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1 INTRODUCTION

In this short lecture, we will review the paper in the title. After presenting the framework, we will prove the
starting statement, and just briefly comment the other ones, which have very long proofs. To conclude, we will
overview the Richardson-Romberg extrapolation method, which is one direct application of the results, and
the ideas behind the deeper theorems.

Emphasis is on intuition and quick understanding. References are to a minimum. Computations, when
performed, are explicit. Throughout, we omit the full expressions of the theorems, but specify when these are
available in the original publication.

NOTATION  We use bold for vectors, and curly latex for random variables. For example © is a random vector,

while 6* will be our deterministic optimum. The rest of the symbols are either standard or defined when
discussed first. The main takeaway is this explicit distinction between what is random and what is not.

1.1 Motivation and Setting

[Stochastic gradient descent (SGD)|is a standard tool in jmachine learning (ML)l However, the choice of the
step-size is classical only in the deterministic case, where the algorithm degrades to [gradient descent (GD)| If
we train over random samples, there is a gap between theory and practice:
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¢ ascaling O (k) is advisable, while still being non-robust to ill-conditioning;
e experiments suggest O (1/vk) and averaging.

We wish to tackle this issue by providing intuitions on a set of results that indeed bridges the gap. In the spirit
of isolating phenomena, let us choose constant step-size. The immediate justifications are that: (i) it is easier
theoretically; (ii) there are fewer parameters to optimize (one less); (iii) initial conditions are anyway forgotten
exponentially fast for the problems we consider; (iv) in practice, it gets close to the global optimum, and in ML
we do not care when we are already at machine precision.

Let us introduce the notation. In this report SGD is expressed via the recursion:

learning rate in R4

offy - o —7| Vs + caef”) |, e~ (1.1

new estimator noise

where A is an initial distribution and f : R? — R is the function we wish to minimize (a loss function). It
will be nice and admit a global minimum 6*[T]

Main Observation

The sequence (6 ,((7)) keN is a homogeneous Markov chain.

To remedy these oscillations, we consider a running mean:
(1) R ()
M _ gt
H k+1j_509j . (1.2)

We will prove under appropriate conditions on the sequence of iterates that a CLT holds, so that the running
mean converges to the mean of the stationary distribution at a rate O (I/k). The mean of the stationary
distribution is obviously:

0, = J]Rd gdry (). (1.3)

Therefore, we can split the deviation of this running mean from the real (global) optimum of the function into:

stochastic error

e

B o < o 8, + o, 0|2 (1.4)

1.0 Summary of results

We will briefly argue that for quadratic functions the second term is null, but in general the oscillations are of
order O (7). Then, we will derive an explicit asymptotic expansion of these oscillations, i.e. an expansion
of 6, — 0" in the parameters of the algorithm. Like in classic ML, through a bias-variance decomposition, a

— 2
quantitative CLT to expand the stochastic part E “ &) ,({7) - G,YHZ] is derived. In particular the bias depends on

the initial conditions and the variance depends on the structure of the noise. Building further on that, we will
discuss a non-asymptotic expansion between the stationary distribution 7, and the Dirac at 8* in terms of the
step-size. This means in practice that for a nice class of functions g, the integral with respect to the stationary
measure is decomposed in Taylor-style centered at g(6*). All together, these results will describe the invariant
distribution and how it is reached from any measure. In doing so, we will also justify a nice numerical trick,

* The original paper is more general and can work with tensors, but we avoid this for the sake of simplicity.



the Richardson-Romberg extrapolation, and find the excuse to discuss how to recover concentration from
implicit functions depending on the problem.

(A1) Asymptotic expansions are explicit in the parameters! Full quantitative phenomenology.
(A2) We can build confidence intervals for 6* (Chen et al. 2020; Su and Zhu [2018).

(A3) More informed design of automatic restart schemes.

1.111  Related work

We keep references here to a minimum, and refer to the original publication for valuable comments.

The most direct relative of this work is (Aguech, Moulines, and Priouret |2000), which develops a theory that
matches the results for linear regression. For the perspective of SGD as a discretized gradient flow and its
connections to Markov chains theory there are many important works. In particular, Fort and Pages (1999)
find tightness of the invariant distribution in a neighborhood of 7 small and invariance with respect to the
gradient flow of the limit distribution. However, they assume the process is Feller, while this work rather puts
assumptions on the objective function (namely, strong convexity).

For convergence of SGD, there are many works studying the bias variance trade-off, with an emphasis on
the dependence on initial conditions. Concerning the perspective of comparing the discretized invariant
distribution and the continuous version and the Richardson-Romberg trick there are earlier works that
combined the two.

The first part of corollary matches the result of Defossez and Bach 2015, while proposition [2.6|is in part
an extension of the work of Ljung, Pflug, and Walk (2012), in the sense that it quantifies their result that

STy = 8g+)o=0 '?0 N(0,1).

2 RESULTS
21 Assumptions

We present here a quick overview of the assumptions, and postpone explicit writing to the appendix [A]

(on f) p-strong convexity, in C°(R“, R) with uniform bounds with L-co-coercive derivative (see appendix @
for a refresher).

(on (ex)ren) The sequence of noise terms is adapted wrt to a filtration and is a Markov chain wrt to it, the pth norm of
the noise is controlled by 7, and the covariance of the noise is C3(R?, R) with operator norms bounded

by Me(1+ |0 — 6%5,°) when € = €(8).

(misc) The initial iterate is measurable 6y € F, and we have access to unbiased estimates, but the noise may
depend on the current iterate, i.e. for all 8 € R%:

Vii11(0) = V() + €41, s €k+1 = €k+1(0). (2.1)

Here Vf is effectively the random gradient of f which is random and Vf is the true gradient at 6. In
particular, this implies that the noise may be not i.i.d. and this makes 0y € Fj.

211 A baby example

Let us degrade the generality of the paper to a practical scenario, which is a special case discussed in
(Dieuleveut, Durmus, and Bach 2020, example 1). Consider a loss £ : RY x R x R — R that maps the triplet
of feature vector, observed signal and proposed latent vector (x,y, 0) into a scalar. If we allow the features and
the labels to be random, as when they come from a dataset & of observations, then we are interested in the
generalization loss &(6; L) = E(y ;) [£(x,y, 0)]. The classic way to propose an estimator iteratively is SGD,

2 note this implies L-smoothness



for which it is well known that SGD is the discretized gradient flow (i.e. a “discrete derivative”) with respect
to the loss function. Since we train with random iterates, the sequence (9,((7)>k N will be random itself.
€

We provide more details in appendix

2111 From general to specific and back

We are now ready to present the main statements. We will not prove all of them but give intuition. The
common observation is that all results attempt to take a clever asymptotic/limit. To begin, we show that the
object of interest is well-defined. Throughout, we will take the assumptions as granted (let all of them hold in
each statement for proper parameters). For further details, we refer to the original text.

Proposition 2.2 (Prop.2 in (Dieuleveut, Durmus, and Bach [2020)). Let «y € (0,2/L). The iterations of SGD seen as
a Markov chain admit a unique stationary distribution 7., that has finite second moments, i.e. 77, € Pa(RY). We can
also quantify the rate of convergence in two ways: via the Wasserstein distance over probability measures (def.
and in terms of “nice” functions integrated out by the kernel over time. Mathematically for all @ € R” and k € N:

WK, (0., ) < L | 10-EBdm (@), (23)

invariant measure . .. . . -
mean square distance in invariant measure (initial conditions)

and for all 0 e R, k € N and ¢ : RY — R Lipschitz with constant Lg:

[REp(0) — 7, (9)] < Lgl(L, 1, »y)]k/z\/fw o~ g3 dr, (@) (24)
Naturally, the function i = h(L, u,y, k) is a function that is less than one exactly because we have the stability condition
on the step-size.
Proof. See appendix O

Since we have a stationary distribution, it makes sense to see how the statistics behave when we start
already at the stationary distribution, and when we reach it from another. This is the main lesson of the next
two statements.

Corollary 2.5 (Prop. 16 in (Dieuleveut, Durmus, and Bach [2020)). The running mean converges to the stationary
mean at rate O (1/k).

Proposition 2.6 (Prop. 3 and Thm. 4 in (Dieuleveut, Durmus, and Bach [2020), for 89 ~ 71, already stationary).
Consider first our baby example. Let & = E [xx | be positive definite and -y € (0,2/L). Then we have:

* 0, = 0%, so the mean of the stationary distribution is aligned with the optimum;

e the deviations are error dependent:

| 10=0110-071T dmy (0) = R(E, Py ), 9)

where R is explicit. Moreover, for this easy case we can find a nice expression in terms of the multiplicative noise,
see appendix

In general, we find that the distribution is not guessing the optimal point right, and we will have:

8, - 0" = 73(f,0") +0(7?), fw [0 6"1[6 — 0*]" d7r,(8) = 7P(f,6") + O (7*). (28)

Again, g, P are explicit.



Remark 2.9. The distance mean-optimum and the oscillations are of order <y, \/7y respectively.

Theorem 2.10 (Cor. 6 and Thm. 5 in (Dieuleveut, Durmus, and Bach [2020), for generic 6y). For our baby
example, we have quantitative CLT when 7y is small enoug V6, € RY:

E [’,(j)] - %2*1(90 ~6")+0 () (2.11)

_ I _ 1 1 . 1 x
E [[6]({ ) _ efy][el(c')’) _ e'y]T] = EU(Z,IPG(@), 7-[7) + WQ(BO,B ,Z, 7Try,]Px) + W‘S(B ,Z, 7Tr)/) +0 (k3> .

(2.12)

The bold matrices are explicit. In the general case, the formulas are expressed implicitly in terms of Poisson solution of
functions, but exhibit the same decomposition.

Remark 2.13. If we start Oy ~ 71, then the variance term is zero in the baby example!

Lastly, we make use of a nice interpretation of SGD as a discretized gradient flow. It will allow us to
eventually relate the actual chain to the optimal value.

Theorem 2.14 (Thm. 7 in (Dieuleveut, Durmus, and Bach [2020)). Under appropriate additional assumptions, a
nice class of functions g satisfies for any 6y € R%:

k
1 (7) N i I - B 1 o
E [k i;g (ei ) —8(0 )] = k,yv(eo,k—i— L)+ 56(6%,Pe,8) — 1-A1(80) — 1° A2(60,K), (2.15)
* ([P 0, — 0F p
A1(8p) < C (1 +[60—6 ||§) ,  Ay(Bp,k)<C <1 n 0k|z> . (216

Here C > 0, p are constants, the latter being explicit and v, 6 are implicit scalars.

Remark 2.17. In particular, there exists C1, Co(0g) = 0 such that:
k
1
E lk 2|
i=1

Under appropriate assumptions:

0!") —o*

ﬂ = Ciy+ %Cz(eo) e (72) . (2.18)

(R1) initial conditions are forgotten exponentially fast and any chain converges to a unique distribution;

(R2) there is d such that for small enough step-size:
8, - fw tdry () = 0" +yd+ o), [ < e ()

(R3) the bias is expanded as:

E [5,(?) - 6*] = W + vd + rgz)/ Hr@ H2 < C(y? +e k), (2.20)

(R4) there is a quantitative CLT for the variance terms for fixed 7 as k — co:

E “e,ﬂ”’) —67‘2] _ Bl('y)% + Bz(’y)kl—z +0 (;) : (2.21)

Combining variance and bias, we have characterized the trade-off in SGD.

Remark 2.22. Like the Euler-Maruyama scheme the weak error expansion of SGD in step-size <y between 7, and Jg+ is
of order O (vy) (Talay and Tubaro|1990).

3 Needs to satisfy a bound wrt to inflated empirically covariances and true covariances of Py, see (Dieuleveut, Durmus, and Bach 2020, eqn.
9)



3 INTERESTING OBJECTS

We provide an overview of two interesting and less traditional aspects of the work. One is numerically oriented
and quick to present, the other is rather deep.

RICHARDSON-ROMBERG Result (R2) above suggests using Richardson-Romberg extrapolation to decrease
the bias of iterations. The idea is quick to understand. Recall that we have the weak error expansion between
the stationary integral and the Dirac indicator at the true minimum, that is:

e g(&)dmy (&) = g(6%) + 7C§ + rgy, Hr%HZ < Cg 2, for all g “nice”. (3.1)

Therefore, if we run two chains at <, 2y step-size, we will have that 6,((7) — 57,@({27) — 627 with distance to

the optimal given by (choose g = Id the identity map):

4

0, =0"+yd +7/4, 8, =0"+27d + 1'12%, max { H2r17d

rlziH} <2Cq2 (3.2)
Taking the combined chain running means: (2@,9) - 5,((27))k X will then cancel out the linear O (y) term and
€

improve the distance to 6* up to factors of O (7?).

Remark 3.3. The cost is an increase in the variance which stays of the same order.

WHAT IS A POISSON SOLUTION? Lastly, we try to give some intuition on generators and Poisson solutions.
If we rescale time, we can see equation eq. (1.1) as a noisy gradient flow, which would be just ; = —V f(6}).
We could look at a set of functions that may represent a meaningful derivative of the flow of points. Denoting
such flow as ¢;(0), we define the infinitesimal generator A as:

.1
AR(6) := lim 5 (h(9:(6)) — 1(8)), (34)
where we apply functions / : RY — R that are such that the limit exists. For simplicity, we will say that
A has domain D(.A) with these nice functions. From the definition of Markov property, we have that
E [h(0k+1) | Fk] = Ryh(0k), and by the construction proposed we will also have the approximate relation:

E [h(Ot+s) | Ft] ~ h(Or) + tAR(6:). (3.5)

With this in hand, one can show that d/dth(¢:(0)) = Ag@:(0) and that we can make the interpretation of a
derivative in time to conclude that ¢:(0) = u(t, 6) is a solution to the PDE:
0

au(t, 0) = Au(t, 0). (3.6)

In a somewhat more interesting perspective, from these observations it can be shown that:

t
m! = h(0;) — h(0p) — fo AR(8,) ds, (3.7)

is a martingale, and thus obeys a central limit theorem. Let us see this through a quicker example that removes
many details. Under our assumptions certain Poisson equations are well-behaved and there is a more direct
link to at least an asymptotic form of the CLT. Given a kernel K., with a unique invariant distribution and a
function h € L!(7r), we reorder the random sum:

n—1
sn(h) == > 1(0)) = h(B) — Ryhi(Ok) + Ryhi(Ox) + (0 _1) — R5A(8x) — Ryh(8p—1) + -, (38)
k=0

stressing that we might decompose each iteration steps into martingales. In this spirit, we say /1 is a solution to
the Poisson equation if (Douc et al. |2018, chaps. 22-23):

h— RJl =h—mn(h), mt-a.e., he Ll(R,y). (3.9



The intuitive interpretation is as follows. The transition of the law of a Markov chain can be seen through the
lenses of the (functional) heat equation oth = (I - Ky)fz = Ah. If Al = 0, the function is said to be harmonic,
while if Al = 0 for all /1, the chain is trivially stationary. In this case, we give a “derivative” 1 and a kernel K.,
and want to find which function we were actually working on. A trivial substitution of the identity shows us
that:

n
sn(h) = h(00) —h(0,) + . hi(6) — Ryh(0x_1), (3.10)
k=1
mj;
where m/! is a martingaleﬂ The normalization by 1/y/z and the CLT for martingales comes into rescue (Douc

et al. [2018] chaps. 21-22). In appendix [D] we report a continuous time generalization. Now the problem is
quantifying this convergence.

4 DISCUSSION

While we have only scratched the surface, it is possible to see that under our rather restrictive assumption
the theory is basically closed, as we have a full characterization of the stochastic nature of the phenomenon
that is non-asymptotic. As common in the theory of optimization, going beyond the combination of L-smooth
and p-strong convexity while retaining an explicit convergence rate is hard. One potential expansion in this
direction could be modelling the quadratic nature of the function locally, at the cost of largely complicating
the expressions. A potentially related theoretical principle is that of the resolvent method, which expands
the concept of Poisson equation to a larger class of functions (see Douc et al. (2018} chaps. 21-22)). The real
obstacle being the objective function, one could also slightly decrease the generality of the results and still
inspect SGD under different function classes (as was done over the years), but still apply the generic tools
present. In this regard, it is understandable that the result of uniqueness of the invariant distribution is striking
and useful, therefore it would be crucial to see if it can be kept, or it has to be given up.

Lastly, there is a renewed interest on one-pass SGD for high-dimensional problems and its interplay with
hardness of inference. There, the attempt is to classify functions based on the computational time needed to
minimize them. While the setting is very different, Collins-Woodfin et al. (2023)) use a resolvent method to
transform a very implicit ODE into a solvable complex ODE, and express their solutions as a set of implicit
equations.
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A ASSUMPTIONS

In this section, we rewrite the assumptions for completeness.
Assumption A.1. The function f is u-strongly convex, in the sense of definition

Assumption A.2. The functions f is five times differentiable with continuous and uniformly bounded derivatives.
In particular, it is L-smooth.

Assumption A.3. There is a probability space (Q), F,IP) and a filtration (Fy)enN for which:
e ¢(0) is adapted for all @ € RY;
e E[ery1(8) | Fi] =0 forall 0 € RY;
o (ex)ken are iid. random RY — RY functions (i.e. randomﬁelds)
e 0y e Fo.

Assumption A.4. This condition depends on some p to be chosen. The function fy is almost surely C-co-coercive
(def. with C = L the smoothness constant. For the error, the p norm at the optimum is controlled as:

1
(]E [Hek(ﬂ*)l\]é’) "<t forsomeT,.
Assumption A.5.  The function C(0) :== E [[e(e)e(e)]T] is in C3(RY, R and such that:

‘elaaz)é} HC(O (6) H < Me (1 + (|6 —6* HZE) ,  for some ke, M, for all @ € RY,
ie{12,

where C1) are the (tensor) derivatives of the matrix C.
Assumption A.6. This condition depends on the tuple (¢, p). Let g be polynomially locally Lipschitz, in the sense of
definition There are positive ag, by such that g € C*(R?) and:

Hg@(e)” <a, (bg +]6— 9*\\;’) . WeeR%iec{l,..., 0}, VryeR’

where g1 are the i™ derivatives of g, which become tensors for i > 2.

Assumption A.7 (A.4bis). Alternatively, suppose:
* for some T, = 0 it holds that (]E [He(B)Hg])W < T,
* the smoothness constant L is such that:
E[|VA@x) - VEW)E] < L7 x—yll 2 -y, V@) - V),  vanyeR,vge (2., p).
where we write f, for the random observed gradient at the 1% iteration (they are i.i.d. so it does not matter).

1/4
Assumption A.8 (A.4|tris). Alternatively, suppose there exists a global T > 0 for which supg.ra (]E [He(ﬂ) H%D / <
T.

AI  Remarks on assumptions

The assumption of random fields is weaker than assuming (€ (0))ew is ii.d. for all 8, since it is not at fixed 6
but globally.

Assumption is only needed for theorem

The reason to introduce Assumptions it to make clear how to avoid the bounded assumption of
In particular, assumption is the weakest, and assumption is the strongest. Moreover, if we make
the assumption of i.i.d. errors as above, even just for the sequence (€;(0x_1));cn is sufficient to imply
assumption [A.8alone. In most works, the noise is taken to be “completely independent” as in this example,
which is technically termed semi-stochastic. In such regard, this work is far more general than classical ML
analysis.

Let us now make clear which is needed for which.

5 This condition is global: we see € as a random mapping R 5 8 +— €(6) € R?, so we do not state Y0 € R? merely because it is not fixed!



For proposition [2.2] we need with p = 2;
for proposition [2.6) we need with p = 4 in the special case and p = max{6,2(ke + 1)} in

general;

e for theorem [2.10| we need A2 with p = 4;
for theorem we need with:

an additional condition on the noise, such that for some g€ N,C > 0 for all 8 € R one has:

E [Jex(0)5™ ] < ca+ 10— 0*2); (A.9)

holding with £ = 5, p, i.e. the five times continuous differentiability and the p from the other
assumptions match;

holding for a slightly tweaked f = max{p + 3 + q,ke};
the step size being changed to y € (0,1/zL) for = {(p) > 0.

It is clear that the last result is more technical than the others.

B SOME PROOFS AND OTHER STATEMENTS

Let us recall the full statement to have it ready.

Proposition 2.2 (Prop.2 in (Dieuleveut, Durmus, and Bach 2020)). Let «y € (0,2/L). The iterations of SGD seen as
a Markov chain admit a unique stationary distribution 7., that has finite second moments, i.e. 77, € P2(RY). We can
also quantify the rate of convergence in two ways: via the Wasserstein distance over probability measures (def.
and in terms of “nice” functions integrated out by the kernel over time. Mathematically for all @ € R and k € N:

WR(R, (6, ) < (AL [ 16 gdm (@), (22)

R
invariant measure . o . o o
mean square distance in invariant measure (initial conditions)

and for all 0 € R, k € N and ¢ : RY — R Lipschitz with constant Ly:

Ro$(8) = 70y ()| < Ly[A(L, p, v)]k/Z\/ de 6~ &15 7, (2). (2:3)

Naturally, the function fi = h(L, u, 7y, k) is a function that is less than one exactly because we have the stability condition
on the step-size.

Proof. The idea of the proof is very simple: we know that the Wasserstein distance is very nice: namely
it makes P,(RR?) complete, therefore reducing the question of convergence to proving that the sequence is
Cauchy. In our case, we have a sequence of probability measures generated by multiple applications of the
same kernel R, therefore reducing the question to possibly bounding a single kernel{’| Then, we have plenty
of assumptions on the function and the type of randomness we allow, which will hopefully bring us from
a rather abstract distance over probability measures to a friendlier Euclidean distance, that is also crucially
at one step before. As we will see, finding a direct bound of the Wasserstein distance in terms of Euclidean
distance is by a routine argument, but the assumptions on our problem are really what makes it possible to
come back by one-step while keeping the inequality. Once we forget one step, by the fact that again we apply
the same kernel, we will be able to iterate infinitely these steps. Hopefully, the multiplied discount at each
iteration will be fast enough to establish convergence. Once this fact is established, existence and uniqueness
of the invariant probability measure follow trivially by special choices of our more general master equation of

6 Notice that here it is crucial to have the same step-size to make the reasoning this simple.
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“fast convergence”.
We enforce the stability condition that y € (0,2/1), and consider two starting distributions A1, Ay € Po(R%). A
standard result in optimal transport (see Villani (2009, thm. 4.1)) states that the Wasserstein distance can be

represented as a distance of random variables 9(()1), 9(()2) independent of the noise field (ej)ren. In other words,

2
we have WZ()\l, Ap) = “9 (()2) ’2] Let us run these two chains with the same step size 7, omitted in

the notation for simplicity. Let us run the two chains with the same noise field, so that their gradients are
respectively:

1

vE(0) = VM) + ery 1 (0); (B.1)
( (2 (

Ve (0) = VF(O) + exi1(0(). (B.2)

Let us use the independence of chain and noise to show that noise is de-correlated across chains. As a
canonical example we have:

E[(a 08 - 5[ (0 0)] AR 5 e AT o

By symmetry, the result will hold if we swap the roles. A moment of thought also shows that the result
holds if we consider the chain and the noise of the same chain, or any measurable function obviously. By
construction, the combined chain distribution belongs to the set of couplings H(AR’;, )LzR’;) and since the
Wasserstein distance is an infimum, we can write a one-step inequality:

[ 2
W2(AiR,, 12R,) < E | |0f" — oY 1]2] (B.4)
—E (|0 —yvhi(ef") — 0 + 1 vhi(of)| ] (B.5)
~ k|0 - 9950 - rer(@") - o 19510 +rerof ]|, @9

where unrolled the step of the recursion. It is now natural to seek to exploit the orthogonality we just found.
Let us then square the difference of starting points minus the difference of stochastic gradients. We find:

B|lof" - o[} | <o - o [}] + 2| [vaiel) - V(o) (B2)

—29E vi0) - v (oY) 0l — efﬁ’> : (B.8)
=Vf(0f)+ei(0f)-Vr(0f")—ei(0f?)

The second term is not really friendly, but we can use our result quite directly by cancelling the noise dependent
terms! We therefore find a more amenable expression:

B|[of — o] - & |0’ - o] + vE|[vriel) - varof) ] (B.9)
—29E [<v feM —vre®), el - egZ>>] . (B.10)

Let us stress that inside the norm we will have the noisy gradient while in the inner product we have the
unbiased gradient evaluated at the random iterates. At this moment we need to exploit the assumptions on the
function class we chose to get rid of the random gradients. By L-co-coercivity of f; (def.[D.13) assumed in
we find that:

E [le(e - Vi) ] <LE [(Vi(ef") - Vi (o)), 0" 6], (B.11)

and another application of independence allows us to say that the noise cancels with the vectors in the
expectation of the inner product. Thus,

#[Jo -] < ]o o8 ] 21 (114 (e -wropr o o). oo
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Now that we have recovered an expression that depends only on f, we can use the strong convexity from
assumption [A.1]to conclude:

E “eﬁ” ~o®@ 2] < [1 — 2y (1 - 72)] E [Hegl) — o Hi] . (B.13)

What we find is that a one-step application of the kernel on both distributions has a bound with respect to the
starting distance. Inducting over this, at the k™ step we will have that:

k

2 L
W3(AMRE, A,RE) < [e ,@us 1—2;17(1—72) W2(Aq, A). (B.14)

=N

In words, starting from any distribution, we will get exponentially close to the initial distance as steps go on, if
and only if 7 € (0,2/L), which we indeed assumed. Choosing specifically A; = A1R, to be one step laterf’| we
obtain that:

Z

N
W3(MRE, ARE) = Z S(ARE, ARETY) < 3 AFWE(A) (B.15)

||MZ

Since we found that the elements are decaying geometrically, the sum on the left-hand side is finite, therefore
making the sequence (Aq R’fy) renv Cauchy. Obviously, our distance is nice and makes P,(RR?) complete
(see Villani (2009, thm. 6.16)), so Cauchyness is characterized by having a limit in P,(RR%), which we call
nﬁl e Po(RY).

We have more, since from any two starting distributions their distance decays quickly, so we can automatically

obtain uniqueness of the limit by contradiction. Indeed, assume there exists another limit néz for Ay # Ay,
then:

Wz(nél, n?z) 2(717 ,/\1Rk) Wa (A1 RE, )‘2) tr. ineq.; (B.16)

Wo (7T}, MRE) + Wa(A1RE, AR ) + Wa (A,RE, 70?) tr. ineq.; (B.17)

k>0, (B.18)

since all the three terms go to zero: the outer by assumption, the middle one by the general decaying property
we found. By the fact that the Wasserstein is a distance, a fortiori we have 7'[7 = 7'(,?2 contradicting the

hypothesis.

Let us now pass to the quantification of convergence. We aim to apply our master equation eq. (B.14) again, for
a particular choice. Taking A = 69, A» = 7, we will have that Asz = mYRk = 11, € Po(RY) by stationarity,
and thus will look at a distance from an arbitrary starting point and the final distribution. Specializing the
bound, the claim is proved by definition of Wasserstein distance (def. [D.16). Also, the bound is non-trivial
since: [ |0 — E3 dty (&) < 201 +2 g |13 d7es () < 0.

For the Lipschitz criterion, a little more does the game. With the same particular measures, we evaluate
expectations of Lipschitz functions ¢ with Ly constant:

RE(9(6)) — 79| = [E [ p(0)1) — p(6}2)] (B.19)
< LyE [He D e H ] (B.20)

<oy B[Jof) - o] Ban

< Lq;\/ﬁ»k\/fw 6 — ¢l dm, () master equation (B.22)

O

7We can do this since by it holds that A1R, € P>(IR%), by an easy triangle inequality and the uniform bound on the gradients
basically.

12



Proposition B.23 (Prop. 17 in (Dieuleveut, Durmus, and Bach |2020)). Recall the statement for the baby example
of proposition There, we can further say that for all y € (0,1/r2), where r? is defined in uppendix that:

R lo—071(0— 671" dy () = F [15] |, (B.24)
where & is the multiplicative error of equation eq. (C.6).
C BABY EXAMPLE DETAILS

In particular, if we take the square loss and a linear model y = (x, 8*) + 1, we find L' (x,v,8) = ((x,0) —y)?
which has an explicit generalization errorﬂ

E(B;L) = By | ((6,0) =y = By [(x 000 —1)| = [E(0-0)5+0%  E=FE[x|. (€1
Instead, the iterations of SGD will see a gradient that is unbiased:
E(uyo) | VL (%0900 81) | = By |20 ((a 80" = 0°) +mi) | = 22(8)” — 0) = V& (8[7;.4) . (C2)

Moreover, it is interesting to express the gradient in terms of the true gradient by making the right terms

appear:

%Vi’ (xk, yk,e,@) = xkx,;r (9,((7) - 9*) — XMk (C.3)
=X (9]({7) - 9*) + [xkx,—cr - Z] (e,(j) - 9*) — XMk (C.9)
= %Vﬁ <9£V);L) + [xkx,—(r — Z] (91((7) — 6*) — Xp M- (C.5)

We can further make sense of the error term by a decomposition into an additive and a multiplicative term as
€ = € (9}{7)) = Pk (91(;7)) + &), where

Pr = pr(0) = [xkx,;r - Z] (9]((7) — 6*) , &= =X = (kaB* - yk) X- (C.6)

In particular, the multiplicative noise is independent of the current iterate. Both appear in the proof of

proposition

ABOUT THE ASSUMPTIONS Itis not automatic that the baby example of section [2.1I| satisfies the assumptions.
In particular:

e for p > 2, assumption [A.4 will hold;

¢ assumption requires almost sure boundedness of observations;

e for|A.4{to hold, we might require that there exists r > 0 such that E [kaH%xkka] < 12X, which holds if
data is a.s. bounded or has bounded kurtosis, as mentioned in (Dieuleveut, Flammarion, and Bach |2017).

D USEFUL DEFINITIONS AND THEOREMS

We report here some classical definitions for completeness.
Definition D.1 (y-strong convexity). A function f : R — R is p-strongly convex for y > 0 when:

2

p Vx,x' e 2°,Ya e [0,1]. (D.2)

Flax+ (1 —a)x) <af(x)+ (1 —a)f(x)—(1— va)a%”x ¥

Definition D.3 (L-smoothness). A function f : R* — R is L-smooth if its gradient is L-Lipschitz.

8 Let 57 be square integrable and have variance 0.
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Lemma D.4 (Descent lemma). If f is L-smooth then for all x € int(dom(f)) and y € dom(f) it holds:

L
fy) < F0) + V), y =0+ 5 |x —yl3. (D.5)
Proof. Let t € [0,1]. Define the interpolating scalar function:

(t) == f(x+th) — f(x) =<V f(x),th), h=vy—x. (D.6)

In particular, ¢(0) = 0 and we wish to prove ¢(1) < L/2||x — yH% Clearly, ¢ is differentiable since f is. We can
bound the derivative as:

¢'(t) = C, f(x + th)) = b,V f(x)) = (V f(x + th) = Vf(x),h) < tL| 3. (D.7)

We can then apply the fundamental theorem of calculus:

' 2 (! L2
£ = 9() = 90) = | gyt < Lni3 | tae = Fnl3 03)

which proves the claim. O

Combining the first definition and the descent lemma, we find that assuming u-strong convexity and
L-smoothness bounds the function in a variable way as:

F) +(VF),y 0+ Bl ylE < fy) < f0) + (VS @y -0+ 2y}, ey (D9)

In words, at each fixed point y, we need to bound the function value by any “parabola” parameterized by the
auxiliary x vectors. While seemingly irrelevant, this is quite stringent. If we take the special case where £L,
then we only have quadratic functions! If we allow for y < L strictly, we get a non-trivial class, that is however
still very stringent. On a side note, if we reorder terms we can see that our definition is essentially a bound on
the convexity gap, which must be quadratic:

Bl vl < f) ~ f(0) ~ (V@ y —x) < 2l yl3, (D.10)

=Dgre (y'x;f)

where the middle term is also termed Bregman divergence (hence the notation in underbrace).

Definition D.11 (Locally-polynomially Lipschitz). A function f : R — RP is locally-polynomially Lipschitz
(lIocally Lipschitz for short) if there exists « = 0 such that:

If(x) = f(x)], < (1 + |x]5 + Hx’”;) |x+ ' Vx,x' e R%. (D.12)

2/
Definition D.13 (C-co-coercivity). A function g : R? — RP is C-co-coercive if for all x,x" € R¥ we have:

Clglx) —g(¥),x— ') > g(x) — () > (D.14)

In the main text we assume that the gradient is both L-co-coercive and Lipschitz, by a simple application of
the Cauchy-Schwartz inequality we will have that:

IV f(x)— Vf(x’)H; S L{Vf(x) - Vf(x),x—x") < LZHx - leg, Vx, x e RY. (D.15)

Definition D.16 (Order 2-Wasserstein distance). Let A, v € PZ(IRd) be two measures with finite second moment, and
TI(A,v) be the set of couplings on RY x R that have marginals (A, v). We define their 2-Wasserstein distance as:

1
o 2 :
Wad,v) = inf (waw =yl ¢(dx, dy)) : (D.17)

Definition D.18 (Markov kernel). A Markov kernel R on (R?, B(R%)) is a map such that:
(K1) for all A € B(R?) the mapping 6 — R(6, A) is Borel measurable;
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(K2) for all 8 € R¥ the mapping A — R(0, A) is a probability measure on (R, B(RY)).

In practice, we will use it to abstractly represent how the law of eq. changes across iterations. That is,
we let R, depend on 7y the step-size, and starting from an arbitrary 6y € R (that can be sampled) consider the
recursion:

Rl:=R,,  RET(8),A) = Jﬁd RX(6p, dO)R,(0,A), VOeR?, Ae B(R),keN, (D.19)

where the base iterate acts such that almost surely R, (6;, A) = P [6;,1 € A | 6;] for all k e N,VA € Z(R¥). In
(informal!) words, the probability that we are in set A if we were at 8; before. Such notational construction
allows us to define measures and measurable functions as follows. Since by (K1) at fixed A we have a
measurable function, we can integrate out for a given A € P(R?) as:

ARE() = JW A(dO)RE(6, ) : #(RT) — P(R) (D.20)

A ARE(A) =P [e,(j) cA| 0y~ A] . (D.21)

Namely, if we chain from the left we obtain the probability of starting from A and ending in A at the k'

step. If instead we chain from the right, we will obtain a measurable function representing the expectation at

the k™ step with respect to the iterated distribution. Mathematically, for ¢ € F (R?, R) the space of positive
measurable functions we have that:

REg() = | 9(ORS(, de): B — P (RY, ) (D.22)

00 — Rig(00) = [¢ (") |60 . (D.23)

We therefore obtain probabilities integrating from the left and expectations integrating from the right. Note
that by the notations it follows also that for all A € Z(RR9):

A (RER) () = qude)(R’;h)(e,-) (D.24)

= J A(d#) f h(dE)RE(6, de) (D.25)
R4 R4

_ J f A(dO)RY (6, dZ)h(Z) (D.26)
R4 JRA

~ [ @) [ AcaorRie, dg) (D.27)
]Rd ]Rd

= f h(0)(ARE)(-, d6) (D.28)
R4

= (AR})(h)(-). (D.29)

Proposition D.30 (Theorem 6.14 in (Le Gall 2016)). Let h, g be continuous functions on a euclidean domain E < R?
that tend to zero at infinity?] The following are equivalent:

1. he D(A) and Ah = g;
2. for all x € E the process:

0 ! 0,
n(e™) - fo g(6%) ds, (D31)

is a martingale with respect to the (canonical) filtration (Ft)e[o,00)- Here, by 6?0 we mean the Markov chain
(Ot)teRr ., that started almost surely at 6.

9 This is a specific definition: for all € > 0 there exists a compact set K such that |f(0)| < e for all 6 € E\K.
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