
a detailed introduction, one can consider (Dembo and Zeitouni 2010} Ellis [2006}
Touchette . As far as this Subsection is concerned, we only introduce the
main definitions and the main Theorems. To begin, let us refresh some fundamental
notions in analysis.

Definition IT1.5.105 (Limit superior and Limit inferior). Recall that given a par-
tially ordered set, denoted with the pair (A, <), the supremum and the infimum are,
respectively, the least upper bound, and the greatest lower bound. For a sequence of
sets (An)nen, we see them as:

supAn = JA4,  infA, =[)An, (111.5.106)

which are respectively a non-decreasing and a non-increasing sequence. Analogously,
we define the limit supremum and limit infimum of a sequence (Tp)neny < F in
a partially ordered set as the infimum and supremum of the limit points of the
sequence. In mathematical terms, we mean:

liminf z,, ;== lim inf z,, =sup inf z, limsup x,, :== lim sup{z,,} = inf sup z,,.
n—00 n—0 m=n neN m=n n—00 n—0 ;m>n neN m>n
(IIL.5.107)

To adapt the definition to sequences of sets, it suffices to use the last equivalence
for both cases, to find:

liminf Ay = |J () An  limsup A, = (] [ 4n. (I1L.5.108)

n—oo
neNmz=n neNm=n

In statistics, where the sets represent events in a sigma-algebra, it is also very
informative to talk about sequences that are true eventually (limit infimum) and
infinitely often (limit supremum,), where the words are in accordance with the math-
ematical structure once one accepts that A, signals an event, with an associated

probability. We reroute the reader to (Cinlar|2011), Chap. III, Sec. 2) for context.

Definition I11.5.109 (Lower semi-continuity). A function f : 2" — [—o0, 0] is
{lower semi-continuous (l.s.c.) at a point xq if for every y < f(xo) there exists a
neighborhood B(xo) such that f(x) >y for all x € B(xg). A function is l.s.c. if it
is l.s.c. for each point in the domain.

Fact I11.5.110 (Equivalent definitions of lower semicontinuity at a point).
|Following Are Equivalent (TFAE);

1. f s ls.c. at xg
2. liminf, ., f(x) = f(zo)

Fact I11.5.111 (Equivalent definitions of lower semicontinuity). TFAE:
1. f s ls.c.

2. all y-sublevel sets where y € R are closed in the domain space. Namely for
each y € R the set {x € X" : f(x) > y} is closed in &

3. the epigraph (Def. |II1.4.9) is closed in & x R
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Definition IT11.5.112 (Rate function). A function 9 : & — [0,0] which is not
tdentically o0 and is lower semicontinuous.

Definition IT1.5.113 (Large Deviation Principle). A collection of measures (i,)p>0
satisfies a|Large Deviation Principle (LDP)| with rate function 9 and rate % if for
closed set A and every open set B in Z we have the following bounds:

limsup plnp,(A) < — inf J(x), liminfplnp,(B) < — inf I(x). (I11.5.114)
pl0 xeA pl0 xeB

In the context of our applications, we will use a rather simplistic view of the concept,

which states that for a given random variable (X, )nen dependent on an index n and

a set A in its space of events the LDP is established when:

1
lim ——InP[X, € A] = J(A), (I11.5.115)
n—sw n

which means that at the event A the probability law has a leading exponential be-
havior, i.e. heuristically P[X,, € [®,x + dx]] = e @) dx. In particular, we are
implicitly assuming that the lim sup and the liminf above are equal.

To conclude, we provide a dry list of statements.

Fundamental Results in Large Deviations Theory

Theorem I11.5.116 (Cramér’s Theorem). Let (X;);>1 be a sequence of iid random
variables which admit a« MGF (i.e. E [etXi] < o for every t € R). Then, for
Sn = 2 X it holds

1
lim —InP[S, > an] = -9(a) Va>E[X1], (IT1.5.117)
n—o0 N
where 9(w) := sup{wt — InE [e"**]}. We recognize that 9(w) = £[Kx, (t)](w).
In other words, the sum random variable satisfies a LDP with rate function being
the negation of the Legendre-Fenchel transform of the CGF.

Proof. A proof and a more general statement for Euclidean vectors in R¢ is found
in (Dembo and Zeitouni [2010)). O

The independence and identical distribution assumption can be dropped, in
favour of a more general statement that highlights the connection between rate
functions and CGFs. Let 3, = %Sn, where S,, now is a sum in a Euclidean space
Z . Denote the sequence of laws of 3, as (tn)n>1-

Definition I11.5.118 (Exposed pair). For a function f : R — R, a vector y € R?
is an exposed point if for some t € R? it holds that:

y)— fly) > {t,x)— f(x) VxeR (I11.5.119)
We then call t an exposed hyperplane, and the tuple (y,t) is an exposed pair.

Remark II1.5.120. Convex functions such as the LF transform have an exposed
point where they are strictly convez.

Definition II1.5.121 (Domain, interior, closure, boundary). A function f : R% —
R has domain Dy == {zx € R?: f(x) < oo}. Its interior int(Dy) is made of all those
points xg for which an open ball centered at xo is included in Ds. The closure is
the set of all points of closure, such that every open ball contains at least one point
in Dy. We write it as c/(Dy).The boundary is made of points that are between the
closure and the interior. Namely

A(Dy) = cl(Dy)\int(Dy). (I11.5.122)

Definition IT1.5.123 (Steep Function). A function f : R? — R is steep when for
x € 0Dy the boundary of the interior domain, it holds:

lim |V f(y)| = . (I11.5.124)

y—x
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Remark II1.5.125. Refer in particular to (Ellis |2006; Krzakala and Zdeborovd
2021) and (Shalizi 2006, Lecture 34). Each gives a different perspective on the
result.

Theorem II1.5.126 (Gértner-Ellis Theorem). With the above setting, assume the
following:

e the limit of the CGF exists in the sense that:

K,(t) = lim EKM (nt)eR VteR? (I11.5.127)

n—ow n

e t =0 is in the finite values of the limiting CGF, i.e. K(0) < 0.
Then for 9(-) = £[K,](-) the LF transform of the CMF it holds:
1. limsup,,_,o, = In i, (A) < —infyea I(w) for all closed A = Z;

2. limsup,,_,, = Inpi,(B) = —infywepnp I(w) for all open B < 2, where E is
the set of exposed points of 9(w) with associated exposed hyperplane in the
interior domain of M;

3. if K(-) is Ls.c., differentiable on the interior domain and steep then the infi-
mum of #2 is only over open sets B;

4. if #8 holds, the measures (fn)n>1 satisfy a LDP with rate function being the
LF transform of the CGF.

Lastly, we inspect empirical distributions, which provide a second degree of
deviation in the construction of (Ellis 2006, Chaps. I, IT). This theory is important
since it allows to go beyond conclusions on the mean such as those of Cramér and
Gartner-Ellis (Thms. [II1.5.116] [II1.5.126]).

Theorem I11.5.128 (Sanov’s Theorem). Let L, = + " | 6x, be the empirical
measure of X1, ... X,, sampled iid from p. Then, it satisfies a LDP on the space of
measures P (X") with rate function dKL('H,u)H

Corollary II1.5.129 (Baby Sanov’s). Let {X;}?_, be iid from p with finitely many
values. Lert the empirical distribution be L, as before. Then for a set of measures

Mc P(R):
Un(Ly € M) < (n + 1)1#l27ndee(B7l0) - px — argmindyy, (L)|g),  (I11.5.130)
LeM

where vy, is a measure on measures.
Furthermore, if M is the closure of its interior, then we have a clean LDP which
reads:

1
lim —Inv" (L, € M) = —dkr(L*]|1). (IT1.5.131)

n—o N

Remark I11.5.132. The KL divergence with one fized measure dxr,(-||p) can be
seen as a functional equivalent of the LF transform for the space of measures. For
more comments, see (Touchette 2009, Sec. IVB). From the baby result, we get
the more direct interpretation that any law on empirical measures is bounded from
above by a term that depends on:

e number of samples n;
e size of the sample space X ;
e being closest in KL divergence measure to the real distribution.

All together, the result is quite powerful.

16We trivially extend the KL divergence to two measures if they are absolutely continuous,
otherwise just set it to infinity. In this case, the empirical measure is absolutely continuous wrt
the real measure.



80 CHAPTER III. MATHEMATICAL TOPICS IN STATISTICAL PHYSICS

We remark that the above collection is only partially justified. We would require
an independent treatment to make it sound better, and there are already very
useful resources. The main purpose was showing how some objects of the previous
theory can be mathematically recovered in a more rigorous manner all under the
same principles. Adding other tools, many concepts seen earlier are then derived on
formal grounds. In particular, we find these statements in (Ellis|2006, Chaps. III-V),
(Touchette 2009, Sec. V)), where also a formal treatment of ensemble equivalence
is developed.
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